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Preface

The present volume contains contributions by participants in the “Conference on Control Theory for
Partial Differential Equations,” which was held over a two-and-a-half day period, May 30 to June 1,
2003, at Georgetown University, Washington, D.C. The conference was dedicated to the occasion
of the retirement of Professor Jack Lagnese from the Mathematics Department of Georgetown
University.

It seemed most appropriate to honor the productive and successful scientific career of Jack Lagnese
by convening a conference that would bring together a select group of international specialists in the
theory of partial differential equations and their control. Over the years, many of the invitees have
enjoyed a personal and professional association with Jack. The lasting impact of Jack’s contributions
to control theory of partial differential equations and applied mathematics is well documented by over
80 research articles and three books. In addition, Jack served the scientific community for many years
in his capacity, at various times, as a program director in the Applied Mathematics Program within
the National Science Foundation, as an editor on the boards of several journals, as editor-in-chief of
the SIAM Journal on Control and Optimization, and as president of the SIAM Activity Group on
Control and Systems Theory. He was also a consultant to The National Institute for Standards and
Technology for a number of years.

Control theory for distributed parameter systems, and specifically for systems governed by partial
differential equations, has been a research field of its own for more than three decades. Although
having a distinctive identity and philosophy within the theory of dynamical systems, this field has
also contributed to the general theory of partial differential equations. Optimal interior and boundary
regularity of mixed problems, global uniqueness issues for over-determined problems and related
Carleman estimates, various types of a priori inequalities, and stability and long-time behavior are
just some examples of important developments in the theory of partial differential equations arising
from control theoretic considerations. In recent years, the field has broadened considerably as more
realistic models have been introduced and investigated in areas such as elasticity, thermoelasticity,
and aeroelasticity; in problems involving interactions between fluids and elastic structures; and in
other problems of fluid dynamics, to name but a few. These new models present fresh mathematical
challenges. For example, the mathematical foundations of fundamental theoretical issues have to be
developed, and conceptual insights that are useful to the designer and the practitioner need to be
provided. This process leads to novel numerical challenges that must also be addressed. The papers
contained in this volume provide a broad range of significant recent developments, new discoveries,
and mathematical tools in the field and further point to challenging open problems.

The conference was made possible through generous financial support by the National Science
Foundation and Georgetown University, whose sponsorship is greatly appreciated.

We wish to thank Marcel Dekker for agreeing to include this volume in its well-known and highly
regarded series ‘“Lecture Notes in Pure and Applied Mathematics” and for its high professional
standards in handling this volume.

The Scientific Committee:

Oleg Imanuvilov

Guenter Leugering
Roberto Triggiani (Chair)
Bing-Yu Zhang
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Chapter 1

Asymptotic Rates of Blowup for the Minimal Energy
Function for the Null Controllability of
Thermoelastic Plates: The Free Case

George Avalos'
University of Nebraska-Lincoln

Irena Lasiecka®
University of Virginia

L1 INrOdUCHION ..ottt ettt et e et 2
LI MOUVAON .ottt ettt ettt e e et 2
1.1.2  Description of the PDE Model and Statement of the Problem ...................... 4
113 Main Result ... 8
1.2 The Necessary Observability Inequality ........... ..ot 9
1.3 Some Preliminary Machinery ...............c.iiiiiiiiiiiiiiiiiiiii i, 10
1.4 A Singular Trace ESHMALE . ........c..iiuiii e 12
1.5 Proof of Theorem 1.1(1) ...ttt 14
1.5.1 Estimating the Mechanical Velocity .............. ...t 14
1.5.2 Estimating the Mechanical Displacement ......................coiiiiiiiiiiin.. 17
1.5.3 Conclusion of the Proof of Theorem 1.1(1) ...t 20
1.6 Proof of Theorem 1.1(2) ....oniinintii et e e ettt 20
1.6.1 A First Supporting EStimate ..............o.iuiiuiii i 20
1.6.2 Conclusion of the Proof of Theorem 1.1(2) ... 23
1.7 Proof of Theorem 1.1(3) ....iniininiii i e e et et e e 24
REfEIeNCeS . ..ot e 24

Abstract  Continuing the analysis undertaken in References 8 and 9, we consider the null-
controllability problem for thermoelastic plate partial differential equations (PDEs) models in the
absence of rotational inertia, defined on a two-dimensional domain €2, and subject to the free mechan-
ical boundary conditions of second and third order. It is now known that such uncontrolled systems
generate analytic semigroups on finite energy spaces. Consequently, the concept of null controllabil-
ity is indeed an appropriate question for consideration. It is shown that all finite energy states can be
driven to zero by means of L?[(0, T) x ] controls in either the mechanical or thermal component.
However, the main intent of the paper is to quantify the singularity, as 7 | 0, of the minimal energy
function relative to null controllability. In particular we shall show that in the case of one control
function acting upon the system, the singularity of minimal energy is optimal; it is in fact of order
O(T~3), which is the same rate of blowup as that of any finite dimensional approximation of the
problem. The PDE estimates, which are obtained in the process of deriving this sharp numerology,
will have a strong bearing on regularity properties of related stochastic differential equations.

I'The research of George Avalos was partially supported by NSF DMS-0208121.
2The research of Irena Lasiecka was partially supported by NSF DMS-01043 and ARO DAAD19-02-1-0179.



2 Asymptotic Rates of Blowup for the Minimal Energy Function for the Null Controllability

1.1 Introduction

In this chapter we address specific questions related to the null controllability of thermoelastic
plates subject to free mechanical boundary conditions, these being represented by shear forces and
moments. These particular boundary conditions are of particular interest in the control theory of
plates [22, 24, 23]. As we shall see below, the model under consideration is one which corresponds
to an infinite speed of propagation; accordingly, null controllability—in arbitrarily short time—is
an appropriate topic for study in regard to these plates. We will give at length a full and precise
description of our thermoelastic control problem; but for the benefit of the reader and in order to
motivate the specific problem under study, we will first provide a few opening remarks.

1.1.1 Motivation

There are several ways of controlling a given plate dynamic. This control can be accomplished by
using: 1. internal controls, 2. boundary controls, or 3. controls localized on an open subset of €2. In
addition, one may use either one control action (be it thermal or mechanical) or simultaneous me-
chanical and thermal controls (i.e., controls located on both the mechanical and thermal components
of the system). Depending on the objective to be achieved, one framework of control might be more
advantageous than another. For instance, if the particular issue at hand is to guarantee the minimal
support of control functions, then boundary control would be the most appropriate control situation.
However, if one is concerned with the cost of control—or equivalently, with quantifying the associ-
ated “minimal energy”—then internal controls should be considered. In this connection, a question
of both practical and mathematical relevance is the question of finding the optimal asymptotics that
describe the singularity of the associated minimal energy, as 7 | 0. Since the work of T. Seidman in
Reference 34, the optimal asymptotics are well defined and well known for finite dimensional control
systems. In fact, these asymptotics are given by the sharp formula 7 —* ~2 where index k corresponds
to the Kalman rank condition and measures the defect of controllability (see below). The above for-
mula actually gives a lower bound for the singularity of the minimal energy associated with any PDE
system.

Given then the existence of formula in Reference 34 for controlled finite dimensional systems,
we are in a position to loosely define the “optimal” singularity for any controlled PDE. In fact,
for a given infinite dimensional system, the “optimal” rate of singularity of its associated minimal
energy will be the rate of singularity enjoyed by approximating (or truncated) finite dimensional
systems (assuming of course that each finite dimensional truncation has the same Kalman rank).
For example, scalar first order (in time) models will have its optimal rate of blowup of minimal
energy as being (’)(T’%); in general, the optimal singularity for vectorial coupled structures will
depend on the number of controls used with respect to number of interactions. Thus, in the case
of thermal plates with one control only, the optimal singularity of any finite dimensional truncation
is 773 (this is seen below). In the case of two controls used (both thermal and mechanical) the
optimal singularity is T3, Whether, however, the minimal energy asymptotics actually obeys the
optimal rate of singularity (predicted from finite dimensions) is an altogether different matter. Indeed,
in References 34 and 36 (highly nontrivial) finite-dimensional estimates are derived and can be
subsequently applied to finite-dimensional truncations of infinite-dimensional systems; however, the
delicate estimates are controlled by a constant C,,, say, where n stands for the dimensionality of the
respective approximation. These constants may well tend to infinity as # goes to infinity. In such an
event (as seen in References 14, 6, and 40) the optimal asymptotics for the original PDE are lost.
This brings us to the key question asked in this chapter: Is it possible to achieve the optimal rate of
singularity for a (fully infinite dimensional) controlled PDE model?
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The answer to the above question—in the negative—has been known for many years in the case of
the heat equation with either boundary or localized controls. Indeed, the rate for boundary control of
the heat equation is the exponential blowup rate ¢9(1); see References 35 and 37. This rate is known
to be sharp [20]. A similar negative answer has been provided in the case of thermoelastic systems
under the influence of boundary controls—in fact, such boundary controls likewise lead to O
exponential blowup [25]. Therefore, in light of the rational rates of minimal energy blowup exhibited
by finite-dimensional controlled systems (as shown in Reference 34) and of the definition given above
for optimal rates of minimal energy blowup for controlled PDEs, it is manifest that thermoelastic
plates under the influence of boundary or localized controls will not give rise to minimal energies
that exhibit an optimal (finite dimensional) singularity. Thus, in searching for PDE control situations,
which will yield up the optimal algebraic singularity enjoyed by finite dimensional truncations, the
only reasonable choice left is the implementation of infernal controls. In the specific context of
our thermoelastic PDE, the relevant question then becomes: Do the minimal energies of internally
controlled (fully infinite dimensional) thermoelastic plates exhibit the optimal rate of blowup O(T ~ : )
by either mechanical or thermal control?

The relevance of this question should not be underestimated from both a practical and mathematical
point of view. Indeed, from a practical point of view one would like to know whether a given
finite-dimensional approximation of the system contains critical information and moreover reflects
controllability properties of the original PDE model. From a mathematical point of view, the solution
to the null controllability problem is not only of interest in its own right as an issue in control theory,
but this solution can also give rise to deep and significant connections between the algebraic optimal
singularity of minimal energy and other fields of analysis, including stochastic analysis. In point
of fact, within the field of stochastic differential equations, there is an acute need to know of those
PDE control environments that will yield up optimal (and algebraic) rates of singularity of minimal
energy. These particular rates are critical in finding the regularity and solvability of certain stochastic
differential equations [14, 15, 19], as well as in setting conditions for the hypoellipticity of certain
degenerate infinite dimensional elliptic problems [32]. It is shown in Reference 32 that Hormander’s
hypoellipticity condition is strongly linked to the singularity of the minimal energy function. Null
controllability is also related to the analysis of regularity of the Bellman’s function, which is associated
with the minimal time control problem. Indeed, as eloquently described in References 14 and 15,
this property bears a close relation to the regularity of some Markov semigroups, including Orstein—
Uhlenbeck processes and related Kolmogorov equations. For some of these semigroups (see, e.g.,
Reference 15—Theorem 8.3.3) the minimal energy singularity associated with null controllability
describes differentiability properties and regularizing effects of the Orstein—Uhlenbeck process.
Moreover, the regularity of solutions to the Kolmogorov equation depends on the singularity of the
minimal energy as T | 0. Also, as shown in Reference 14, optimal estimates for the norms of
controls are critical in being able to prove Liouville’s property for harmonic functions of Markov
processes (see p. 108 in Reference 15). In sum, there is an abundance of examples from the literature
that clearly illustrate that, in the context of computing optimal minimal energy asymptotics as T |, 0,
the tools of controllability can potentially enable a mathematical control theorist to transcend his or
her deterministic realm so as to solve fundamental problems in other areas of analysis, including
stochastic PDEs.

In addition, the procurement of optimal algebraic estimates for the minimal energy allows one to
clearly explain the role of the hyperbolic-parabolic coupling within the PDE structure (in Eq. (1.1)
below). In particular, it has been shown recently in Reference 25 that, owing to optimal algebraic
singularities of minimal energy, it is possible to offset the singularity of minimal energy by introducing
a very strong coupling within the system. Thus, in some sense, the lack of a second control in the
system may be quantitatively compensated for by taking large values of the coupling parameter “oc.”
From our remarks above, it is clear that this compensatory phenomenon will not be observed with
boundary or partially supported controls, which, as we have said, lead to blowups of exponential type.
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Having decribed the goal and motivation for the problem considered, we shall describe the main
contribution of this chapter within the context of recent work in that area. The problem of controlla-
bility/reachability for thermal plates has attracted considerable attention in recent years with many
contributions available in the literature [22, 23, 24, 1, 2, 3, 10, 18, 16, 17, 11], but we shall focus
particularly on works related directly to singular behavior, as 7 |, 0, of the minimal energy relative
to null controllability.

The study of optimal singularity for thermoelastic plates with internal controls started in Refer-
ences 8, 9, and 40, where for the first time the optimal rates T—3 were established for the “commu-
tative” case (i.e., plates with hinged mechanical boundary conditions). The proof given in Reference
40 is based on a spectral method that exploits the commutativity in an essential way, whereas the
proof given in Reference 8 is based on weighted energy estimates, thereby giving one the chance
to extend this method to other noncommutative models (e.g., clamped or free mechanical bound-
ary conditions). The “commutative” case (hinged boundary conditions) has been also treated in
Reference 11, where null controllability with thermal controls of partially localized support was
proved. For this commutative model under boundary control (either thermal or boundary), the ex-
ponentially blowing up and sharp asymptotics ¢°(1) have been shown [25]. The techniques used in
these papers rely critically on spectral analysis and commutativity.

It turns out that a proper and necessarily more technical extension of the method introduced in
Reference 8 will allow the consideration of noncommutative models. (By ‘“noncommutative models”
we mean those models wherein the domains of the respective spatial differential operators of the
plate and heat dynamics do not necessarily enjoy any sort of compatibility.) In particular, the optimal
singularity of the (null control) minimal energy is proved in Reference 9 for clamped plates with one
control only. It should be stressed that the proof in the noncommutative case depends in an essential
manner upon estimates provided by the analyticity of the underlying thermoelastic semigroup; this
property of analyticity was discovered for the clamped case in References 31 and 28 and for free
case in Reference 27. The most challenging case is, of course, that of the free mechanical bound-
ary conditions (introduced in the context of control theory in Reference 22), in which a coupling
between thermal and mechanical variables also occurs on the boundary. This additional coupling
compels us to develop below a delicate string of trace estimates that measure the singularity at the
boundary.

The main aim of this chapter is to provide a complete analysis of the free case. We shall show
that in the case of mechanical control one still obtains the optimal singularity. Instead, in the case
of thermal control the estimate is “off” by 3/4. A question whether this estimate can be improved,
thereby leading to the optimal singularity 72, still remains an open question.

1.1.2 Description of the PDE Model and Statement of the Problem

Having given our general remarks above, we now proceed to precisely describe the present prob-
lem under consideration; this work will continue and extend the analysis that has been previously
undertaken in References 6, 7, 8, 9 through and 40. We will consider throughout the two-dimensional
PDE system of thermoelasticity in the absence of rotational inertia. As we have already stated, it
is now known that for all possible mechanical boundary conditions, the thermoelastic PDE model
is associated with the generator of an analytic Cy-semigroup (see References 31, 28, 39, and 27).
Given then that the underlying PDE dynamics are “parabolic-like,” it is natural to consider the
null controllability problem for the thermoelastic system, namely, can one find L2(Q) controls
(mechanical or thermal) that steer the solution of the PDE from the initial data to the zero state?
(We shall make this control theoretic notion more precise below. As usual, Q here denotes the
cylinder Q x (0, T').) Having established L?(Q)-null controllability for the PDE, and moreover
assuming that the controllability time is arbitrary, we can subsequently proceed to measure the rate
of blowup, as T | 0, for the minimal energy function that is associated to null controllability. As
is well known, and as we shall see below, this work is very much tied up with obtaining the sharp



1.1 Introduction 5

observability inequality associated with null controllability; moreover, this analysis is rather sensi-
tive to the mechanical boundary conditions imposed. In Reference 8—as well as in Reference 40
via a very different methodology—the problem of blowup for the minimal energy function was
undertaken in the canonical case of hinged mechanical boundary conditions; in Reference 9, we
revisit this problem for the more difficult clamped case. In this paper, we complete the picture
by analyzing the singularity of minimal energy for the case of the thermoelastic PDE under the
so-called free boundary conditions. In general, the analyses involved in the attainment of (null and
exact control) observability inequalities for thermoelastic systems are profoundly sensitive to the
particular set of boundary conditions are being imposed. But the free case, presently under consid-
eration, will give rise to the most problematic scenario of all. This situation is due to the high degree
of coupling between the mechanical and the thermal variables, with the coupling taking place in the
PDE itself and in the free mechanical boundary conditions.

We describe the problem in detail. Let 2 be a bounded open set of R?, with smooth boundary I". For
the free case, following [22, 23] the corresponding model PDE is as follows: the (mechanical) vari-
ables [w (¢, x), w; (¢, x)] and the (thermal) variable 6 (¢, x) solve, for given data {[wy, w1, O], u1, U2},
the PDE system

Wy + AN’ +aAO = au
{ " " on0,7) x @

6, — A0 — aAw; = aruy

Aw+ (1 —pw)Biw+ab =0

0Aw 0Bw a0 on(0,7) x T
—— + = —ot+a—=0 (1.1)
av ot av

20
8—+A9=0 on (0, 7) xI', whereA >0
v

w(t =0)=wy, ot =0)=w;;0(t =0)=6 on€.

Here, o > 0 is the parameter that couples the disparate dynamics (i.e., the heat equation vs. the
Euler plate equation); the constant . € (0, 1) is Poisson’s ratio. Also, the (control) parameters a;
and a, satisfy a; > 0, a, > 0 and a; +a, > 0 (in other words, at least one of the controls, be it
thermal or mechanical, is always present.) The (free) boundary operators B; are given by

3w ,0%w ,0%w
Biw = 2vivy—— — V| — —V; >
9x0dy dy? dx2

o 2 3°w 3w %w
BZW = (Ul—vz)m+V1U2 a_yz_ﬁ .

(1.2)

The PDE Eq. (1.1) is the model explicitly derived and analyzed in References 24 and 22 in the
“limit case.” That is to say, we are considering the two-dimensional thermoelastic system in the
absence of rotational forces; the small and nonnegative, classical parameter y is taken here to be
zero. As we stated at the outset, it is now well known that the lack of rotational inertia in the model
Eq. (1.1) will result in the corresponding dynamics having their evolution described by the generator
of an analytic semigroup on the associated basic space of finite energy. In short, the present case
y = 0 corresponds to parabolic-like dynamics; this is in stark contrast to the case y > 0—as analyzed
in the control papers [22], [23], [3] and myriad others—for which the corresponding PDE manifests
hyperbolic-like dynamics.

In fact, if we define

H= H*(Q) x L>(Q) x L*(RQ), (1.3)
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then one can proceed to show by the Lumer Phillips theorem that the thermoelastic plate model can
be associated with the generator of a Cy-semigroup of contractions on H. That is to say, there exists
A:D(A) c H— H, and {e'},~9 C L(H) such that [0, w;, 8] satisfies the PDE (1.1) if and only
if [w, w;, 0] satisfies the abstract ODE

w(t) (1) 0 w(0) o
T o) | =A@ | + | aiui(®) |5 |0 (0) | = | o
0(t) 0(1) azus(t) 6(0) )

In consequence of this relation, we have immediately from classical semigroup theory that
{[wo, w1, 6], [ur, uz]} € H x [LX(Q) = [w, &, 6] € C([0, T1; H). (1.4)

Because of the underlying analyticity, which will ultimately mean that there are smoothing effects
associated with the application of the semigroup {e“’},~0, the null controllability problem for the
controlled PDE Eq. (1.1)—with respect to internal L?-controls—is an appropriate one to study.
Moreover, one might speculate that, as in the case of the canonical heat equation [12], should the
PDE Eq. (1.1) in fact be null controllable, it will be so in arbitrary small time (because of the
underlying infinite speed of propagation). It is this speculation that motivates our working definition
of null controllability for the present paper.

DEFINITION 1.1 The PDE (1.1) is said to be null controllable if, for any T > 0 and arbitrary
initial data X = [wy, w1, Oy] € H, there exists a control function [u;, u] € [LZ(Q)]2 such that the
corresponding solution [w, w;, 0] € C([0, T1; H) satisfies [w(T), w,(T), 6(T)] = [0, 0, 0].

However, the issue of null controllability, although certainly an important part of this paper, is
subordinate to our main objective, which is to measure the rate of singularity of the associated
minimal energy function.

We develop this notion of “minimal energy.” Assume for the time being that the Eq. (1.1) is
null controllable within the class of [L?(Q)]?>-controls, in the sense of the Definition 1.1. Subse-
quently, one can then speak of the associated minimal norm control, relative to given initial data
x = [wy, w1, Oy] € H and given terminal time 7. That is to say, we can consider the problem of finding
a control u(% (x) that steers the solution [w, w;, 8] of Eq. (1.1) (with [u;, us] = u(} (x) therein) from
initial data X to zero in arbitrary time 7 and minimizes the L? norm. In fact, by standard convex
optimization arguments (see, e.g., Reference 13), given any x € H and fixed 7', one can find a control
uf (x) which solves the problem

17 00 [ 120y = min Uz o

where, above, the minimum is taken with respect to all possible null controllers u = [u;, us] €
[L2(Q)]? of the PDE (1.1) (which steer initial data x to rest at time = T'). Subsequently, we can
define the minimal energy function Eqyin(T) as

Enin(T) = sup [z (0] 120 (1.5)

Ixlla=

Under the assumption of null controllability, as defined in Definition 1.1, we have that £, (T') is
bounded away from zero. A natural follow-up question is “how does Emin (T') behave as terminal time
T | 0, or equivalently (by Eq. (1.5)), for given time T', how exactly does the quantity ||u(% @ l2c0)p
growas T | 077
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The problem of studying the rate of blowup for minimal norm controls is a classical one and has
its origins from the finite dimensional setting. In fact, a very complete and satisfactory solution has
been given in Reference 34 for the following controlled ODE in R":

d. - - - n
E)’(f) = Ay(t) + Bu(t), yoeR (1.6)

where # € L*(0,T:R™) and A (resp., B) is an n x n (resp. n X m) matrix, with m < n (so
consequently the solution y € C([0, T]; R"). The problem in this finite dimensional milieu, like that
for our controlled PDE (1.1), is to ascertain the rate of singularity for the associated minimal energy
function, which is defined in the same way as in Eq. (1.5). The solution to this problem is tied up
with the classical Kalman’s rank condition. Namely, a beautifully simple (though highly nontrivial)
formula in Reference 34—an alternative constructive proof of this formula is given in Reference 40;
see also Reference 36—yields that the minimal energy function associated to the null controllability
of Eq. (1.6) is O(T ~*~2), where k is the Kalman’s rank of the system Eq. (1.6) (that is, k is the
smallest integer such that rank ([B, AB, ..., A¥B]) = n; see Reference 41).

By a formal application of Seidman’s finite dimensional result, one can get an inkling of the
numerology involved in the computation of the minimal energy &y (T') for the PDE system Eq. (1.1).
For example, let us consider the thermoelastic Eq. (1.1) but with now w satisfying the canonical hinged
mechanical/Dirichlet thermal boundary conditions

CU|[‘ = Aa)h'* = 0'[‘ =0on X. (17)
In this case, it is shown in Reference 27 that when, say, thermal control only is implemented (i.e.,

a; = 01in Eq. (1.1)), the thermoelastic PDE under the hinged boundary conditions Eq. (1.7) may be
associated with the ordinary differential equation (ODE) (1.6), with

0 1 0 0
A=A| -1 0 1|, and B=]| 0 |. (1.8)
0 -1 -1 a

This ODE in three space dimensions is a direct consequence of the analysis undertaken for the
canonical hinged case in Reference 26. By way of obtaining the ODE (1.6), we have formally
“factored out” the Laplacian from the (rearranged) infinitesimal generator of the thermoelastic
semigroup, which is given in (Section 1.2.2) of Reference 27 (see also Reference 28, p. 311).
Considering now finite dimensional truncations of A (by making use of the spectral resolution of
the Laplacian under Dirichlet boundary conditions) and applying the algorithm of Seidman to the
given controllability pair [A, B] in Eq. (1.8), we compute readily that the minimal energy func-
tion associated with the null controllability of the finite dimensional Eq. (1.6)—an approximation
in some sense of the thermoelastic system under the hinged boundary conditions—blows up at a
rate on the order of 7. These numerics lead to the following question: Does the minimal en-
ergy Eq. (1.5) (i.e., the minimal energy for the full-fledged infinite dimensional system) obey the
law Enin(T) = O(T’%)? Of course, Seidman’s formula for matrices gives no conclusive proof as
to what is actually happening for the fully infinite dimensional model. In fact, it is well known
that the minimal energy of a given infinite dimensional system may bear no relation to the limit
of minimal energies of any given sequence of finite dimensional approximations. For example, it
was shown in Reference 14 that the growth of the minimal energy function for a given infinite
dimensional system may be arbitrarily large, even when Kalman’s rank £ = 1 and spectral diag-
onal systems are being considered. Moreover, in Reference 35 it is shown that for the case of the
boundary controlled heat equation, the sharp observability inequality corresponding to the (null)
minimal energy of a given heat operator’s finite dimensional truncation obeys rational rates of
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singularity. On the other hand, the asymptotics of the minimal energy, which are obtained for the
(infinite dimensional) heat equation, are of exponential type. A similar phenomenon is observed in
References 40 and 6, wherein strongly damped wave equations under internal control are considered.
In this situation, with the damping operator given by A?, the asymptotics of minimal energy be-
have as T~ 2/ for any S > %. Thus, when the damping operator approaches Kelvin’s Voight
damping, the singularity loses its algebraic character with 2(%/3) 1 oo. Instead, for 8 < %, the
singulflrity is optimal (i.e., the same as that for finite dimensional truncations) and is equal
toT72.

But as formal as the application of Seidman’s finite dimensional algorithm may seem in the present
context, there is in fact a relevance here to the thermoelastic PDE, which is approximately described
by controllability pair [A, B]. The minimal energy function with respect to null controllability of the
thermoelastic PDE, under the hinged boundary conditions Eq. (1.7), does indeed obey the singular
rate Enin(T) = O(T~ 3 ). This minimal energy analysis for the hinged case was shown independently
in References 8 and 40 (and most recently in Reference 25 where the asymptotics with respect to the
coupling « are also provided). In Reference 40, it is of prime importance that the hinged boundary
conditions Eq. (1.7) be in play, for these mechanical boundary conditions allow a fortuitous spectral
resolution of the underlying thermoelastic generator. With the eigenfunctions of the thermoelastic
dynamics in hand, it is shown in Reference 40 via a constructive class of suboptimal steering controls
that the delicate observability estimates for solutions for the spectrally truncated adjoint problem—
adjoint with respect to null controllability—are preserved; as a consequence, a rational rate of
singularity for the infinite dimensional null minimal energy is obtained in the limit. However, for
other sets of mechanical boundary conditions, including the physically relevant clamped and (above
all) free boundary conditions under consideration at present, there will be no such available spectral
decomposition.

On the other hand, the methodology employed in References 8 and 9, and the present work, is
“eigenfunction independent”; in particular, we blend a weighted multiplier method of Carleman’s
type with boundary trace estimates exhibiting singular behavior of the boundary traces. This rather
special behavior is a consequence of the underlying analyticity. In principle, our work in Reference 8
to estimate the blowup of the “minimal norm control” as 7 | 0 is applicable to a variety of
dynamics. (In fact, our method of proof in Reference 8 and in the present work is used in
Reference 7 to estimate the minimal norm control of the abstract wave equation under Kelvin—
Voight damping.) Moreover, the robustness of our method allows us in Reference 9 to analyze
the rate of singularity of the minimal energy function for the null controllability of thermoelastic
plates in the case of clamped boundary conditions. As we said above, there is no spectral de-
composition or factorization of the thermoelastic generator in the case of mechanical boundary
conditions other than the canonical hinged case and thus no rigorous association with the abstract
ODE (1.8). Still, we show in Reference 9 that for the clamped case, the minimal energy obeys the
singular rate “predicted” in Reference 34, namely, Enin(T) = O(T’%). Our intent in this paper
is to bring the story to a close by investigating the minimal energy function for the null control-
lability of thermoelastic systems under the high-order free boundary conditions that are present in
Eq. (1.1).

1.1.3 Main Result

In regards to our stated problem, the main result is as follows:

THEOREM 1.1

Let terminal time T >0 be arbitrary and a;, a; >0 with a; + a, > 0. Then, given initial data
[wo, w1, 001 € H, there exist control(s) [u1, u] € [L*(Q)1* such that the corresponding solution
[w, w;, O] of (1.1) satisfies [w(T), w,(T), 0(T)] = [0, 0, 0]. (That is to say, the PDE model Eq. (1.1)



1.2 The Necessary Observability Inequality 9

is null controllable within the class of [L>(Q)]*—controls in arbitrary short time.) Moreover, We
have the following rates of blowup for the minimal energy function:

1. (thermal control) If a; = 0, then Enin(T) = O(T_?_E)for all e > 0;
2. (mechanical control) If ay = 0, then Enin(T) = O(T~3);

3. Ifay > 0and a; > 0, then Epin(T) = (’)(T_%).

REMARK 1.1  The null controllability of thermoelastic plates with free boundary conditions and
under one internal control (be it mechanical or thermal) appears to be, as far as we know, a new
result in the literature. The Theorem 1.1 above, in addition to asserting the said null controllability
property, provides the asymptotics for the singularity of the associated minimal energy function.
These asymptotics are optimal in the case of a single mechanical control and in the case of two
controls acting upon the system. In the case of a single thermal control the estimate is “off” by 3/4
with respect to the desired “finite dimensional prediction” in Reference 34. Whether this estimate
can be improved upon is an open question.

Our method of proof of Theorem 1.1 is based on weighted energy estimates that are flexible
enough to accomodate analytic estimates and the resulting singularity. The proof has the following
main technical ingredients:

1. special weighted nonlocal multipliers introduced in Reference 4 and subsequently invoked in
References 3, 5, 29, and 6, and elsewhere;

2. the analyticity of semigroups associated with thermoelastic PDE models in the absence of
rotational forces, as demonstrated in References 31, 26, 27, and 28;

3. new singular estimates for boundary traces of solutions of Eq. (1.9), which are of their own
intrinsic interest and which are needed to handle the boundary terms resulting from the
weighted estimates employed.

1.2 The Necessary Observability Inequality

The proof of Theorem 1.1 is based on the derivation of the observability inequality associated
with the null controllability of the PDE (1.1) with respect to thermal or mechanical control or both.
This inequality is formulated in terms of the solution of the homogeneous PDE, which is “dual”
or “adjoint” to that in Eq. (1.1). Namely, we shall consider solutions [¢, ¢;, ©] to the following
system:

G+ A2 +aAD =0 on(0,T) x Q
O — AV —aAp, =0 on(0,T) x Q

Ap+ (1 —p)Bip+ad =0

A 9B 90 on X%
929 L q— Bty 2 g (1.9)
Jv at v

9

— 4+ =0o0onXx, A>0

ov
[¢(0), —¢:(0), ?(0)] = [¢o, ¢1, Po] € H.
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If we define the bilinear form a(-, -) : H*(Q) x H*(Q) — R by
a(w, W) = /[Wxxwxx + Wyywyy + ,U/(Wxxwyy + Wyywxx) + 2(1 - /J/)nywxy] an
Q

then we can state the “Green’s formula,” which involves this bilinear form (see Reference 22) and
which is valid for functions w, w (smooth enough):

9A 9B
/(Azw)ﬂ/dﬂ = a(w, W) +/ [—W (=) ZW}WdF
Q r 81) 81’
-
—/ [Aw + (1 — ) Biw] 224 (1.10)
r 8\1
Let £(¢) denote the energy of the adjoint system Eq. (1.9), where
1 1 1
£@) = Sa@ 1), $0) + 5/ () dr + 5/ (1) d. (L11)
r Q

In terms of this energy, then one can show by classical functional analytical arguments (see, e.g.,
References 41 and 3) that the PDE (1.1) is null controllable, in the sense of 1, if and only if the
adjoint variables [¢, ¢;, 9] of Eq. (1.9) satisfy the following continuous observability inequality, for
some constant C7:

1o (T), ¢ (T), ¥ (D]l = Cr(arlld: o) + a2lld ll20)- (1.12)

Having worked to establish the sharp constant Cr in the observability inequality Eq. (1.12), one
can proceed through an algorithmic procedure—using an explicit representation of the minimal norm
control, by convex optimization—so as to have that for all terminal time 7" > 0,

gmin(T) = O(CT)

Because the details of this argument are known and have been previously spelled out (see, e.g.,
References 9 and 8), we defer from repeating them here.

Because of this characterization of the behavior of £, (T') with the constant C7 in Eq. (1.12), our
work will accordingly be geared toward establishing this inequality (where, again, control parameters
a; satisty a;, a; > 0, and a; + a; > 0).

1.3 Some Preliminary Machinery

In this section, we explicitly define the underlying generator A : D(A) C H — H, which describes
the thermoelastic flow. Subsequently, a proposition is derived with which to associate powers of this
generator with specific Sobolev spaces. This characterization of the powers will be critical in work.

« To start, we define the linear operator Ap : D(Ap) C L*(Q) — L*(Q) by

AD = —A,
) (1.13)
D(Ap) = H*(Q) N Hy(Q).
* We will also need the following (Dirichlet) map D : L2 — L3(Q):
Df =g Ag=00nQ and g|p= fonTl. (1.14)

By the classical elliptic regularity, we have that D € L(H*(I"), H ”%(Q)) for all s (see
Reference 30).
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* We also define the linear operator A: D(Ap) C L3(Q) — L3*(Q) by setting Ao = A'w,
for w € D(A), where

D) = {w e HY Q) :[Aw +(1 — w)Biw]r =0

A 0Byw
and |— 4+ (1 —pw) —w| =0y,
v ot r

where the boundary operators B; are as defined in Eq. 1.3.
This operator is densely defined, positive definite, and self-adjoint. Consequently by
Reference 21, one has the characterization

D(A?) ~ H*(Q); with moreover HA%(PHZ(Q) =a(¢,¢) + / ¢*dr.
r

* Moreover, we define the elliptic operators G; by

A’ =0 on
Gh=v<& Av+ (1 —w)Biv=nh ;
dAV 0Byv onTI
—+ A —-p) —v=0
av ot
A’ =0 onQ
Gyh =v & Av+ (1 —w)Biv=0 . (1.15)
dAv dByv onI"
—+ A —-p) —v=nh
av ot

By elliptic regularity (see, e.g., Reference 30) one has that for all real s,
G, € L(H (), H”%(Q)); G, € L(H* (), H”%(Q)). (1.16)

With these operators defined above, we have that the generator A : D(A) ¢ H — H of the
thermoelastic semigroup may be given the explicit representation

0 | 0
A=|-A 0 a(Ap(I — Dyy) — AG 1y + 1AGay) | ;
0 —aAp(I — Dyp) —aAp(I — Dyp)

D(A) = { [wo, @1, 60] € H* () x H* () x H*(Q) : A[wy + a (G1yo — AG2y0) 6ol € L*(Q)
and [% + wo} = O} (1.17)
v r

(here, yp € L(H'(Q), H%(F)) is the classical Sobolev trace map; i.e., yo f = f|p for f € C>®(Q)).

As we have said, it is now known that the generator A : D(A) C H — H for the thermoelas-
tic plate, with free mechanical boundary conditions, is associated with an analytic Cy-semigroup
(e }i=0 of contractions on H (see Reference 27 and references therein), with moreover A~! being
bounded on H.
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For this realization of the generator, we now proceed to show the following:

PROPOSITION 1.1
Let integerk = 1,2, ... . Then D(A*) C H**2(Q) x H*(Q) x H*(Q).

PROOF OF PROPOSITION 1.1  Let first [wg, w1, 0] € D(A). Then by definition, wy, 6y €
H?(). Moreover, from the abstract representation in Eq. (1.17), we have
Awy+ aAG 0l — arhGr 6| +aAby = f € LE(R).
Because 6y|r € H : ("), then consequently from the elliptic regularity results posted in Eq. (1.16),
wo=A"1f —aG 6| + arG2 60l — AT AGy € HH(Q).

So the assertion is true for k = 1. |:|

Proceeding now by induction, suppose that the result holds true for integer k — 1, kK > 2, and let
[wo, @1, 6p] € D(AF). Then, because

wo
Al o | e DAY,
o
we have
o € H*(Q);
Awy 4+ aAG, 6l — arAG, 0| +aAby = f e H*2(Q);
Arby —aAw; = g € H*X(Q). (1.18)

Here, Az : D(AR) C L*(2) — L*(R) is the elliptic operator defined by

d
Apf = —Af; D(AR)={feH2(SZ):8f+Af=O, ,\>o}. (1.19)
%
Reading off the third equation in Eq. (1.18), we obtain, after using elliptic regularity,
6o = A’ (¢ + Dyobo — aAwy) € H*(Q).
In turn, we can use again the result in Eq. (1.16) to have that

wo = A7 f —aG b + arGayby — A Ay € HF2(Q).

This concludes the proof of Proposition 1.1.

1.4 A Singular Trace Estimate

In this section, we exploit the underlying analyticity of the thermoelastic semigroup so as to
generate pointwise (in time) estimate of boundary traces of the adjoint variables ¢,(¢) and ¥ ()
of Eq. (1.9). These estimates will be of use to us in the proof of Theorem 1.1, inasmuch as they
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each reflect a proper “distribution” between the measurement £(¢) of the energy and the observation
term—be it ¢, or ¥. The price to pay for these benefical estimates is the appearance therein of singular
weights of the form 1 =, where parameter s will depend on the order of derivatives present.

LEMMA 1.1

LetX(t) = [¢ (1), ¢: (1), ¥ (t)] denote the solution of the adjoint system Eq. (1.9), subject to the initial
condition X(0) = [¢g, —¢1, 9] € H. Let,moreover, D,, be a differential operator of order m > 0
with respect to the interior variables. Then for integersk = 1,2, ..., and all t > 0 we have

LD Ol < - ol olli

”29(t) ”LZ(SZ) )

AS3

Cr
2. ||Dm<z>t<t>||m5t,,, r|les 0|| ||¢t<t>||Lz(m;

3. 11y < ||e 25|

PROOF OF LEMMA 1.1 By atrace interpolation result (see, e.g., Reference 38) and the iterative
use of a classical PDE moment inequality, we have the following string of estimates, which is valid
for any g € H2 D (@)

1 1 1 1
”Dmg”L(r‘) =C ||Dmg||2(g) ||Dmg||,2,|(9) <C ||g||;]m(9) ||g||,2,m+|(9)

1 1 1 3 1 1
<C ”g”i(gz) ”g”;im(m ||g||?12(m+])(9) <C ”g”z(g) ||g||18.14m(m ||g||18.14(/u+l)(9)
1
2k+1 2k+T
< = Cligl 1815 g T8I - (1.20)

Now by virtue of the analyticity of the thermoelastic semigroup {e¢”"'},~( and Proposition 1.1, we
have for all ¢ > 0,

[p(1), d:(1), ()] € DAY ™) = [, (1), 9 (1)] € [H*"(Q)]. (1.21)
Setting now g = ¥ (¢) (resp., ¢;(¢)) in Eq. (1.20), we obtain

_1
1D? Ol < CIOO 1) ||0<t)||;;;‘,,,(m 19 O350,

clla s >||2k“ I RO ol

t

IA

— CHAZk’lme.A'

||A2k Ym+1) A; Azx HzHl ||19(t)HL( . (1.22)

At this point, we can invoke the well known pointwise estimate that is valid for any generator of
an analytic semigroup: for all time # > 0 and integerm = 1,2, ... ,

m

c
A" Nl < s (1.23)

where constant C is independent of m (see, e.g., Reference 33, p. 70). Applying this estimate to the
chain Eq. (1.22), we have

X -4
D@ Ol Ly = a 10Ol

tﬂ+l HeA%;C'O
2717
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This gives (Lemma 1.1, Step 1) (Step 2) is obtained in the very same way, by setting g = ¢, in
Eq. (1.22) and then invoking the containment Eq. (1.21). For (Step 3), we have along the same lines,
by means of the trace interpolation inequality in Reference 38 and the containment Eq. (1.21),

A

ID1u 2y < C a2y 10D ey < ClAE @[5 145 Ol

1 C 1
2- 5 AL > 5
CIAXDf < 7||e %o || &
1

IA

which completes the proof.

1.5 Proof of Theorem 1.1(1)
1.5.1 Estimating the Mechanical Velocity
In what follows, we will have need of the polynomial weight 4 (#), defined by
h(t)y =15(T —1)’. (1.24)

For the proof of Theorem 1.1(1), we will take s = 6.
In terms of the the solution [¢, ¢,, ¥ ] of Eq. (1.9) and its corresponding energy £ (), the necessary
inequality for the case of thermal control is

VEM) < Cr 92 - (1.25)

It is the derivation of this inequality that will drive the proof of Theorem 1.1.
We will start by applying the Laplacian to both sides of the heat equation in Eq. (1.9). This gives

AP, — A’ —aA’¢, =0 inS.

From this expression and the free boundary conditions in Eq. (1.9), we have that the velocity term
¢, satisfies the following elliptic problem for all # > 0:

1 1 .
AP, (1) = — A%, (1) — —A*9(t) in Q
o o

Ag () + (1 — ) B¢, (t) = —at (1.26)
onT.
9890 | (1- M)me — ¢ (1) = ar?,
av T

Using this Green’s map defined in Eq. (1.15), we have from Eq. (1.26) that the velocity ¢; may
be written explicitly as

1
B (1) = ;A—l (A, (1) — A*D ()] — aG i (D: (1)) + aAGayo (D (1)). (1.27)

From this, we have

T
/ B di
0

T
= / h(éﬁrl[w,(r) — A2 ()] — aG (D (1)) +Ol)xG2V0(l9z(f)),¢z> dt, (1.28)
0 L2(Q)

where h(t) is the polynomial weight described in Eq. (1.24).
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Analysis of the right-hand side of Eq. (1.28).

1.
T T
/ h([G1 — AG2l Yo¥r, @1) 2y At = —/ R ((G1 — AG2] yo¥, $1) 2 dt
0 0
T
- / h([Gl - )\4G2] ]/()79, ¢tt)L2(Q) dt (129)
0
a. By the regularity posted in Eq. (1.16) and an application of Lemma 1.1 (with m = 0 and
k = 2, say) we have
T T
’/ R (G — AG2) 0¥, ¢1) 2 (g dt| < C/ I T 2y 121l 2y A2
0 0
8 C/T O 1 31 e
— e"1x .
R ERAVI0) e 1T
Invoking Holder’s inequality to this right hand side, with Holder conjugates (%, %), we
obtain now the estimate
T
’/ WGy — AG2]l yo?, b)) dt
0
w [T 2 T t
< CETT/ h(@) 19172 dt+e/ h(t)é’(E)dt. (1.30)
0 0
b. Proceeding as above, with m = 0 and k = 2 in Lemma 1.1, we have
T
/ h([G1 — AG2] Wb, ¢ut) 12 dE
0
"h ( ) Ab= 111 >
<C — ||19(f)||Lz(Q) He ZonH AX: () ]| 12(q) dt
T ( )
<C ”ﬂ(t)”[}(g) He XOHHdt
0
26 P T t
< CET?/ h(@) 1911720 dt+e/ h(t)é‘(i)dt. (1.31)
0 0
Combining Eq. (1.30) and Eq. (1.31) now gives
T o [T T ¢
0 0 0
(1.32)
2. Next,
1 ! 1
/0 h(A™HAD), ¢1) oo)d /0 W (A7HAD), @) o) dt
T
— [ A @) g 13
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a. By Green’s theorem and the Lemma 1.1, with m = 0 and k = 2, we have
T
’/ W (A7HAD), ¢1) 12 d1
0

T . P B
/0 h (19,(54—1)1& 1@) dt—/ (9, A R™ 1¢,)L2(Q)
L2(T) 0
2 r r t
5C5T?/ ||z9||iz(9)dz+e/ h(t)E(E)dt. (1.34)
0 0

b. Likewise, by Green’s Theorem, the analyticity of the semigroup and Lemma 1.1, with

m = 0and k = 2, we have
w [T , T ‘
<C€T3/ ||19||L2(Q)dt+6/ hoe( 5 )dr
0 0

(1.35)

/ h(t) (A0, A1) 1)1

0

Applying the estimates Eq. (1.34) and Eq. (1.35) to Eq. (1.33) now yields

T T t
gcgri—ﬁ/ ||19||§2(Q)dr+e/ h(t)é’(i)dt. (1.36)
0 0

3. By the Green’s identity posted in Eq. (1.10), we have

T
‘/ h(AY,, ¢1)L2(Q) dt
0

T
/0 h(A8%9, A7) 12, di —/0 h(O) (D, ¢1) 12) dt

T
=/ h) [([?Hl—mwﬂﬁ, Alqs,)
0 V at L2(T)

9 ¢y
—<[A+(1—/L)Bl]z9,1§ ¢,) dt.
v L2(T)

Applying once more the Lemma 1.1 (e.g., with m = 3, k = 3) we have

T T t
< CETS/ ||z§‘||iz(9)dz+e/ h(t)E(E)dt. (1.37)
0 0

/0 (Azl9 A ¢t)L2(S'Z)

Combining the expression Eq. (1.28) with the estimates of Egs. (1.32 ), (1.36), and (1.37) gives
us the following estimate for the mechanical velocity:

LEMMA 1.2
With s = 6in Eq. (1.24), the solution [¢, ¢,, V'] of (1.9) satisfies the following estimate for all € > 0:

T T T p
/hO)II@II%z@)dtSCETS/ ||z9||iz(mdz+e/ 5(§>dt.
0 0 0
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1.5.2 Estimating the Mechanical Displacement

Here, we shall show the following:

LEMMA 1.3
The solution [¢, ¢, U] of Eq. (1.9) satisfies the following estimate for all €,5 > 0:

T 1 13 T t r
/0h(r)||Aa¢||iz(Q)dtSCTré ||19||ig(9)dt+6/0 h(t)€<2)dt+e/0 h(t)E(t)d.

PROOF OF LEMMA 1.3 We start by applying the multiplier 4(¢)¢(¢) to the mechanical
component in Eq. (1.9). We arrive at the relation

[ 018 g

T T
=/ h/(t)(d’t,(ﬁ)u(g)df‘i‘/ h(t) ||¢z||%2(9)dl‘

0

+ax/0 h(t)(A Gayod, Az ) 2 d1 ak/ h(t) (A 1Goyod, Az ) 2 d1

T T a¢
—a/ h(@t)(@, Ad) 2 ydt + a/ h(t) ((19 rp + —) dt. (1.38)
0 0 W/ 2y

[

Now, using the elliptic regularity posted in Eq. (1.16) and the usage of Lemma 1.1, withm = 0
and k = 3, we obtain

T
/ h(r)(Asza A2 20) g A1 a)\/O h(z)(A 2Gyyd, A2 20) g A1

0

av

T T t
SCST?/ ||19||22(Q)dr+e/ h(t)5<2)dt. (1.39)
0 0

Combining this estimate with that in Lemma 1.2 then gives the preliminary estimate

T T ¢
- a/ h(D) (D, AB) 120 dt+a/ h(t)((ﬁ‘ o + —) di
0 0 L2(T)

T
/0 B () (s, ) 2 dt

T T ¢
+CT8/ ||z9||iz(mdt+e/ h(t)6(5>dt. (1.40)
0 0

Apparently, we must estimate the first term on the right-hand side of Eq. (1.40). To this end, we
use the pointwise expression for ¢, in Eq. (1.27):

T
| no&k ] gy <

T T 1
/h/(qb,,qj)wmdt:/ h’(;AI(Aﬁ,—Azﬁ)—aGlyoﬂ,—I—aAGzyoﬂ,,q)) dt
0 0

LX)
(1.41)
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1. The abstract Green’s Theorem gives

T T
/ B (A0, A7) 12yt :/
0

0

A JdB
h/ (19, ¢)L2(Q) -+ <|:a -+ (1 — /L) 2:| '(9‘, A1¢>
v at

LX)

d %1
—([A+A =B, —A 19 dt.
av L)
Applying now the Lemma 1.1 with m = 3, 2 yields

T
/ B (A0, A~ ) 2 qydt

T il
0 = C/O | 7| ||19||L2(9)H3A%20Hi1+2kdt-

Letk > 4. Then, because &’ (t) = 6t5(T 2t)(T — t)°, we can apply now Hélder’s inequality
with Holder conjugates (252 s W) so as to have

T k1
‘/ B (A*0, A7 ) 2 dt| < Ce/ =y T —20|%1 (T — 1) > E=y 191175 dt
0 0

T t 1B3x2k=1_12 T T t
+e/ h(HE| = |dt <CT e / ||ﬁ||i2(9)dt+e/ h(t)5<)dt
0 2 0 0 2

(again this inequality being valid for k > 4). Now for any § > 0, we can rechoose integer k

k—1 . .
large enough so as to have % > % — &. This gives, then, for T < 1,

3 r T t
SCT‘TB/ ||z9||iz(9)dz+e/ h(t)E (2>dt. (1.42)
0 0

(This is the term which ultimately dictates the singularity.)

T
‘/ W (A0, A~ ) 2 qydt
0

2. Next,

T T
/ (G — AG2) o, Pliredt = —/ h'I[(Gy — AG2)yo?, Pli2q) dt
0 0

T
- / W'I(G1 — AG) WD, ¢l dt. (1.43)
0
a. By the regularity posted in Eq. (1.16) and Lemma 1.1,

r r |h | Ao
W (G = AG2) Y, plixgy dt| < C ”ML( |2 o[ * dr.
0 0

Applying Holder’s inequality to the right-hand side, with Holder conjugates (22—

1" 142
<o [ By
~ Jo 1+ \h(D)

=k | At- 5 35x2klg T 2 T t
X 01l 2 |le*2 %]y ¥ dt < CT7 19172 +€ | h(DE > dt
0 0

2k 1
W) now yields
2

T
/ h'[(G1 — LGV, Pl q)dt
0
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5x2¢1—4 15
i 2 7_8’

T
t
0 0

b. In the same way as above, we have for integer k large enough in Lemma 1.1,

sy [T o0 ! !
<CrE [0 +e [ nng (5 )ar
0 0

(1.45)

Because for any § > 0, we can choose integer k large enough so that 3
we then get

‘/ h'I(G1 — AG2) D, Pl q) dt

(1.44)

T
/ WGy = 2Ga)yod. il di
0

The estimates Eqgs. (1.44) and (1.45), applied to the relation Eq. (1.43) now give

15 r T t
< CET?_E/ ||ﬁ||iz(m + e/ h(t)S(—)dt
0 0 2

(1.46)

T
/ W' I(G1 — 2G) ¥, Pl dt
0

for integer k large enough.

T T
/0 W(A“Aﬁ,,qﬁ)wmdz:—/o h”(Aﬁ,A—‘qs)Lz(mdt—/o "(Av, A” ¢,)L2(9)
(1.47)

a. By Green’s Theorem and Lemma 1.5, we have in a fashon similar to that in (/.a.),

T
‘/ B (AD, A7) 20 dt
0

T
= ‘ —/ h”(@, AA_1¢)L2(Q)
0

T B]
+/ h”{9,<—+x) A‘lqﬁ}
0 av L2(T)
r t 15 r T t
+e/ h(t)5<—)dt§CT7_5/ ||19||2L2(Q)dl+6/ h(t)E(—)dt
0 2 0 0 2

(1.48)

wok-1_y T )
<o / 19120,
0

for integer k large enough.
b. In the same way,

/0 (Aﬁ A~ ¢t)L2(Q)

T T t
0 0

(1.49)

Egs. (1.47), (1.48), and (1.49) together give the estimate

T T T
/ —1 5_g 2 !
/Oh(M,,A ¢)L2(9)d <CT> /0 ||19||L2(9)dt+e/0 h(t)5<§)dt
(1.50)

Combining Egs. (1.40), (1.41), (1.46), (1.50), and (1.42) will complete the proof of Lemma 1.3.
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1.5.3 Conclusion of the Proof of Theorem 1.1(1)

Combining Lemmas 1.2 and 1.3 gives the following estimate for the energy:

T T
/ E@)dt < C. T——é/ ||ﬁ||iz(9)dt+e/ h(t)é'(%)dt
0 0

or after changing limits of integration,

z T 5 T
/ [(1—e)h(@) —2eh2D]EM@) dt + (1 — e)/ h(t)E(t)dt < CGT?“‘/ ||z§‘||2Lz(m dt.
0 z 0

For € > 0 small enough, this yields then

T T
/ h(HE@R)dt < C. T__a/ ||19||i2(9) dr.
T 0

>

Using the dissipation inherent in the thermoelastic system (i.e., £(¢) < £(s) for s < t), we finally
obtain

T
E(T) < CT7 7~ BllﬂﬁﬁamdL

This establishes the inequality Eq. (1.25), with C7 = CT 9, where g = % —
concludes the proof of Theorem 1.1(1).

%, for any § > 0. This

1.6 Proof of Theorem 1.1(2)
1.6.1 A First Supporting Estimate

In what follows, we will again make use of the polynomial weight i (¢) in Eq. (1.24), with s = 4
therein.
In the present case of mechanical control, the necessary inequality (Eq. (1.12)) becomes

VET) = Cr gl - (1.51)

to be valid for all finite energy solutions to Eq. (1.9).
We start by establishing the following estimate:

PROPOSITION 1.2
The solution [¢, ¢;, U] of Eq. (1.9) satisfies the relation

T T ¢t
§CET4/ ||¢l||iz(g)df+€/ h(t)€<§>dt
0 0

PROOF OF PROPOSITION 1.2  From the mechanical component of Eq. (1.9) we have, after
an extra differentiation in time, the expression —a¢ A%, = g—;qﬁ + A’¢,; whence we obtain

T
/‘hUMA;ﬂhﬂhﬂmdt
0

1 433

_ 1
ARlﬁfZa R 8t3¢+ A 2A ¢f’
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where the positive definite, self-adjoint operator Az : D(Ag) : L*(Q) — L*(R) is as defined in
Eq. (1.19). Subsequently, we will have the following relation:

T 1 T
/ B (AR 91, 9) g dt = —/ h(t)( 1. Ax 219) di
0 a Jo L2(Q)

] T
+5/ h(t) (A%, AR*D) 12, di- (1.52)
0

We need to estimate the right-hand side of this expression.

1. For the first term on the right-hand side of Eq. (1.52), integration by parts gives

T 83 B T B
/Oh(t)<ﬁ¢,AR219> dt:/ h(t)(¢,,AR219,,)L2(Q)dt
L2(Q) 0
4 2 4 2
+2/0 B () (¢, Ag ﬁ,)LZ(Q)dt—l-/O ' (0) (1, AR™D) o d- (1.53)

We proceed to scrutinize each term on the right-hand side. To this end, we introduce the
(Robin) map R € L[L*(T"), L*(R2)], defined by

d
Rf =g Ag=00nQ and 8—g+kg=fonF (1.54)
v

(by elliptic regularity, we have in fact that R € L[H*(T"), H s+3 (2)] for all real ). Using this
quantity with the heat equation in Eq. (1.9), we will then have the relations

-2 —1 -1 9
ALY, = —AR'9 —aAj [I—R()\VOJF ﬂqb,,

(1.55)
Y+ o [1 — R (M/o—i— 88—]))] R —ozA,}1 [1 — <Ay0+ 9 )} G-

a. From Eq. (1.56), we have

ARy

T
5/ ho)
0
0
{¢,,19+01[1—R()»y0+—>]¢t}
ov L2(Q)
r 9
+/ h(t) {cp,,aARl[l— ()»J/o-i- )}@,}
0 L2(Q)

T
‘/ h([) (¢t7 AEzl?tt)LZ(Q) dt
0

dt

dt.  (1.56)
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To handle the most problematic term on the right-hand side of this expression (with again
X(t) = [p(1), ¢ (1), ¥ (1)]), we use the singular trace estimate in Lemma 1.1(3):

r 9
/ ho) (¢,, A,JR—%) di
0 31) LZ(Q)

IA

dt
LX)

h(t
SCA ()wmmezﬂmmm

T
t

. / ()||¢,||Lz(mdr

0
+e/ h(t)E(t>dt

A 2

9 T T t
CSTE/ ||¢,||2Lz(9)dt+e/ h(r)é’(—)dt

0 0 2

Applying this estimate to Eq. (1.56) and treating in like fashion the other terms on the

right-hand side thereof, we have
o (T T t
<C.T: / ||¢,||iz(9) dt + € / h(t)5(2>dt
0 0

(1.57)

d
a_v¢tz

T
c /0 1) 16120

IA

IA

T
/ h(t) (¢lv Al_ezﬁtt)LZ(Q) dt
0

b. Using the first relation in Eq. (1.56), we have, analogously to what was obtained in (/.a),

T T
’/ R0 (91, AR™D) o g Al +2 / WO (B AR*1) 12 1
0 0

r h ‘t .
< C/o { o)+ ()']||¢t||Lz<m||e*‘zx<0>||Hdz

T t
C€T4/ ||¢,||§2(Q)dt+e/ h(t)E(E)dt. (1.58)
0 0

Combining Egs. (1.56) and (1.58) now gives

T 33 T T t
/ h(t)<3¢,A;2ﬁ) dt| < CGT“/ ||¢t||iz(9)dt+€/ h(t)é'()dt
0 at 1L2(Q) 0 0 2

(1.59)
2. By the “Green’s” formula in Eq. (1.10), we have

IA

T T
/ h() (A%, ARD) oy At = / h(®)a (i, ARD) 12 A1
0 0

T B T d  _
+/ h(r)(aw,+¢>,,A,fﬁ)wr)dt—/ h(t){Aq&,—i—(l—u)Bld),,a—ARzﬂ] dt
0 0 v L)

T
/ h(t) [A + (1 — w) B¢y, (u + i) ARzﬁ] dt
0 81) LZ(F)
T T 8
/ h(t)(¢r, A )wm dt + / h(r) {a‘l’“ [A+(1— M)BI]A;%&} dt
0 0 v L2(I)
T
- / h(t) {¢,, [B—A +(1 - u)@ - 1} A;%} dt. (1.60)
0 av ot L2(T)

_|_
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For the first term on the right-hand side of Eq. (1.60), we apply the Lemma 1.1(1) (with
m = 2and D, = A + (1 — ) B therein) so as to have

T
/ h(t) {Aq&t + (1 — w) By, (u + aa_v> AR%?] dt
0

LX(T)

h 5 h(t
< C/o (>||¢,||Hm> &5 % | ||ﬁ||L2(md;5C/o (5>”¢t”m(m”e o

Now letting k = 2, say, we can invoke Holder’s inequality, with Holder conjugates (%, %), to
obtain the estimate

T
/ h(r) <A¢, + (1 — p) B¢y, [u + i] ARzﬁ) dt
0 v L2(I)

T T
< CET?/ h(t) ||¢,||§2(Q)dt+e/ h(t)E(t)2) dt. (1.61)
0 0

Applying this estimate to the right-hand side of Eq. (1.60) and subsequently handling the
other terms thereof in a similar way—via the use of Lemma 1.1—we will have

T
/ h(O) (A1, AR'D) () di

0

T
< CETL?/ h(r) ||¢,||L2(Q)dt+e/ h(H)E(t) dt. (1.62)
0 0

Combining Egs. (1.52), (1.59), and (1.62) concludes the proof of Proposition 1.2.

1.6.2 Conclusion of the Proof of Theorem 1.1(2)

1. Estimating the Thermal Component. Applying the multiplier h(t)A;1 ¥ (¢) to the heat compo-
nent of the system Eq. (1.9) and subsequently invoking Proposition 1.2, we have

T T
| 101010 = = [ o) (430, 9)
0 0

! 2
—a | h(:){[ (Ay0+ )]@, }
0
T T ;
C5T4/ ||¢t||2Lz(Q)dl‘+6/ h(r)f,’(_>d,
0 0 2

r 0
+/ h(t) ’x¢,+ 24,
0

ov
Via the Lemma 1.1 (withm = 1, D; = Al + % and k = 1, say), we can estimate the third
term on the right-hand side of Eq. (1.63) as

T T ;
/h(t) ||z>‘||Lz<mdt§CT5/ ||¢,||L2(mdt+e/ h(t)c‘)(E)dt
0 0 0

Combining this estimate with Eq. (1.63), we now obtain

T T T t
/h(t)||0||iz(9)§C€T4/ ||¢,||2Lz(9)dt+6/ h(t)£(2>dt. (1.64)
0 0 0

IA

LX)

d
‘MP: + —&
Jav

L2(I)
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2. Estimating the Mechanical Component. Here, we apply the multiplier intrinsic to uncoupled
plates and beams. To wit, from the mechanical component of Eq. (1.9), we have via h(#)¢ (¢)
and an invocation of the Green’s Theorem Eq. (1.10) the expression

T

T T T
1 2 /
/0 &) g dt = — /0 B (9, Ag) di + /0 W) . $) di + /0 B0 oy .
(1.65)
Applying the estimate of Eq. (1.64) (available for the thermal component) now gives

T T T t
/0 ]|A%¢|iz(mdt §C€T4/o ”d’t”%Z(Q) dt+e/0 h(t)5(§>dt. (1.66)

Combining the estimates of Egs. (1.64) and (1.66) now give the estimate for the energy

T T T :
/ h()E@) dt < CET“/ |I¢z||i2<9) dt +e/ h(t)5<)dt.
0 0 0 2

With this in hand, we can proceed as in the previous case so as to have the observability
inequality Eq. (1.51), with Cy = T3, Subsequently, we will determine that in the present case
of mechanical control, one has i, (T) = O(T~ 3 ). This concludes the proof of Theorem 1.1(2)
with free boundary conditions and one control.

1.7 Proof of Theorem 1.1(3)

Here we set the index s = 2 in Eq. (1.24). In this present case of dual—mechanical and thermal—
control, the necessary inequality is

VET) = Crligrlirzo) + 19 11220). (1.67)

where again [¢, ¢,, '] solve the homogeneous system Eq. (1.9). Using the relation Eq. (1.65),
we have

T
(1— e)/o )| A2}, o dt

IA

T 7% 2
c. / (h(t)+[ ©] )[||¢f||izm>+||ﬁlliz<m] d1
| h)

T
cr? /0 (e ooy + 1912200 ] .

IA

This then gives

T T
| wz@dr < et [ liBe + 1910 dr,
0 0

whence we obtain the inequality Eq. (1.67). From here, we can use the usual algorithmic argument
S0 as to have £,y (T) = O(T_%). This concludes the proof of Theorem 1.1(3).
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Abstract ~ We report on very recent work on the stabilization of the steady-state solutions to
Navier-Stokes equations on an open bounded domain & C R?, d = 2, 3, by either interior or else
boundary control.

More precisely, as to the interior case, we obtain that the steady-state solutions to Navier-Stokes
equations on 2 C R, d = 2,3, with no-slip boundary conditions, are locally exponentially stabi-
lizable by a finite-dimensional feedback controller with support in an arbitrary open subset w C 2
of positive measure. The (finite) dimension of the feedback controller is minimal and is related to
the largest algebraic multiplicity of the unstable eigenvalues of the linearized equation.

Second, as to the boundary case, we obtain that the steady-state solutions to Navier-Stokes
equations on a bounded domain  C RY, d = 2,3, are locally exponentially stabilizable by a
boundary closed-loop feedback controller, acting tangentially on the boundary 9€2, in the Dirichlet
boundary conditions. If d = 3, the nonlinearity imposes and dictates the requirement that stabilization
must occur in the space [H 2 +€(Q)]%, € > 0, a high topological level. A first implication thereof is
that, ford = 3, the boundary feedback stabilizing controller must be infinite dimensional. Moreover, it
generally}acts on the entire boundary 9 2. Instead, for d = 2, where the topological level for stabilizat-
ionis [ H2¢(£2)]?, the boundary feedback stabilizing controller can be chosen to act on an arbitrarily
small portion of the boundary. Moreover, still for d = 2, it may even be finite dimensional, and this
occurs if the linearized operator is diagonalizable over its finite-dimensional unstable subspace.

2.1 Introduction

We hereby report on recent joint work on the stabilization of steady-state solutions to Navier-
Stokes equations on an open bounded domain  C R¢, d = 2, 3, by either interior feedback control
or else boundary feedback control. The case of interior control is taken from the joint work with
Triggiani in Reference 4. The case of boundary control is taken from the joint work with Lasiecka
and Triggiani in Reference 3. To enhance readability, we provide independent accounts of each case.

29
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2.2 Part I: Interior Control [4]
2.2.1 Introduction
The controlled Navier-Stokes equations

Consider the controlled Navier-Stokes equations (see Reference 6, p. 45, and Reference 13, p. 253
for the uncontrolled case # = 0) with the non-slip Dirichlet B.C.:

yi(x, 1) = vAy(x, 1) + (y - V)y(x, 1) = m(x)u(x,t) + fo(x)
+Vpx,t)in Q = Q x (0, 00), 2.1
V.y=0 in Q;
y=0 on X =90 x (0, 00);
y(x,0)=yo(x) in .

Here, 2 is an open, smooth, bounded domain of R, d = 2,3;m is the characteristic function of an
open smooth subset w C 2 of positive measure; u is the control input; and y = (y1, y2, ..., yq) iS
the state (velocity) of the system. The function v = mu can be viewed itself as an internal controller
with supportin Q, = w x (0, 00). The functions yy, f. € [L%(Q)]? are given, the latter being a body
force, whereas p is the unknown pressure.

Let (e, pe) € [((H2(2)1Y N V) x H'(Q) be a steady-state solution to Eq. (2.1), that is,

—VAYe + (Ye - V)ye = fe+ Vpe in € 2.2)

V-y=0 in€;
y. =0 ondf.

The steady-state solution is known to exist for d = 2, 3, (see Reference 6, Theorem 7.3, p. 59). Here
[6, p. 91, [13, p. 18]

Vv ={ye[H®]" V.-y=0}, withnom |y, = lly|

= {/ |Vy(x)|2d§2}§. (2.3)
Q

Literature

According to some recent results of Imanuvilov [9] (see also Reference 1) any such solution y,
is locally exactly controllable on every interval [0, T] with controller # with support in Q. More
precisely, if the distance ||y, — yollu2(g) is sufficiently small, then there is a solution (y, p, u) to
Eq. (2.1) of appropriate regularity such that y(T) = y.. The steering control is open-loop and
depends on the initial condition. Subsequently, Reference 2 proved that any steady-state solution
ye is locally exponentially stabilizable by means of an infinite-dimensional feedback controller by
using the controllability of the linear Stokes equation. In contrast, here we shall prove, via the state
decomposition technique of References 14 and 15 and the first-order stabilization Riccati equation
method developed in our previous work (Reference 2; see also Reference 5 still in the parabolic
case, as well as Reference 11 in the hyperbolic case), that any steady-state solution y, is locally
exponentially stabilizable by a finite-dimensional closed-loop feedback controller of the form

2K

== (Rv(y = yo), ¥u¥is (2.4)

i=1
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where Ry € L(D(A i YINL[D(A > ); H) is the solution of the algebraic Riccati Eq. (2.19) below asso-
ciated with the linearized system of Eq. (2.14) below and {wi}?fl is an explicitly constructed (in
(3.3.5) of Reference 4) system of functions related to the space of eigenfunctions corresponding to the
unstable eigenvalues of such linearized system. Here A is the Stokes operator defined by Eq. (2.6);
H the space in Eq. (2.5); and (-, -), is the scalar product in [L?(w)]¢. The present closed-loop
feedback stabilization result has two main features, besides being finite dimensional:

1. It is more precise and less restrictive concerning the vectors yy and y, than the open-loop
version provided by the local exact controllability result established in Reference 9 or the
closed-loop stabilization in Reference 2 (in that smallness of the distance between y, and y,
is measured in the D(A%)-norm, i.e., the [H% (£2)]1¢-norm, see the set V, in Eq. (2.22) below
rather than in the [ H?(£2)]?-norm, as recalled above, where A is defined in Eq. (2.6)).

2. It is independent of the Carleman inequality for the Stokes equation, which is necessary for
the proof of local controllability.

There is a large body of literature on the stabilization problem of steady-state solutions to Navier-
Stokes equations. Here we confine ourselves to mention only a few of the papers (References 2 and 7),
which are more related to this present work. We also refer to the recent paper of Fursikov [8] for a
study of a boundary—rather than interior—problem for the Navier-Stokes equations, which, however,
does not pertain to the topic of feedback stabilization in the established sense, as in the present paper.

Notation

Here we shall use the standard notation for the spaces of summable functions and Sobolev spaces
on . In particular, H°(2) is the Sobolev space of order s with the norm denoted by || - ||s. The
following notation will also be used:

Vey=divy, (y -V)y=yDiyj=y-Vyj,
9
.=1,...,d, Di: 5
/ ax,»

H={yell’()]¥; V-y=0, y-n=00n9} (see Reference 6, p-7);
HY = {yelL*(@]":y=Vp, pe H(Q), (L’ =H+ H", (2.5)

H* being the orthogonal complement of H in [L?(£2)]¢ (see Reference 13, p. 15) with summation
convention to be used throughout the paper, presently in i = 1,...,d, where n is the outward
normal to the boundary 9<2 of 2. We shall denote by P : [L2(Q)] — H the orthogonal Leray
projector (Reference 6, p. 9), and moreover (Reference 6, p. 31),

Ay = —PAy, VyeDA) =[HXDI'NV, V=D(A?), (2.6)

which is a self-adjoint positive definite operator in H with compact (resolvent) A~' on H (Refer-
ence 6, p. 32). Accordingly, the fractional powers A*,0 < s < 1, are well defined (Reference 6, p. 33).
We have V = D(A%) (Reference 6, p. 33). Furthermore, we define B : V — V'’ by (Reference 6,
p- 47, p. 54), (Reference 13, p. 162),

By = P[(y-V)yl, (By,w)=>b(y,y,w), VyweV, 2.7)
where the trilinear form is defined by (Reference 6, p. 49), (Reference 13, p. 161)

b(vaaW):/yi(DiZj)Wjdx:/b"VZ’W)RddQv
Q Q
yvyweH, zeV. (2.8)
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We shall denote by (-, -) the scalar product in both H and [L?(£2)]¢. Similarly, we shall denote
by the same symbol | - | the norm of both [L?(£2)]¢ and H and by || - || the norm of the space V as
defined in Eq. (2.3).

Preliminaries

In the notation introduced above, Eq. (2.1) can be equivalently rewritten in abstract form as

d

O b Ayt By=Pluut £ O =o€ H, 2.9)
because the procedure of applying P to Eq. (2.1) eliminates the pressure from the equations in
Reference 6, p. 47, the orthogonal space H+ to H being made up of [L?(2)]¢-functions which are
the gradients of H'(2)-functions by Eq. (2.5). Moreover, y € H for Eq. (2.1) implies Py, = .

2.2.2 Main Results
Assumptions

1. The boundary 32 of  is a finite union of d — 1 dimensional C?-connected manifolds.
Moreover, the boundary dw of w is of class C 2

2. The steady-state solution (y,, p.) defined in Eq. (2.2) belongs to (H*()1 N V) x H(Q),
where we recall from Eq. (2.6) that then y, € D(A). (Ford = 2, 3, this property is guaranteed
by Reference 6, Theorem 7.3, p. 59) on y,, for f, € H, followed by Reference 6, Theorem 3.11,
p- 30 on p,, for sufficiently smooth 9€2.)

Preliminaries. The translated problem

By the substitutions y — y. + y, p — p. + p, we are readily led via Eq. (2.1), Eq. (2.2) to the
study of null stabilization of the equation

Vi—=VAY+ (O -V)y+ Qe - V)y+ (- V)y. =mu+Vpin Q; (2.10)

V.y=0 inQ;
y=0 onX;
y(x,0) = y0(x) = yo(x) — ye(x).

By use of Eq. (2.5) on H, Eq. (2.6) and Eq. (2.7) on A and B, we see that Eq. (2.10), after application
of P, can be rewritten abstractly as

d
d—)t)+vAy+Aoy+By:P(mu), t > 0; y(O):y0 2.11)

[compare with Eq. (2.9), again Py, = y;, because y € H by Eq. (2.10)], where we have now
introduced the operator Ay € L(V; H),

Aoy = Pl )y + (v - V)¥el, D(Ag) = V = D(A?), (2.122)
or equivalently, recalling Eq. (2.7),
(Aoy,2) =b(e, y,2) +b(y,ye,2), VyeV, zeH. (2.12b)

The operator Ag in Eq. (2.12) is well-defined H D V = D(Ag) — H. This follows from the
estimate

|Aoy| < Cillyell2llyl. Yy € V =D(Ag) = D(A2), (2.13)
which is obtained directly by use of the definition of Eq. (2.12b).
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The linearized problem

Next, we consider the following linearized system of the translated model in Eq. (2.10) or
Eq. (2.11):

d
d_)t) + vAy + Agy = P(mu), t > 0; y(0) = yo € H. (2.14)

We have already noted in Eq. (2.6) that the operator —vA (v > 0, the viscosity coefficient) is neg-
ative self-adjoint and has compact resolvent on H. Thus, —vA generates an analytic (self-adjoint)
Cp-semigroup on H. It then follows from here and from D(Ag) =V = D(A 5 ), as noted in Eq. (2.6)
and in Eq. (2.13), that: the perturbed operator

A=—WA+ Ay), with domain D(A) = D(A) = [H* ()" NV (2.15)

likewise has compact resolvent and generates an analytic Cy-semigroup on H. This is well known.
It follows from the above claim that the operator A has a finite number N of eigenvalues X ; with Re
Aj > 0 (the unstable eigenvalues). The eigenvalues are repeated according to their algebraic mul-
tiplicity £;. Let {¢ j};v:l be a corresponding system of generalized eigenfunctions, ¢; = go} + i(pjz»,
j=1,..., N of A. (See Reference 10, p. 41, p. 181.) More precisely, we shall denote by M the
number of distinct unstable eigenvalues, so that £; + €, + - - - 4+ £3; = N. In order to state our first
result, we finally need to introduce the following finite-dimensional real spaces X%, @ = 1, 2 as well
as the following natural number K:

X = span{go}’-‘};\’:]; K =max{¢;; 1<j<M) (2.16)

Main results. Linearized problem Eq. (2.14)

We first state the following feedback stabilization result for the linearized system in Eq. (2.14).

THEOREM 2.1

Let € > 0 be arbitrary but fixed, and let yy = |Relyi1| — €. Then, for each ), 0 < A < vy, there are
functions {y;}K, X}, (¢ ?EKH C X3 and a linear self-adjoint operator Ry : D(Ry) C H —
H such that for some constants 0 < a; < a, < oo and C; > 0, we have:

1.

a|Aiy? < (Ryy.y) < as]Aiy2, ¥y e D(A%), (2.17)

1
so that D(A%) C D(R});

[Rvy| < Cillyl. ¥y eV =D(A; (2.18)

3. Ry satisfies the following algebraic Riccati equation:

1 2K 1 .
—((A+2)y, Rvy) +5 > (Wi Rvy), = 51ATYP, Yy e D(A). (2.19)

i=1

The vectors {;}?X, are explicitly constructed in (3.3.5) of Lemma 4 of Reference 4. Moreover, with
2K < N, the feedback controller,

2K

w=—> (Ryy, ¥)o¥i (2.20a)

i=1
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once inserted in Eq. (2.14), exponentially stabilizes the corresponding closed-loop system of
Eq. (2.14). The margin of stability for such a closed-loop system is . [See Remark 3.3.1 of Reference 4
for the effective number of controls 2K < N.] More specifically, this means that the solution of

2K
d
b vAY + Aoy + Pm > (R, wi)ww,-] =0, y(0) =) € DA (2:20b)
i=1
satisfies
|A%y(1)] < Cre ™|A%°], 1 = 0. (2.200)

Nonlinear system Eq. (2.9)

We next use the stabilizer in Theorem 2.1 to the linearized system of Eq. (2.14) of the translated
problem (2.1), or (2.2), to obtain the sought-after closed loop, local, feedback stabilization of the
steady-state solution y, to the Navier-Stokes Eq. (2.9).

THEOREM 2.2
With reference to Theorem 2.1, the feedback controller
2K
== (Ry(y = yo). ¥idu¥i 2.21)

i=1

(where the vectors ; are defined in (3.3.5) of Lemma 4 in Reference 4), once inserted in the
Navier-Stokes system Eq. (2.9), exponentially stabilizes the steady-state solution y, to Eq. (2.1) in
a neighborhood

V, ={y € DA |Ai(yo—yo)| < p} (2.22)

of Ye, for suitable p > 0. More precisely, if p > 0 is sufficiently SiZIall, then for each yg € V, there
exists a weak solution y € L>(0,T; H) N L*(0,T; V), ‘(% € L3(0,T; V') ford = 3, and % c
L*>0,T; V') ford =2,Y T > 0, to the closed-loop system

2K
+VvAy + By + P{m D Ry (y = yo), wi)wwi} = Pf, 120, y(0) =)", (2.23)

i=1

dy
dt

obtained from inserting the control of Eq. (2.21) in Eq. (2.9), such that the following two properties
hold:
1.

2.

/ A AL () — yo) Pt < Co| A* (o — yo) [ (2.24)
0

|A% (1) = yo)| < C3e™|A% (o — ¥

, Yt=>0. (2.25)

We refer to Reference 6, p. 71 for definition of weak solutions to equations of the form in Eq. (2.23)
and the asserted regularity. If d = 2, the solution to Eq. (2.23) is strong and unique (see Reference 6,
p. 83).
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The pressure p

Theorem 2.2 implies the following result giving corresponding asymptotic properties of the
pressure p.

THEOREM 2.3
The solution y provided by Theorem 2.2 satisfies also the equation

2K

Vi —=VAy +(y-V)y+m {Z(Rw(y — Ye)s wi)wwi} =Vp+ fein Q =Q x(0,00);

i=1

(2.26)
V.y=0 in Q;
y=0 on X =0 x (0, 00);
y(x,0) = yo(x) inQ.
Moreover, the following relations hold true for the pressure p:
1. ford = 2, we have
* 2 1 2 1 2
o tp(t) — pe|[Hl(Q)]ddt = C|A4(yo - ye)| [1 + }AA()’O - Ye)’ ]§ (2.27)
2. ford = 3, we have
> 2 1 2 1 2
|P(t) = pelfiz@urdt < ClAT(y = yo) | ][1 + |A% (vo = yo)| ] (2.28)
0

2.3 Part II: Boundary Control [3]
2.3.1 Introduction
Boundary controlled Navier-Stokes equations

We consider the controlled Navier-Stokes equations (see Reference 6, p. 45, and Reference 13,
p- 253 for the uncontrolled case # = 0) with boundary control « in the Dirichlet B.C.:

Ye(x, 1) —voAy(x, 1) + (y - V)y(x, 1) = fe(x) + Vp(x,1) inG; (2.292)
V.y=0 in G; (2.29b)

y=u on X; (2.29¢)

y(x,0) = yo(x) in Q. (2.29d)

Here, G = Q x (0,00); ¥ = 92 x (0, 00) and 2 is an open smooth bounded domain of R4,
d=23ueL*0,T;[L*3R)]%) is the boundary control input; and y = (y;, y2, ..., yq) is the
state (velocity) of the system. The constant vy > 0 is the viscosity coefficient. The functions y, f, €
[L%(R)]¢ are given, the latter being a body force, whereas p is the unknown pressure. Because of the
divergence theorem: fQ V.ydQ = fr y-vdl, [I" = 92, v = unit outward normal to d€2], we must
require (at least) the integral boundary compatibility condition: fr u - vdl = 0 on the control
function u. Actually, a more stringent condition has to be imposed, in our final results: u - v = 0
on X, to sustain the pointwise boundary compatibility condition contained in the definition of the
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critical state space H in Eq. (2.34) below. To summarize we shall then assume
eitheru -v =0o0n X; or at least / u-vdl'=0, ae.t >0, (2.29¢)
r

as it will be specified on a case-by-case basis.

Steady-state solutions and space V: same as in Eq. (2.2), Eq. (2.3)
Goal

Our goal is to construct a boundary control u, subject to the boundary compatibility condition (c.c.)
given by Eq. (2.29¢) in the strong pointwise form u-v = 0 on 9€2, and, moreover, in feedback formu =
u(y—y,.) viasome linear operator y — u, such that, once u(y) is substituted in the translated problem
in Eq. (2.29c¢), the resulting well-posed, closed-loop system in Eqgs. (2.29a—d) possesses the following
desirable property: the steady-state solutions y, defined in Eq. (2.2) are locally exponentially stable. In
particular, motivated by our prior effort in Reference 4 to be described below, we seek to investigate
if and when the feedback controller # = u(y — y,) can be chosen to be finite-dimensional, and,
moreover, to act on an arbitrarily small portion (of positive measure) of the boundary I' = 9.

Orientation. Use of the Optimal Control Problem and Algebraic Riccati Theory

(d = 3) We emphasize here only the more demanding case of d = 3. A preliminary difficulty (for
d = 2, 3) is the requirement in Eq. (2.29¢) that the boundary control # must always be tangential at
each point of the boundary. It is standard that this requirement is intrinsically built in the definition of
the state space H (above in Eq. (2.5) Part I) of the velocity vector y, which is critical to eliminate the
second unknown of the Navier-Stokes model, the pressure term V p (see the orthogonal complement
H* in Eq. (2.5) above, Part I), by virtue of the Leray projection P. Evolution of the velocity must
occur in H. Accordingly, we must then have that the boundary controls be pointwise tangential:
u-v =0on X in Eq. (2.29¢). Next, a second difficulty, this time for d = 3, is that the nonlinearity
of the Navier-Stokes equation dictates and forces the requirement that stabilization must occur in
the space [H% (@), e > 0, see Eq. (5.18a-b) of Reference 3. This is a high topological level,
of which we shall have to say more below. A third source of difficulty consists of deciding how to
inject “dissipation” into the Navier-Stokes model, in fact, as required, through a boundary tangential
controller expressed in feedback form. Here, motivated by Reference 4 and, in turn, by optimal control
theory in Reference 12, in order to inject dissipation into the Navier-Stokes system as to force local
exponential boundary stabilization of its steady-state solutions, we choose the strategy of introducing
an optimal control problem (OCP) with a quadratic cost functional, over an infinite time-horizon, for
the linearized Navier-Stokes model subject to tangential Dirichlet-boundary control u (i.e., satisfying
u-v = Oon X). One then seeks to express the boundary feedback, closed-loop controller of the optimal
solution of the OCP, in terms of the Riccati operator arising in the corresponding algebraic Riccati
theory. As a result, the same Riccati-based boundary feedback optimal controller that is obtained
in the linearized OCP is then selected and implemented also on the full Navier-Stokes system.
This controller in feedback form is both dissipative as well as “robust” (with respect to a certain
class of perturbations). For d = 3, however, the OCP must be resolved at the high [H 3 T3
topological level, within the class of Dirichlet boundary controls in L?*(0, o0; (8€2)3), which are
further constrained to be tangential to the boundary.

Thus, the OCP faces two additional difficulties that set it apart and definitely outside the boundaries
of established optimal control theory for parabolic systems with boundary controls:

1. The high degree of unboundedness of the boundary control operator of order (% + €), as
expressed in terms of fractional powers of the basic free-dynamics generator; and

2. The high degree of unboundedness of the “penalization” or “observation” operator of order
also (% + €), as expressed in terms of fractional powers of the basic free-dynamics generator.
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This yields a “combined index” of unboundedness strictly greater than % By contrast, the estab-
lished (and rich) optimal control theory of boundary control parabolic problems and corresponding
algebraic Riccati theory requires a “combined index” of unboundedness strictly less than 1 (see Ref-
erence 12, Vol. 1, in particular, pp. 501-503), which is the maximum limit handled by perturbation
theory of analytic semigroups. To implement this program, however, one must first overcome, at
the very outset, the preliminary stumbling obstacle of showing that the present highly nonstandard
OCP—with the aforementioned high level of combined unboundedness in control and observa-
tion operators and further restricted within the class of tangential boundary controllers—is, in fact,
nonempty. This result is achieved in Theorem 3.5.1 of Reference 3 in full generality (and in Propo-
sition 3.7.1 of Reference 3 under the assumption that the linearized operator is diagonalizable over
the finite-dimensional unstable subspace).

Thus, after this result, the study of the OCP may then begin. Because of the aforementioned intri-
nsic difficulties of the OCP with a combined index of unboundedness > % one cannot (and cannot
hope to) recover in full all desirable features of the corresponding algebraic Riccati theory that
are available when the combined index of unboundedness in control and observation operators is
strictly less than 1 (see Reference 12 and references therein). For instance, existence of a solution
(Riccati operator) of the algebraic Riccati equation is here asserted on only the domain of the square
of the generator of the optimal feedback dynamics (Proposition 4.5.1 of Reference 3) and not on
the domain of the free-dynamics operator, as it would be required by or at least desirable from the
viewpoint of the OCP. However, in our present treatment, the OCP is a means to extract dissipation
and stability not an end in itself. And indeed, the present study of the algebraic Riccati theory, with a
combined index of unboundedness in control and observation operator strictly above % (rather than
strictly less than 1), does manage at the end to draw out the key sought-after features of interest—
dissipativity and decay—for the resulting optimal solution in feedback form of the OCP for the
linearized Navier-Stokes equation. All this is accomplished in Section 4 of Reference 3.

The subsequent step of the strategy is then to select and use the same Riccati-based, boundary
feedback operator, which was found to describe the optimal solution of OCP of the linearized Navier-
Stokes equation, directly into the full Navier-Stokes model. For d = 3, the heavy groundwork for the
feedback stabilization of the linearized problem via optimal control theory then makes the resulting
analysis of well-posedness (in Section 5 of Reference 3) and stabilization (in Section 6) of the
Navier-Stokes model more amenable than would otherwise be the case.

To this end, key use is made of the algebraic Riccati equation satisfied by the Riccati operator that
describes the stabilizing control in closed-loop feedback form.

Literature

Reference 3 is a successor to Reference 4, which instead considered the interior stabilization
problem of the Navier-Stokes equations, that is, the problem of Eq. (2.1), Part I, with (i) nonslip
boundary condition y = 0 on ¥ = 92 x (0, 0o) in place of the boundary controlled condition of
Eq. (2.29¢); and (ii) interior control m (x)u(x, t) on the right-hand side of Eq. (2.29a), where m (x)
is the characteristic function of an arbitrary open subset w C 2 of positive measure. In this case,
Reference 4 (Part I) proves that (the linearized problem is exponentially stabilizable, hence that) the
steady-state solutions y, to the Navier-Stokes equations are locally exponentially stabilizable by a
finite-dimensional feedback controller, in fact, of minimal size, see Part 1. In addition, one may select
the finite-dimensional feedback controller to be expressed in terms of a Riccati operator (solution of
an algebraic Riccati equation, which arises in an optimization problem associated with the linearized
equation). We shall need to invoke this interior stabilization problem (though not in its full strength)
in Section 3.5 of Reference 3.

The work in the literature that is most relevant to our present paper is that of Fursikov, see
Reference 8 (of which we become aware after completing Reference 4), which culminates a series
of papers quoted therein. A statement of the main contribution of Reference 8, as it pertains to
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the linearized problem of Eq. (2.32) below, is contained in Reference 8, Theorems 3.3 and 3.5,
pp- 104-105].

One should note, however, that the aforementioned controller for the problem of Eq. (2.3) below
given in Reference 8 is not a feedback controller in the standard sense. Instead, our main results (in
Reference 4 as well as) in the present paper construct genuine, authentic, and real feedback controls
(Riccati-based, in fact, hence with some feature of “robustness”) that use at time ¢ only the state
information on €2 at time ¢. The present paper, therefore, encounters a host of technical problems
not present in Reference 8: from the need for the genuine feedback control u to satisfy the point-
wise compatibility condition # - v = 0 on X, to the high topological level [H 2 T<(2)]® at which
stabilization must occur in our case [as dictated by the nonlinearity for d = 3, see Eq. (5.18a-b)
of Reference 3, vs. the H'-topology decay obtained in Reference 8], to the treatment of the Riccati
theory for a corresponding OCP with a combined “index of unboundedness” in control and observa-
tion operators exceeding % —thus % + 2¢ beyond the (rich) theory of the literature (see Reference 12)
as explained in the Orientation on p. 36.

Main contributions of the present paper. Qualitative summary of main results

A qualitative description of the main results of the present paper follows next. First of all, the pre-
set goal is achieved: with no assumptions whatsoever (except mild assumptions on the domain), we
prove here that the steady-state solutions to Navier-Stokes equations on Q@ C R, d = 2,3, are
locally exponentially stabilizable by a closed-loop boundary feedback controller acting in the
Dirichlet boundary conditions in the required topologies (Theorem 2.3 for d = 3 and Theorem 2.6
for d = 2 of Reference 3). The feedback controller is expressed in terms of a Riccati operator (so-
lution of a suitable algebraic Riccati equation): as such, via standard arguments (e.g., Reference 4)
this feedback controller is “robust” with respect to a certain class of exogenous perturbations.

More precisely, the following main results are established in the present paper:

1. For the general cases d = 2, 3, an infinite-dimensional, closed-loop boundary feedback, stabi-
lizing controller is constructed, as acting (for general initial data) on the entire boundary 92
for d = 3 or on an arbitrarily small portion of the boundary for d = 2.

2. By contrast, for d = 2 and under a finite-dimensional spectral assumption FDSA = Eq. (3.6.2)
of Reference 3 (diagonalizability of the restriction of the linearized operator over the finite-
dimensional unstable subspace), the feedback controller can be chosen to be finite-dimensional,
with dimension related to properties of the unstable eigenvalues, and, moreover, still to act on
an arbitrarily small portion of the boundary.

3. For d = 3, local exponential feedback stabilization of the steady-state solutions to Navier-
Stokes equations is not possible with a finite-dimensional boundary feedback controller (except
for a meager set of special initial conditions).

4. The pathology noted in (iii) for d = 3 is due to the nonlinearity (see Eq. (5.18a—b) of Refer-
ence 3) which (by Sobolev embedding and multiplier theory for d = 3) forces the the requir-
ement that solutions of the linearized problem be considered at the high regularity space
H>%"¢(Q)N H, e > 0 under initial conditions yo € Hz*€() N H and L(0, co; [L2(I")]9)-
boundary controls u. In turn, this high regularity space H PHe (R2) causes the occurrence of the
compatibility condition yg|r = u(0) at # = 0 on the boundary to be satisfied. Thus, ford = 3,
the constructed feedback controller must be infinite-dimensional in general.

5. By contrast, the linearized problem for d = 2, 3 is exponentially stabilizable with a closed-
loop boundary, finite-dimensional feedback controller acting on an arbitrarily small portion
of the boundary up to the topological level [H 2 (2)]¢ and with initial conditions y, €
[H% ~€()]¢ N H under the same FDSA = Eq. (3.6.2) of Reference 3.
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Notation and preliminaries

Same as in Part 1.

2.3.2 Main Results (Cased = 3)

The following assumptions will be in effect throughout the chapter.

Assumptions

1. The boundary 92 of Q2 is a finite union of d — 1 dimensional C>-connected manifolds.

2. The steady-state solution (y., p.) defined in Eq. (2.2) Part I, belongs to (H> Q) NV) x
H'(R). (For d = 2, 3, this property is guaranteed by Reference 6 [Theorem 7.3, p. 59] on y,,
for f, € H, followed by Reference 6 [Theorem 3.11, p. 30] on p,, for sufficiently smooth 9€2.)

Preliminaries. The translated nonlinear Navier-Stokes problem

By the substitutions y — y, +y, p = p. + p, and u — y.|r + u with (y.|r = 0 being the
Dirichlet trace of y, on I' = 9€2), we are readily led via Eq. (2.1) and Eq. (2.2) to study the boundary
null stabilization of the equation

Vi =AY+ -V)y+ .- V)y+ (y-V)ye = Vp in Q; (2.302)
V.y=0 in Q; (2.30b)

y=u on X; (2.30c)

y(x,0) = y°(x) = yo(x) — ye(x) inQ. (2.30d)

Abstract model of the Navier-Stokes problem (2.30) projected on H

We shall see in Section 3.1 of Reference 3 that, under the pointwise compatibility condition (c.c.)
u-v = 0on X of Eq. (2.29¢) (whereby then Py, = y,), application of the Leray projection P on
Eq. (2.30a—d) leads to a corresponding equation in H, without the pressure terms, whose abstract
version can be written as

y, — Ay + By = —ADu, e [D(A)] y0)=y'e€H, u-v=00nZx, (2.31)

where the infinitesimal generator A and the nonlinear operator B are defined in Eq. (2.15) and
Eq. (2.7), respectively, of Part I. Moreover, the operator D: [L>(I")]¢ — [H2(Q)]1YNH € D(A3 ™€)
is defined in Eq. (3.1.3) of Reference 3. The A in Eq. (2.31) is actually the extension H — [D(A*)]'.

The translated linearized problem. PDE version

The translated linearized problem corresponding to Eq. (2.30) is then

Vi =AY+ (e - V)y+ (y-V)y. = Vp  inQ; (2.322)
V.y=0 in Q; (2.32b)

y=u on X; (2.32¢)

y(x,0) = y'(x) inQ. (2.32d)

Abstract model of Problem (2.32) projected on H

Its abstract version on H is then

v, = Ay — ADu € [D(A"], y(0) =€ H; u-v=onx. (2.33)
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Main results

Case d = 3. The linearized model We begin with the translated linearized Problem (2.32) or
its projected version (2.33). For the first result—the main result on Problem (2.33)—essentially no
assumptions are required.

THEOREM 2.4
With reference to the linearized Problem (2.33), Part I, the following results hold true:

1. Let d = 3 and assume further that Q is simply connected. Then, given any y° € W =
[H : (@)1} N H, € > 0 arbitrary, there exists an open-loop, infinite-dimensional boundary
control u € L?*(0, oo; (L*(T"))?), u - v = 0 on I, such that the corresponding solution y
of Eq. (2.33) satisfies y € L*(0, 00; (H>€(Q))* N H) N Hi+5(0, oo; H). Moreover, if y°
vanishes on the portion I'y of the boundary I' = 0%2, then u may be required to act on only the
complementary part 'y = '/ Ty of the boundary. In particular, if y° vanishes on all of T, then
u may be required to have an arbitrarily small support Ty, meas(I'y) > 0. (This is Theorem
3.5.1 along with Remark 3.5.1, illustrated by Figures 3.5.1 and 3.5.2 in Reference 3.)

2. Letd = 3. Then, the control u claimed in (i) cannot generally be finite dimensional except for
a meager set of special initial conditions. (This is Proposition 3.1.3 of Reference 3.)

Case d = 3. Original Navier-Stokes model of Eq. (2.29) We now report the main result of the
present paper, which provides the sought-after closed-loop boundary feedback control for the original
Navier-Stokes Eq. (2.29) [or its projected version in Eq. (2.31)], which exponentially stabilizes the
stationary solution y, of Eq. (2.29) in a neighborhood of y.. The stabilizing feedback control that we
shall find is “robust,” as it is expressed in terms of a Riccati operator R, which arises in an associated
corresponding OCP. To state our (local) stabilizing result, we need to introduce the set

Vo={yweW=[HQPNH: |y ylw < p} (2.34)

of initial conditions y, of Eq. (2.1), whose distance in the norm of W from a stationary solution y,
is less than p > 0. Here, € > 0 arbitrary is fixed once and for all.

THEOREM 2.5 (Main Theorem)

Letd = 3 and assume further that Q2 is simply connected. If p > 0 in Eq. (2.34) is sufficiently small,
then: for each yy € V,, there exists a unique fixed-point, mild, semigroup solution y of the following
closed-loop problem:

V(1) — WAV 1) + (7 - V(1) = ful@) + Vpxa1) in G (2.352)
V.y=0 in G; (2.35b)

y = Vo% Ry —v)  on; (2.350)

y(x,0) = yo(x) in Q. (2.35d)

obtained from Eq. (2.29) by replacing u with the boundary feedback controlu =y, + vy E% R(y—y.)
having the following regularity and asymptotic properties:

1.
(v — yo) € C([0, 00); W) N L2(0, 00; [H? T<(Q)] N H) (2.36)

continuously in yg € W = [H> QP NH:

o0
_ 2 _ 2 _ 2
[y(#) = Yelw +/0 |y () y"l[H%wsz)andt <Clyo — Yely, t 2 0. (2.37)
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(This follows from Theorem 5.1 and Corollary 5.5 of Reference 3, via the translation y — y,,
etc., performed above Problem (2.1).)

There exist constants M > 1, w > 0 (independent of p > 0) such that such solution y(t)
satisfies

ly(t) — Yelw < Me ™ |yg — yelw, t=0. (2.38)

(This follows from Theorem 6.1(i) of Reference 3, via the translation y — y — y,, etc.,
performed above Problem (2.1).)

Here R is a Riccati operator, in the sense that it (arises in the OCP of Section 4.1 and) satisfies
the Algebraic Riccati Equation (4.5.1) of Reference 3. The operator R is positive self-adjoint on H
and, moreover, R € L(W; W') where W' is the dual of W with respect to H as a pivot space. In
addition (Proposition 4.1.4 of Reference 3),

clxl} < (Rx,x)y <Clx|3, 0 <c<C<o0, VxeW,

so that the |R%x|—n0rm is equivalent to the W-norm. By a solution to Eq. (2.17), we mean, of course,
a weak solution (see, e.g., References 6 and 15). (This part is Theorem 5.1 of Reference 3.)
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Abstract By the maximal principle for the heat equation, a solution corresponding to zero initial
data and produced by a positive Dirichlet boundary control is positive (i.e., belongs to the cone of
positive functions). The notice is devoted to the question: Is the set of such solutions dense in the
cone? The answer turns out to be negative: in 1-D case we construct an explicit example of a positive
function separated from this set by a positive L,-distance.

3.1 Introduction

By the maximal principle for the heat equation, solutions (states) corresponding to zero initial data
and produced by positive Dirichlet boundary controls are positive (i.e., belong to the cone of positive
functions). This notice is devoted to the question: Is the set of such states dense in the cone? The
answer turns out to be negative: in 1-D case we construct an explicit example of a positive function
separated from this set by a positive L,-distance.

The question was raised in the framework of an approach to inverse problems (the BC method
[2]). However, as we hope, it is of some independent interest for the boundary control theory.
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3.2 Dynamical System

Consider the system

u; —uyy =0, (x,1) €(0,1) x(0,T); (3.1)
u|l=0 = 07 X € [07 1]; (3.2)
M|x:() = fO’ Mlx:l = f]’ re [0’ T]a (33)

with the Dirichlet boundary control f = col{ fo(¥), f1(¢)}; letu = u’ (x, t) be the solution.
The (real Hilbert) space of controls

F' = La([0, T R?) = {col(fo, fD)lfo. fi € L2[0, T1}
plays the role of the outer space of the system in Egs. (3.1) to (3.3). Introduce also the set
ST :={f eC™(0,T]; R |supp f C (0, T1}

of smooth controls vanishing near ¢t = 0. For f € ST the system has a unique classical solution
ul e C™([0, 1] x [0, T]). The well-known fact is that the map f > ul acts continuously from F7
into C ([0, T]; H~'[0, 1]) (see, e.g., Reference 1).

The inner space (space of states) of the system is

H = L,(0, 1).
The “input-state” map f +> u/ (-, T) defined on ST acts from F7 into H; its range
U =/ (.T)| f eS8}

is the reachable set of system in Egs. (3.1) to (3.3). As is well known, this set is dense in the inner
space:

closd" =H, T >0, (3.4)

that is, the system is approximatelly controllable at all times (see, e.g., Reference 1).

3.3 Main Result
The outer space contains the cone of smooth positive controls
SL={feS" | fo. /i =0}
producing a cone of states
Ul = u/(,T)| f e ST}
The set

U= Juf

>0

is also a cone in H.
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The inner space contains the cone of positive functions
Cy={yeH|y=0}
By the maximal principle for the heat equation (see, e.g., Reference 3), the embedding
Uy CCy (3.5)

holds. In this notice we clarify this relation as follows.

THEOREM 3.1
The embedding of Eq. (3.5) is not dense:

Ci \ closUy # {4}.

Moreover, we construct an example of ¢ € C satisfying
dist (c, Uy) > 0. (3.6)

For the reader’s convenience, the proof is divided on a few parts contained in Sections 3.4 to 3.8.

3.4 Dual System, Green Function

The system
vi =V =0, (x,7) € (0,1) x (0, T); (3.7)
V= =y, x€l[0,1]; (3.8)
Vlymo =Vlx=1 =0, t€[0,T]; (3.9)

is said to be dual to the system in Egs. (3.1) to (3.3); its solution v = vY(x, ¢) is well defined for
any distribution y € D’(0, 1) and is a function of the class C*°([0, 1] x (0, T']). Integration by parts
easily leads to the duality relation

T
voul (7)) = /0 [/o@®vIO.T —1) = fit)vi(1, T — )] dt (3.10)

forany f € ST and y € D'(0, 1). The values v2(0, ) and —v2 (1, -) have the physical meaning of
the heat flows through the endpoints x = 0 and x = 1.
Let 8; be the Dirac measure supported at & € (0, 1); the solution

G(x,&:1) :=v¥%(x, 1)

is the Green function the system in Egs. (3.7) to (3.9). Recall its well-known representation through
the heat kernel:

m=00
(x—&+2m)? (x+E+2m)2
G(x,&1) = [e_ o —e W (3.11)
VAarmt m:z—oo
and the representation by Fourier:
oo
2,2
G(x,&;1) = Ze‘” "Isintné sinmnx (3.12)
n=1

(see, e.g., Reference 3).
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3.5 Basic Lemma

Let A’ = [/, B'], A" = [«”, B"], A = [&", B”"] be three closed disjoint segments in (0, 1) (so
that0 <o’ < B <" < B’ <a” < B” < 1).

LEMMA 3.1
There exists 6 > 0 (small enough, determined by the segments) such that the inequalities
G:(0,81) —0G(0,&";1) + G,(0,";1) >0, t>0 (3.13)
and
—[G.(1,&";1) —0G,(1,§"; ) + G, (1,§";6)] >0, >0 (3.14)

hold for any &' e N/, " e A", &" e A"

PROOF

1. The well-known fact following from the maximal priciple is that the flow through the endpoints
produced by & is strictly positive:

G:(0,&;1) >0, G (1,&1)>0, t>0 (3.15)
(see, e.g., Reference 3).

2. Fixa& € (0, 1); representation of Eq. (3.11) easily gives:

m=00 2

E+2m _<ﬂ)
tG,(0,&;1) = 20
VG0, € 1) m;w Wik
2 2 2
= ie*(z%) - 2_56*(2;5) + ﬁ(;(%) — ... (3.16)
2/t 2t 24/t
Because e~ " decreases monotonically as T > -, taking

R

52
0<t<= (3.17)

we have

1 § 2-§8 £42

< 2

\/5_2\/f<2—\/f<2—\/f<”"

so that Eq. (3.16) turns out to be an alternating series whose terms monotonically tend to zero.
Therefore, Eq. (3.17) provides the estimates

§ () 278 (s

—£
2/t 2Vt

2/t 2/t
3. Choose &’ € A',&" € A", &"” € A”. Restricting the times by

) <SRG 0.8:1) < %e(fw) O 3a8)

72
o
O0<t<—
2
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and taking into account Egs. (3.15), (3.17), and Eq. (3.18), one has
VEt[G(0,81) — G (0,8"; 1) + G (0, "5 1)]

/ 7\ 2 Y .\ 2 " 7\ 2
> 5 () _22; o (57) _jﬁe—(f—ﬁ)

L {[ErE) e 6] 4 [£ ) ]
g ()

For small times the terms % e ~ are dominating, and the differences in the square brackets
are positive: simple calculations show that

Gy (0,80 — G0, )+ G,(0,";1) >0, 0<t<Tp, (3.19)

where

S 01/2 (Ol// _ ﬂ/)a/ 1 — ﬂ/
OEMN T T e [
4. Changing the roles of the endpoints, quite analogous analysis for x = 1 gives
—[G (1,50 — G, (1,E;, 0+ G, (1,§"; )] >0, 0<t<T, (3.20)

where

T . min{ (1 _ ﬂ///)z (a/// _ ﬂ//)(l _ ﬂ///) a///
1 .-— ) 2(]_ n) ) 2(1+/3///) .
2 In <=7 In ==~

Combining Eq. (3.19) and Eq. (3.20), we get
(=D [G.(j. &0 = G (j, "D+ G (j,E";0] >0, 0<1<T, (3.21)
where j = 0, 1 and T, = min {7y, T1}.
5. The asymptotic
(=1 G,(j, &:1) = 2¢ " 'sinmé[l + o(1)], t— oo
following from Eq. (3.12) allows to find a large enough 7* > 0 providing
(—1[G.(j, §51) —6°G.(j,§"; )+ G.(j,§";0] >0, t>T* (3.22)
with a constant 8%,
08" < siné’ + sin&”
sinT&”

By virtue of Eq. (3.15), the flows (—1)/ G, (j, €'; t), and (—1)/ G, (j, €"; t) are strictly positive
as T, <t < T* (uniformely with respect to & € A’,&” € A""), whereas G,(j, £”; t) is bounded
(uniformely with respect to £” € A”). Therefore, one can find 6, ensuring the inequality

(=D [G(j, & 1) —0,G(j,E": 1) + G (j,§";0)] > 0, Ty<t<T* (3.23)
Joining Egs. (3.21), (3.22), and (3.23), we arrive as Eqs. (3.13) and (3.14) with & = min{l1, 6%, 6,}.
I

The lemma is proved.

The physical meaning of this result is quite transparent. If a point source 65;~ of a small enough
amplitude is surrounded sources 8 and 8¢, the resulting heat flow through the endpoints produced
by the source 8¢ — 68z + 8¢~ turns out to be positive at all times.
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3.6 Inequalities for u/

The duality relation of Eq. (3.10) together with Lemma 3.1 imply some a pointwise positivity
condition for states u/ (-, T) produced by positive f’s. Here &', £”, £, and 6 are the same as in
Lemma 3.1.

LEMMA 3.2
Forany f € SI the inequality

u &, T)—0ul (", T)+u/ ", T)>0, T>0 (3.24)

is valid.

PROOF Taking f € SI and using Eq. (3.10), one has

u &, T)—0ul ", T)+ul €",T)
= (8 — 08¢ + 8¢, ul (-, T))

1 T
=Z/ [iOED G §5T =1 =06 (j,§" T —1) + G(j,§"; T —1)]dt >0
j=0"0

by virtue of Eqgs. (3.13) and (3.14). The lemma is proved. [

It is worth to recall that 6 is determined by the system of segments A’, A”, A" and to note that it
is available for all positive T’s. As we guess, Eq. (3.24) is a supplement to the well-known Harnack
ineqalities (see Reference 3, the end of Chapter 3).

Let us derive one more relation for u/ (-, T'). Take

PO ] E VN e RV R
73] 77 77

andputé’ =& e A, g =&+ % e AN g =&+ % € A"; let 6 correspond to these segments in
the sense of Lemma 3.1. By virtue of (3.24), for f € Sf we have

i 2 X 4
ul (€, T)—euf(s + 2 T> +u/ (s + 2 T) >0, T >0,
which leads to the inequality:
W/ (.T),x)>0, T >0, (3.25)
where
1 in \;
-6 inA;

=31 inar
out of AU A" U A",
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3.7 One More Lemma

Here we discuss a fact of a general character.

LEMMA 3.3
Let C and U C C be two cones in a Hilbert space 'H. If there exist ¢y, c— € C such that c; L c_
and (u,cy —c_) > 0forallu € U then

2
diste_.u) > —1=I0 )
lew —c|l

and, hence,

C\ closU # {0}.
PROOF Taking u € U, one can represent

cy —cC_ cy —cC_
u—c_=(u—c_, + ) + +nh
lex —c-ll /) llex — el

with A L (¢4 — c_), which yields
(-eie=)
u—c_,——
ey —cll

= [, cy —c )+ lle Pl
lles —c-|

lu—c_| =

lle-11?

T ller =l

and shows that I/ is not dense in C. The lemma is proved. I

3.8 Completing the Proof of Theorem 3.1

Let x_, x4+ € C; be positive and negative parts of the function x from Section 3.6, so that

1 inAUA
X+ =30 our of NN UA",

and
_fo inA"
X-=%0 out of A’;
whereas x = x4+ — x—. Taking into account Eq. (3.25) and applying Lemma 3.3, one easily gets

||$_||2= 62 -0
€N V1da+702 0

This proves Theorem 3.1 and provides an example of ¢ = x_ mentioned at the end of Section 3.3.

dist (x—, Uy) =
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So, the states belonging to I/ are not suitable for approximating the functions whose supports are
separated from the endpoints (like x_). At the same time, the set I/, is rich enough in the following
sense. Recall that a cone K in a Hilbert space G is said to be generating if the algebraic difference

K-K:={y—w,we K}

is dense in G. The cone U possesses such the property. Indeed, marking positive and negative parts
of functions by “+” and denoting f := col{ fo., fi.}, one has

U =/ DIf e STy = w7, )| fr € ST}
={u(,T)—u(,T)|fe € ST}
=/ (. TIf € ST} —{us(, Dlg € S{} CUy — Us.

As result, the approximate controllability Eq. (3.4) implies

clos(Ur —UL)="H.

3.9 Comments

* Most likely, Theorem 3.1 is valid in any dimension. Nevertheless, an attempt to construct a
multidimensional version of function x on the same way, that is, surrounding a small subdomain
of low (negative) temperature by a massive layer of high (positive) temperature providing a
positive resulting flow through the boundary of the domain, encounters the following difficulty.
The first inequality in Eq. (3.17) is based on alternating property of the series in Eq. (3.15),
which has no direct analog in high dimensions. Therefore, estimation of the flow from below
is a problem.

* The author discussed the issue of this notice with participants of the Conference on Control
Theory for PDE held in Georgetown University, Washington, May 30-June 3, 2003. I would
like to thank R. Triggiani for the kind invitation and my colleagues for valuable consultations
and advice.

* I am obliged to C. Bardos and A.I. Nazarov for useful discussions.
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Abstract  This chapter contains several abstract results related to the finite fractal dimension of
invariant compact sets arising in the study of global attractors for second-order (in time) evolution
equations with nonlinear damping.

4.1 Introduction

The main aim of this chapter is to present an approach for studying the dimensionality of attractors
arising in second-order evolutions with nonlinear damping. Although this issue has been well studied
in the case of first-order evolutions of parabolic type, it is much less investigated in the case of second-
order evolutions, which are predominantly of hyperbolic type. In fact, specific examples that we have
in mind include semilinear wave and plate equations with nonlinear boundary or internal damping.
It is known that the estimates for estimating the dimension of attractors in nonlinear wave dynamics
with nonlinear dissipation comprise a very delicate issue that has been largely open. This can be
best testified by the fact that, until very recently, results available in the literature, even in the case

IResearch of I.C. partially supported by the INTAS grant 2000-899.

2Research of LL. partially supported by the National Science Foundation grant DMS-0104305, and an RO grant DADD
19-02-1-0179.
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of the full interior dissipation (i.e., damping g (u,) supported in the entire domain), dealt either with
one-dimensional (1-D) wave equations [10] or with equations subject to severe restrictions (linear
bound) imposed on the semilinear terms [1], [21]. Most recently, there has been renewed interest in
this problem, and positive results for semilinear wave equation in dimension higher than one with
interior dissipation have been established [16, 19].

Problems with nonlinear boundary dissipation in the context of long-time behavior is an altogether
different matter, as recognized in Reference 20, page 353. The issue is not only that the dissipation
needs to be propagated from the boundary to the interior, in order to guarantee existence of global
attractors [5], but also that boundary damping is represented by a (distributional) operator that is
no longer defined on the phase state space. In addition, the resulting semigroup is no longer time
reversible (unlike the case of interior damping, including localized interior damping).

One of the most flexible approaches to finite dimensionality of the attractors is based on establishing
some kind of “squeezing” property of the flow on the attractor (see, e.g., References 4, 9, 11, 14,
23 among others). Although this approach has been successful in studying the dimensionality of
attractors in parabolic flows and some rather special hyperbolic flows, the conditions required by
standard “squeezing” inequalities are too stringent to accommodate hyperbolic-like dynamics with
nonlinear dissipation (particularly boundary or localized dissipation). It turns out that the impetus
provided by recent developments in boundary control theory provides a new insight into the problem
and allows one to formulate certain generalizations of squeezing properties that can then be proved
by PDE methods spurred by recent developments in control theory. It is the aim of this paper
to explore the above connection. In particular, we shall show that establishing certain types of
observability-stabilizability estimates suffices for the verification of appropriate variants of squeezing
properties.

To explain our ideas, let us begin with a typical example of a “squeezing property” such as the
one given in the following Ladyzhenskaya’s theorem.

THEOREM 4.1 (Ladyzhenskaya [14])
Let M be a compact set in a Hilbert space H. Assume that V is a Lipschitz continuous mapping in
H such that V(M) 2 M and there exists a finite-dimensional projector P in H such that

(1= P)(Vvi—=Vv)ll <nllvi —vall, vi,v2 €M, 4.1)
where n < 1. Then, the fractal dimension dimy M of the set M is finite.

Assumption of Eq. (4.1), roughly speaking, means that the mapping V squeezes the set M along the
space (I — P)H. The negative invariance of M gives us that M C V*M for all k € N. Thus, the set
M must be initially squeezed. This property is expressed by the assertion on the finite dimensionality
of M.

The squeezing inequality of Eq. (4.1) implies the relation

[Vvi = Vvall < pllvi = vall £ I1P(Vve = Vo)l vi,v2 € M. (4.2)

As we shall see below, the statement of Theorem 4.1 remains valid if we replace the inequality
Eq. (4.1) by its weaker version of Eq. (4.2). An important consequence of this observation is that the
inequality Eq. (4.1) has some common treads with observability—stabilizability inequalities studied
in the context of control theory. To explore this connection, let us think of V as the flow T (#y) for
some value of time 7y > 0. A typical form of stabilizability inequality is the following inequality [17]

IT (to)vi = T (to)v2ll < (I + p)~'(Ivi = vall) + (I + p)" (LOT (v1, v2)), (4.3)

where the scalar function p is monotone increasing and vanishes at the origin. The function p is
determined from the behavior of the nonlinear damping at the origin. If the damping is linear at the
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origin, the function p is linear as well. The lower order terms denote terms “below” the energy level
and are usually given in the form

LOT(vi,v2) =C sup [|T()vi =T (t)v2lln,.

t€[0,10]

where the injection H C H| is compact. This means that the L OT terms are compact with respect to
the topology generating the flow. If one aims at proving uniform stability of the dynamical system,
then the goal is to show that the LOT terms can be dispensed with. This is typically done by a
suitable compactness-uniqueness argument. In such case, the attractor is trivial and reduces to the
equilibrium point. If, instead, the uniqueness property does not hold, then the inequality of Eq. (4.3)
allows one to show compactness of the attractor. To make relation with the inequality of Eq. (4.2),
let us consider the special case when p is linear, which is the case when the damping is linear at the
origin. So we have (I + p)~!(||v|) = n|/v|, where n < 1. The inequality of Eq. (4.2) requires that
the lower order term describing frajectories be replaced by finite dimensional projections of the point
evaluation (at #y) of these trajectories. Thus, we observe some link between finite dimensionality
of an invariant set and observability-stabilizability type estimates on this set. The “gap” between
the “squeezing” property of Eq. (4.2) and the stabilizability inequality of Eq. (4.3) is twofold : (i)
the appearance of the nonlinear relation (I + p)~! in Eq. (4.3) and (ii) the structure of the “lower”
order terms in the inequality, where Eq. (4.2) requires that these terms be finite dimensional and
evaluated on the phase space (rather than trajectories as in Eq. (4.3)). This raises the following rather
natural question: What kind of abstract observability-stabilizability estimates will guarantee finite
dimensionality of an invariant set?

In other words, our aim is to decrease the gap between the stabilizability inequality of Eq. (4.3)
and the squeezing inequality of Eq. (4.2). As we shall see later by means of the counterexample, it is
not possible to entirely close the gap. The general form of nonlinearity of the first term in Eq. (4.3)
essentially precludes finite dimensionality. However, even in this case, we will be able to provide a
computational procedure (in Theorem 4.2 ) for a more accurate estimate of the dimension. This is
why we use Kolmogorov’s e-entropy together with the notion of fractal dimension. In the context
of long-time dynamics governed by nonlinear PDEs, e-entropy was used earlier for characterization
of “thickness” of global attractors for reaction-diffusion equations [2, 3] and for (linearly) damped
hyperbolic equations [8, 25] in unbounded domains. As to the structure of lower order terms in the
second part of inequality Eq. (4.3), we shall see that the original squeezing property can be greatly
generalized to accommodate the stabilizability inequality. This will be the content of Theorem 4.5,
in which we show that the stabilizability inequality with a linear damping at the origin does imply
finite fractal dimension of a bounded invariant set. The abstract results mentioned above will lead
(Section 4.7) to new results on finite dimensionality of attractors for nonlinear wave and plate
equations with nonlinear boundary dissipation.

4.2 Main Abstract Results

We start with the definitions of e-entropy and fractal dimension. We refer to Reference 13 for
details concerning the concept of entropy.

DEFINITION 4.1 Let K be a compact set in a Banach space X. Then Kolmogorov’s e-entropy
H.(K) of the set K in X is the value

H.(K)=InN(K,e), &>0,
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where N (K, ¢) is the minimal number of closed sets of the diameter not greater than 2¢, which cover
the compact K. The fractal dimension dim; K of K is defined by the formula

di . H,(K)
im; M = lim sup .
’ e—0 11’1(1/8)

“4.4)

It follows directly from the definition that a compact set K has finite fractal dimension if and only
if his e-entropy satisfies the estimate H,(K) < C;In é + C, with some constants C; and C»,.
Roughly speaking, e-entropy characterizes “thickness” of compact sets. Examples of calculations
of g-entropy for various sets can be found in Reference 13 and 24 (see also the references therein).
For example (see Reference 24, Sect. 4.10.3), the e-entropy H,(K) of the set K = {u € H*(O) :
llulls < 1} as a compact set in L,(O) has the form H,(K) ~ 87@, s > 0.
Our first main abstract result is the following assertion.

THEOREM 4.2
Let X be a separable Hilbert space and M be a bounded closed set in X. Assume that there exists a
mapping V. : M +— X such that

1. MCVM;
2. V is Lipschitz on M, that is, there exists L > 0 such that
IVai — Va|| < L|la1 — asll, a1,a2 € M; 4.5)
3. There exist pseudometrics 0, and 9, on X such that
IVai = Vaall < g(lar — azl)) + (e, (a1, @2)* + 0,(Var, Var)’1'3) - (4.6)
forallay,a, € M, where g, h : Ry +— R, are continuous nondecreasing functions such that
g0)=0; g(s) <s, s>0; s— g(s) is nondecreasing; 4.7
and the function h(s) is strictly increasing in the interval [0, so] for some so > 0 and h(0) = 0;

4. For any q > 0 and for any closed bounded set B C M the maximal number m(B, q) of
elements x]B € B such

01(F, XM + 0, (Val, Vx> g% i # i j=1,... ,m(B,q), (4.8)

is finite.

Then M is a compact set and there exists 0 < &y < 1 such that for all ¢ < ¢y < 1 Kolmogorov’s
e-entropy H,(M) admits the following estimate

£0 —1
H.(M) < / (g 46D 4ot g ), 4.9)
& s — gé(s)

where gs(s) = %g(Zs) + 8s with arbitrary § € (0, 1), the function q(s) is defined by the formula

q(s) = %h‘l (8[2s — g(29)]}, 0 <s < €, (4.10)
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and
m(r,q) =sup{m(B,q) : B M, diamB < 2r}. “4.11)

The proof of Theorem 4.2 is given in Section 4.3.

REMARK 4.1 It follows from the arguments given below that we can assume the validity of
relation of Eq. (4.6) for all a;, a; € M such that |a; — a2]| < a(M) + g9, with some positive &g,
where (M) is the Kuratowski a-measure of noncompactness, which is defined by the formula

o(B) = inf{d : B has a finite cover of diameter < d} 4.12)

on bounded sets of X (for the properties of «-measure see, e.g., Reference 12, p. 13). Similarly, we
need property (4) for sets with the diameter less than « (M) + &¢.

As we shall see later, the inequality in Eq. (4.6) with appropriate interpretation of the phase space
is implied by stabilizability inequality of Eq. (4.3). The function g(s) coincides with (I + p)~'(s).
Also, compactness of H C H; will lead to compact psedometrics p; and p,. On the other hand, if
the pseudometrics o, and g, are precompact, then the number m (B, ¢) is finite for any bounded B
and ¢ > 0. We recall that a pseudometric o on a Banach space X is said to be precompact (with
respect to the norm of X) if any bounded sequence (in norm) has a subsequence that is Cauchy with
respect to o. To prove the finiteness of m(B, g) we can use contradiction argument. Indeed, assume
that there is a sequence {x JB } C B such that

Ql(xf"xiB)z—}_QZ(ijB’ inB)z > q2 > O’ i 75 j» ]vl = 172’ ey

for some ¢ > 0. Because pseudometrics ¢, and g, are precompact, we can choose a subsequence
{j.} such that

Ql(xﬁ,xﬁ) —i—Qz(ijB;, Vxﬁ) — 0, as n,k— oo,

which is impossible because of the previous relation.

Thus, stabilizability inequality of Eq. (4.3) guarantees that the hypotheses of Theorem 4.2 holds.
Consequently, the formula for computations of Kolmogorov’s -entropy (and of fractal dimension)
given in Eq. (4.9) holds true. However, this fact alone does not necessarily imply that the fractal
dimension is finite. In fact, as shown by a counterexample, generally this is not the case. It all
depends on the effective estimate of the formula of Eq. (4.9). It turns out that in the case when more
information on the behavior of the damping at the origin is given, this formula does imply a finite
fractal dimension. The relevant results are formulated below.

THEOREM 4.3
In addition to the hypotheses of Theorem 4.2 we assume that

1. m(r,q) < mo(r/q), where my(s) is a continuous nondecreasing function;
2. limy_o ¥ =y < 1.

Then for sufficiently small ¢y > 0 we have the estimate

E0) d
H, (M) < co/s Inmy (W;_)/)SJ Ts + Hyyo (M), (4.13)

where ¢ € (0, g9), § € (0, 1) and c, c| are positive constants independent of ¢.
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PROOF It follows from Theorem 4.2 and from the relations

1
s—g() ~ (=81 —p)s. &' ()~ m 4(5) ~ Sh™'28(1 = p)s).

which hold in the limit s — 0. I

This theorem implies the following assertion.

THEOREM 4.4
Let h(s) be a linear function, h(s) = hg - s. Then under the conditions of Theorem 4.3 the fractal
dimension dimy M of the set M is finite.

PROOF If h(s) = hy - 5, then by Eq. (4.13) we have that

H.(M) < ¢yl ciho /30 S—}—H (M) < C1 1+C
A colnmy | ———— | - — e n-— .
0 0 26(1 —y) e S 8(e0) e :

Thus dim; M < oo. [

In the special case when the dissipation is strictly sublinear at the origin, the following special case
of Theorem 4.2 can be formulated:

THEOREM 4.5
Let X be a separable Hilbert space and A be a bounded closed set in X. Assume that there exists a
mapping V : A — X such that

1. ACVA;
2. V is Lipschitz on A, that is, there exists L > 0 such that
\Va, — Vay|| < Llla; — a2 forall ay,a; € A.
3. There exist precompact seminorms n1(x) and n,(x) on X such that
Var = Vax| < g (lar — azll) + K - [n1(a1 — az) + no(Vay — Vay)], (4.14)

forall aj,a, € A where K > 0is a constant and g : Ry — R, are a continuous non-
decreasing function satisfying Eq. (4.7).

Iflimg_ g @ =y < 1, then A is a compact set in X of the finite fractal dimension.

The proof of Theorem 4.5 is given in Section 4.5.

4.3 Proof of Theorem 4.2

Step 1: compactness of M. We first prove the following assertion.

LEMMA 4.1
Assume that V : M — X is a continuous mapping possessing a property of Eq. (4.6) where g, h :
R, — R, are continuous functions, h(0) = 0, and the pseudometrics o, and o, satisfy hypothesis
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(iv) of Theorem 4.2. Then
a(VB) < g(a(B)) forany B C M, 4.15)
where a(B) is the Kuratowski o-measure of the set B.
PROOF By the definition of a-measure (see Eq. (4.12)) for any ¢ > O there exist sets F, ... , F),
such that
B=FU...UF,, diamF; <a(B)+e.

Let N = {x; : i =1,2...m} C B beafinite set such thatforevery y € Bthereisi € {1,2,...,m}
with the property p(y, x;)> 4+ p,(Vy, Vx;)? < 2. This set exists by hypothesis (4) of Theorem 4.2.
It means that

B=ULC, Ci={yeB:p(y.x)+p(Vy Vx) <&}
Now we can write the representations
B=U;;(C;NF)) and VB =U,;;[V(C;N F))].

Using Eq. (4.6), it is easy to see that diam [V (C; N F;)] < g[(a)(B) + €] + h(2¢). This implies
of Eq. (4.15).

If the assumptions of Theorem 4.2 hold, then Eq. (4.15) implies that
a(M) <a(VM) < gla(M)].

Because g(s) < s for s > 0, the later relation is possible only if (M) = 0. Thus M is compact.

Step 2: estimate for s-entropy. Assume that {F; : i = 1,..., N(M, &)} is the minimal covering of
M by its closed subsets with a diameter less than 2¢. Let {x; :j=1,...,n;} C F; be a maximal
finite set such that Eq. (4.8) holds with B = F;. By assumption (4) such a set exists and n; < m(e, q),
where m (¢, q) is given by Eq. (4.11). We also have that

n;
F; C U B, B; = {v eF : pl(v,xj)z—i-,oz(Vv, ij)z < qz}.
j=1

Therefore
N(M.,e) n;
vmc |J |JVBi.
i=1  j=I
If yi, € B;-, then from Eq. (4.6) we have
iN2 iV271/2
[Vyr — Vyall < gllyr — y21) + & (Z (o1 (3 ) + o (Vs V)] ) :

k=1,2

Thus diamV Bj. < g(2¢) + h(2q) for any ¢ > 0 and g > 0. Therefore

1
N(VM, 3 [g(2e) + h(2q)]> <m(e,q) - N(M, ¢).
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If we choose g = ¢q(¢), where g (s) is defined by Eq. (4.10), then we obtain that
N(M, gs(e)) <m(e,q(e)) - N(M, ¢),

where g5(g) = % g(2¢) + Se. Let {e,} be the sequence defined by the recurrence relation ¢, =
gs(e,). Itis clear that e, < ¢, forn € N and lim,,_, - &, = 0. Thus we obtain

n—1
InNM, ¢e,) < Zlnm[sk,q(ek)]—i—lnN(M, £0). (4.16)
k=0

If g1 = gs(ex) < € < &, then g < ggl(e) and g(er) > q(e). Therefore, because m(r, q) is
nonincreasing with respect to ¢ and nondecreasing with respect to », we have that

Inmler, q(e)] <Inm[g5'(e), q(e)], &1 <& < é&r.

Thus

é In -1 €), &
Inmlex, q(e)] < / mlgy ' ©).q@)]
Ekt1 Ek — Ek+1

Because ey — gx41 = 1 — gs(ex) > € — gs(¢e), using Eq. (4.16) we obtain

=) —1
InN[M, g (e0)] < / Inm[g;" (). ()]

de +InN(M, &yp). “4.17)
g5 (e0) & — 85(8)

Now we take arbitrary ¢ € (0, gg). Because g;(s) is invertible, we can find gy in the interval (g, ¢]
and a number n such that ¢ = g§ (€y). Therefore it follows from Eq. (4.17) that

€0 -1
InN(M,¢e) < / Inm (g5 ' (e), q(e))
€ & — gs(e)

de +InN(M, gy).

This implies Eq. (4.9). The proof of Theorem 4.2 is complete.

4.4 Calculation of Inm(r,q)

Theorem 4.2 shows the importance of the characteristic m(r, g) for calculations of bounds for
e-entropy. In this section we find bounds for Inm(r, g) in several cases that are important from a
point of view of applications.

PROPOSITION 4.1
Assume that the pseudometrics p and p, has the form

p1(x1, x2) = [[R1(x1 — x2)|| and  py(x1,x2) = [[Ra(xr — x2) I, (4.18)
where Ry and R, are compact operators in X. Then
* for every closed set F C M we have

Inm(F, q) < HY5X(F), (4.19)

where F = {(Rix; R,Vx) : x € F} C X x X; here and below HSY(A) is the g-entropy of the
set A in the space Y;
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* the relation

Inm(r, q) < mo(r/q) = H* (R\B) + H*, (R:B) (4.20)
4r/2 4rLV2

holds, where B is a unit ball in X.

PROOF It is clear that
m(F,q) =R¥w; € F : |wi—wjllxxx > q, i # J}

for every F C M, where R{...} denotes the maximal number of elements with the given properties.
Therefore, tl}’ Reference 13, Theorem 4, we obtain Eq. (4.19).
Because F C R F x R,V B, we have that

F C RiBjiymr ¥ R2B g
where Bf) denotes a ball in X of the radius p with the center at some point, i = 1, 2. Therefore
m(F,q) < R{w; € RiBjynr X RaBlgamr * Wi =wjlxxx > q, i #j},
=N {Wi € RiB) x RoBY : |wi —wjlixxx > ﬁ, i # j},
where Bg denotes a ball in X of the radius p with the center at zero. Thus
m(rq) < 8 {wi € RiBY x RoBY : Iwi = willwx > 500 1 # 7}
Therefore, from Reference 13, Theorem 4, we have that

m(r, q) < N¥*X (RIB? x RyBY, 41) :
r

where N¥X*X (K| x K3, €) is the minimal number of closed sets of the diameter not greater than 2¢,
which cover the compact K| x K> in the space X x X. A simple calculation shows that

NYXX(K| x Ky, 8) < N(K1, e/3/2) - N(Ka, £/3/2).

Thus we obtain that the relation

q 0 q
m(r,q) < N | R/B?, N | R,BY, ,
ra) = (1 4rﬁ> (2 ! 4rLﬁ)

which implies Eq. (4.20). I

Using the calculations of e-entropy given in Reference 13, it is easy to obtain from Proposition 4.1
the following assertions.

COROLLARY 4.1
Assume that Ry and R, are finite dimensional operators. Then

Inm(r,q) < C + (dim R, +dim R>) In —,
q

where the constant C does not depend onr and q, r > q.
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COROLLARY 4.2
Assume (without loss of generality) that Ry and R, are nonnegative compact operators with the
eigenvalues

A(R) = M(Ry) > ... and A(Ry) = M(Ry) > ...

If A (Ry) < cok™%, 1 = 1,2, for some o > 0, then

r 1/a
Inm(r,q) = C <> ,
q

where the constant C does not depend on r and q (r > q).

4.5 Bounds for e-Entropy and Proof of Theorem 4.5

Corollaries 4.1 and 4.2 leads to the following assertion concerning the -entropy of the set M.

THEOREM 4.6
In addition to the hypotheses of Theorem 4.2 we assume that

1. the pseudometrics p; and p, appearing in Eq. (4.6) are of the form given in Eq. (4.18).
2. h(s) = hg - sP for some 0 < B < 1 and lim,_, Q =y <L

 If the operators Ry and R, satisfy the conditions of Corollary 4.2, then

1 Dl(
H,(M) = Ci(a, B) <l> ' +C for 0<p <1

and H,(M) < Ci(e)In1 + C, when g = 1.
* If R| and R, are finite-dimensional operators, then

2
HE(M)§C11H§+C2(,B) <;—1) [lni] +C;, 0<pB=<1.

PROOF  We apply Theorem 4.3 with h~!(s) = (s/ho)"/’. In the first case Inmq(s) = c - s'/% by
Corollary 4.2. Therefore, Eq. (4.13) implies the desired estimate. In the second case by Corollary 4.1
we have that Inmo(s) = c; + ¢ Ins and again Eq. (4.13) implies the result.

Thus, under the conditions of Theorem 4.6 we can guarantee the finiteness of fractal dimension
of the set M only in the case f§ = 1 (i.e., when A(s) is a linear function). This is the content of
Theorem 4.5.

PROOF OF THEOREM 4.5 We shall apply the second part of Theorem 4.6. For this we need to
show that the psedometrics p; and p, appearing in Eq. (4.6) are of the form as in Eq. (4.18) with R;
finite rank operators.
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To this end it suffices to prove that for any § > 0, there exist a constant K and finite dimensional
orthoprojectors P and P in X such that

ni(ar — ar) < gs(llar — azll) + Ksl| P (a1 — ax)ll, ar a2 € M, (4.21)
and
m(Vay — Vay) < gs(llar — aall) + K5 | P2 (Vay — Var)|l, ai, a2 € M, (4.22)

where gs(s) = 6 - (s — g(s)). We carry the proof by contradiction. Indeed, assume that Eq. (4.21)
was not true. Then, there exist 5o > 0, a sequence of positive numbers {c,,} such that ¢,, — oo as
m — oo and a sequence of orthoprojectors { P, } such that P,, — [ strongly in X and

n1(vm) > gs(vml) + cmll Puvmll, m=1,2,..., (4.23)

for some precompact sequence {v,,} C X (we recall that M is a compact set). Thus, we can assume
that there is v € X such thatv,, — v as m — oo. Because c¢,, — 00, from Eq. (4.23) we have that
| PV |l = 0as m — oo. This implies that v = 0 and thus ||v,,|| — 0 as m — oo. It is also clear
from Eq. (4.23) that ||v,,|| > O; therefore, Eq. (4.23) implies that

niowyy > WD e m=1.2. . (4.24)

v I

where w,,, = H:—m” Because ||w,,|| = 1, we can also assume that w,, — w weakly in X for some
w € X. From Eq. (4.24) we have that || P,,w,,|| — 0 as m — oco. Because P,, — [ strongly and

PmW = Pm(W _Wm) + Pme -0 weakly in X,

we conclude that w = 0. This implies that n;(w,,) — 0 as m — oo. Therefore, Eq. (4.24) gives us
that

gvnl) <n(wy) >0, m— oo,
[Van
which is impossible because ||v,, || — 0 and lim;_,¢ 86 — 51 — y) > 0. Thus Eq. (4.21) holds.

N

To prove Eq. (4.22) we note that the same argument gives us that
n(Var = Vay) < gs(L7'|Vay = Vao|) + Ks|| Py (Var = Vay)|l, ar,az € H.

Therefore, using Lipschitz property (2) and the monotonicity of g5, we obtain Eq. (4.22).
Using Eqgs. (4.21) and (4.22) we can rewrite Eq. (4.14) in the form

IVa; — Vas|| < g5 (lai — asll) + K - (I P (a1 — a2)|> + | Pa(Va;, — Va)||*)!/?

for every a,ar € A and any 0 < § < 1, where gs (s) = (1 — 8)g(s) + § - s, the constant K and the
orthoprojectors P, and P, may depend on §. Now we can apply the second part of Theorem 4.6 with
B = 1and g(s) = gs(s) and conclude the proof.

4.6 Critical Case—Counterexample
Now we consider the critical case when lim;_, @ =y = 1. By Theorem 4.6 we can expect the

result on finite dimensionality for the case of a linear function /(s) only.
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THEOREM 4.7
In addition to the hypotheses of Theorem 4.2 we assume that

1. limg_,q % = 1l and h(s) = hy - s is a linear function;

2. m(r,q) < mo(r/q), where my(s) is a continuous nondecreasing function.

Then we have the estimate

H.(M) < 2 /601 4hos ds +H )
— nm ,
S =05, O\ 8125 — g(25)] ) 25 — g(25) &0

forall 0 < & < gy, where &g is small enough. If g” (0) exists and g"(0) < 0, then

€0 1\ ds
HAM) = co [ tnmo () 5+ e
e s/ s

where ¢y, c1, and c; are positive constants independent of ¢.
In particular, in the case when the pseudometrics p, and p, has the form of Eq. (4.18) we have
the estimate

1+1/a
H. (M) < C, <E) +C
provided the operators R| and R, satisfy the conditions of Corollary 4.2 and
1 1
HM)<C-{({1+In- )+ Cy,
e e

when Ry and R, are finite-dimensional operators.

PROOF This is a direct corollary of Theorem 4.2. 0

As we see, Theorem 4.7 provides us with estimates, which do not guarantee finiteness of fractal
dimension. The following assertion shows that in general under the conditions of Theorem 4.8 we
cannot obtain finite dimensionality of the set M.

THEOREM 4.8
We claim that in a separable Hilbert space X there exist a compact set A and a mappingV : A — X
such that

1. VA=A,

2. Kolmogorov’s e-entropy Hy(A) admits the estimate H,(A) > ¢ - ¢~ V/8 for some ¢ > 0 and
B > 1/2 (this implies that dimy A = 00);

3. V is Lipschitz on A, that is, there exists L > 0 such that
IVai — Vay|l < Lllay — azll,  ai, az € A;
4. there exists a compact operator R : X +— X such that
[Vai — Vaz| < g(llar — a2|)) + |R(a1 — a2) ||

forall ay,ar € A, where g : Ry +— R_ is a continuous nondecreasing function satisfying
Eq. (4.7).
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PROOF  Without loss of generality we can assume that X = /2.
Let

A:{x:(xl,X2,...)€lz 0 =<x <o},

where «; > 0 and o; ~ (ll)ﬁ with 8 > 1/2. It is clear that A is a compact set of infinite fractal

dimension. The estimate for H.(A) given in (2) follows from Reference 13, Theorem 16.
We define a mapping V : A — A in the following way. Let

gi(s) =

N
> > i .= 0.
Ty’ 520, vi 2y >0, limy; =0

We suppose V (x) = (Vi(x}), Va(xz), ...), where

Vitxi) = aigi (3) + 1 =gM)xi, x=(x1,x,...) €A

l

Invariance property (1) follows from continuity of each g;(s) and the properties g;(0) = 0 and
gi(a;) = «;. Lipschitz continuity property (2) follows from the obvious relation

Vi) = Vilyol < 2% — yil.
Thus, we need establish the stabilizability estimate in (4). We represent V = G + R, where G(x) =
(G1(x1), G2(x2), ...) with
Xi
Gi(x)) =a;gi (—) , x=(x1,x2,...)€EA,
a;

and R(x) = {(1 — g1(Dxy, [1 — g2(1)]xa, ...} is a linear operator in /2. Because 1 — g;(1) — 0 as
i — 00, R is a compact operator. Thus, we only need an estimate for |G (x) — G(y)]|.

Because g;(|s]) = 1+';“|Y‘ is a metric on R for every i and 0 < x;, y; < «;, it is easy to see that

oo =S () o (2)] =Sl ()]

WheIeZ =X ) 2
G al 1

lgi )2 — w? = _yiwﬂ;%-wz < _yiwsLmz
(I+yw) (I+yp

However,

for any w € [0, 1]. Thus,

2471 Vi3
Gx) -G 2 < 22—7- Lzl
IG() = GO = Il = 55 ;ai%'

Now we note that

3
—
= 1%
|~;|

\
l._|
RIx

B
o
[
S

Izl X_jm =Z
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This implies that

f::g- [fj “—1_1 Izl

i=1 1
Therefore, we obtain that [|G(x) — G(y)|| < g(lIz||) for x, y € A, where
1

1
2 . o
g(s) = sV 1 —cos?, c(Fi[Za_l] :

(I+y)? | &y,

Here we choose {y;} such that 2, ozizylfl < 00. Clearly, we can modify g such that Eq. (4.7) will
be satisfied. Thus (4) holds.

4.7 Applications to Hyperbolic-Like Evolutions
with a Nonlinear Boundary Dissipation

4.7.1 Attractors for Semilinear Wave Equations
with Nonlinear Boundary Dissipation

Let @ C R", n = 2,3, be a bounded, connected set with a smooth boundary I". The exterior
normal on I is denoted by v. We consider the following equation

w' —Aw + f(w) =0in Q = [0, 00) x (4.25)
subject to the boundary condition
d,w+w=—jw)in Yy =[0,00) x T (4.26)
and the initial conditions
w(0) = wy and w'(0) = wy. 4.27)

Here f and j are nonlinear functions subject to the following assumption.

() f € C?>(R) such that for n = 3 |f"(s)| < c¢(1 + |s|'~?%) for all s and for some ¢ > 0 and
8 > 0. For n = 2 we assume | f”(s)| < c(1 + |s|”) for some 0 < p < oco. We also assume
that lim infs|, oo £ > 0.

(j) j € C'(R), j(0) = 0, and there exist two positive constants m; and m, such thatm; < j'(s) <
m, for all s € R.

A longtime behavior of solutions to Egs. (4.25) to (4.27) was a subject of two recent papers [5, 6]. It
was proved in Reference 5 that problem in Eqs. (4.25) to (4.27) possesses a compact global attractor
A in the space H = H'(Q) x L,(RQ). Our goal here is to demonstrate connection between the
abstract theory presented in Section 4.2 and certain stabilizability inequalities established for the
wave equation.

Let [u(t), u'(¢t)] and [v(¢), v'(¢)] be two trajectories of problem Egs. (4.25) to (4.27), which belong
to the attractor 4. For these trajectories we have proved in Reference 6 the following estimate:

Elu(t) = v(0)] = Cre™™ E[u(0) = v(O)] + C; max u(s) = ()}, a) (4.28)
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for all t > 0, where E[w(t)] = %(fQ IVw (@)* + fQ w’()]> + fr |w(#)]). This is a special case of
k-stabilizability estimate in Eq. (4.3) where we take p(s) = m s and t; sufficiently large. The point
we wish to make is that this estimate allow us to apply Theorem 4.5 with g(s) = (I + p)~'(s) and
the appropriately selected phase space. To see this, consider the space X = H x H'(Q7) equipped
with the norm

T
1% = lluollzy ) + luillZ,q + 2/ E@(t))dt, where U = (ug, uy, v).
0
Here T > 0 is a constant to be determined later. On the space X we define a seminorm
nr(U) := (max VOl o)
By the compactness of the imbedding (Reference 22, Corollary 9)

H'(Qr) = La[0, T; HY(Q2)1N H'[0, T; Ly(R)] C CL(0, T); Ly()]

we obtain that ny (U) is a compact seminorm on X . Next we define the set A and the map V appearing
in Theorem 4.5. Consider in the space X the set

Ar ={U = [ug, uy, u(t) fort € [0, T1] : (ug, uy) € A},

where u(t) is the solution to Egs. (4.25) to (4.27) with initial data u(0) = ug, u’(0) = u; and A is
the attractor. The operator Vr : Ar > X is now defined by the formula

Vi 2 (uo, ur, u()) = W(T), u'(T), u(T +1)).

With the above notation, one can verify that all conditions of Theorem 4.5 are satisfied for an
appropriate T . Details are technical and given in Reference 6. The final result proved in Reference 6
reads:

THEOREM 4.9

[6]Under the assumptions (f) and (j), the dynamical system generated by problem Egs. (4.25) to
(4.27) in the space H = H'(Q) x L,(Q) admits a compact global attractor A whose fractal
dimension is finite.

4.7.2 Attractors for von Karman Evolutions with a Nonlinear Boundary Dissipation

We now consider a nonlinear system of dynamic elasticity described by von Karman evolution
with a nonlinear boundary dissipation.

Let © C R? be bounded domain with a sufficiently smooth boundary I". We assume that I" consists
of two disjoint parts g and I';. Consider the following von Karman model with boundary dissipation
active on I'; via the “free” boundary conditions [15]

Uy + Bu; + N [v(u) + Fo,ul+ p in Q x (0, 00). 4.29)
The Airy stress function v (u) satisfies the following elliptic problem
d
A% (@u) +[u,u] =0, in Q, a—v(u) =v(u)=0 onT. (4.30)
n
The von Karman bracket [u, v] is given by

[, V] = UxxVyy + thyyVix — 2UyyVyy.
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The boundary conditions associated with Eq. (4.29) are of “free” type on ' and clamped on I'y:

Au+ (1 —w)Bju=0, on Iy,

d
o-Au+ (1= w)Bou — pyu — pu’ = dj (), on T,

d
u=—u=20, on Iy “4.31)
on

The boundary operators By and B, are given [15] by:

2 2
Biu = 2vivouyy — Villyy — Villyy,

ol
B = - [(vF = v3) ey + vivalatyy —ue)]

where v = (v1, V) is the outer normal to I', T = (—v3, v}) is the unit tangent vector along 9<2. The
operator B in Eq. (4.29) is assumed linear and bounded on L,(£2). The nonlinear function j € C'(R)
is assumed monotone increasing. The parameters ©; and § are nonnegative, the constant 0 < u < 1
has a meaning of the Poisson modulus, and the damping parameter d is positive.

Equations (4.29) and (4.30) of von Karman are well known in nonlinear elasticity and constitute
a basic model describing nonlinear oscillations of a plate accounting for large displacements (see,
e.g., References 15 and 18, where in this last reference damping via free boundary conditions is
considered).

In this subsection we assume that

+ The monotone function j € C'(R) is assumed to satisfy j(0) = 0 along with the following
bounds: there exist positive constants m, M such that

m<j'(s)y<M(I+|s|P"") for seR, 1 <p < oo.
If p > 3, then the following coercivity condition holds
J()s =myls|P7V =, s = 1, (4.32)

for some constants m; > 0,r > 1 and C > 0.

* We assume that I" is star shaped, that is, there exists xo € R? such that
(x —xp)v <0 onTy and (x —x0)v >0 onT}y.
* The operator B € L[L,(£2)] is nonnegative and injective.

* p € Ly(Q) and Fy € HE () when B > 0, where

B]
HE(Q) = {u € HX(Q),u = U =0on rl}.
n

If B = 0 we assume that Fy € H () N Hy ().

The following assertion is proved in Reference 7.
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THEOREM 4.10

Under the assumptions listed above, Egs. (4.29) and (4.30) with boundary conditions Eq. (4.31),
generates a continuous semiflow T (t) in the space H = HFZO(Q) X L,(82), where HFZO(Q) denotes
space of H*(R2) functions subject to clamped boundary conditions on Ty. This semiflow T (t) pos-
sesses a global, compact attractor A provided the damping parameter d is sufficiently large. The
fractal dimension of the attractor A is finite.

In this theorem the proof of finite dimensionality of the attractor A relies on the following “stabiliz-
ability” estimate proved in Reference 7

E(z(t)) < Cie ™ Ez(0) + C3 sup {[z(D)1pciq) + 27}

0<t<t

where z(t) = u(t) — w(t), [u(t), ' (t)] and [w(t), w'(t)] are two trajectories of the problem of
Eqgs. (4.29) to (4.31), which belong to the attractor A4,

E(z(1) = / lz: 1> + a(z, 2)ldxdy
Q
and

AU, V) = UxxVix + UyyVyy + WU Vyy + Uy Vi) +2(1 — p)ucy vy,

is the usual second-order differential bilinear form associated with the free boundary conditions.
The stabilizability estimate referred to above is, again, a special case of stabilizability estimate in
Eq. (4.3), where p(s) = ms and #( needs to be taken sufficiently large.

In this case we apply Theorem 4.5 with g(s) = (I + p)~!(s) and the phase space X = H%O () x
L,(2) x W,(0, T), where

T
W,(0,T) = {z(t) : /O (NzlF2e + N2y + Nzeelly2(qy) df < oo}
with
A= {U = [u(0); u,(0); u(t), 1 € (0, T)] : [u(0); u,(0)] € A},

where u(?) is the solution to the initial problem with initial data [#(0); u,(0)] and with the operator
V : A+ X defined by the formula

Vo [u(0); u (0); u(@)] = [w(T); u(T); u(T +1)].

We refer to Reference 7 for the details.
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Abstract  The object of this paper is to first extend the definition of the uniform cusp property
introduced in Reference 1 to a larger class of dominating cusp functions continuous only at the origin
along with the W!-”-compactness theorem for the family of all subsets of a bounded holdall verifying
that property. The local C°-graphs of sets with a compact boundary verifying a segment property are
further characterized, and such sets are shown to satisfy a uniform cusp property for a dominating
non-negative cusp function that is continuous only at the origin. Those characterizations are used in
the last section to present a new sufficient condition for the compactness of the family of subsets of
a bounded holdall, which are locally C°-epigraphs and whose local C°-graphs are dominated by a
single cusp function. Finally, a streamlined version of the sufficient condition of Reference 3 is also
given as a special case of this condition.

5.1 Introduction

A large class of domains € in RN can be characterized by a local geometric property, the segment
property, which is equivalent to the property that © be locally a C%-epigraph. This property is

IThe research of the first author has been supported by National Sciences and Engineering Research Council of Canada
discovery grant A—8730, by a FQRNT grant from the Ministeére de I’Education du Québec, and by a Fellowship from the
John Simon Memorial Foundation.
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sufficient to get the density of the function space C*¥(Q) in the Sobolev space W7 () for any
1 < m <k, and it plays a key role in establishing the continuity of the solution of the Neumann
problem for the Laplace operator with respect to the underlying domain 2. In the same spirit it
is well known that the property in which a set be locally a Lipschitzian epigraph is equivalent to
the so-called uniform cone property. This property plays a key role in extension theorems and in
establishing the continuity of the solution of the Dirichlet problem for the Laplace operator with
respect to the underlying domain €2. In addition, the family of such subsets of a fixed bounded open
holdall D forms a compact family in all the metric topologies introduced in Reference 1 via distance
and characteristic functions. Unfortunately, this compactness is not true for the weaker uniform
segment property.

The object of this paper is to first extend the definition of the uniform cusp property introduced in
Reference 1 (cf. Section 11 of this chapter) to a larger class of dominating nonnegative cusp functions
continuous only at the origin along with the W!”-compactness theorem for the family of subsets
of a bounded holdall verifying that property. In Section 5.3.3 the local C°-graphs of sets with a
compact boundary verifying a segment property are further characterized, and such sets are shown to
satisfy a uniform cusp property for a dominating nonnegative cusp function that is continuous only
at the origin. Those characterizations are exploited in the last section to present a new compactness
theorem for the family of subsets of a bounded holdall, which are locally C-epigraphs and whose
local C°-graphs are dominated by a single cusp function. A streamlined version of the sufficient
condition of Reference 3 is also given as a special case of that theorem.

NOTATION 5.1

Given an integer N > 1, my and Hy_y will denote the N-dimensional Lebesgue and (N — 1)-
dimensional Hausdorff measures. The inner product and the norm in RN will be written x -y and
|x|. The complement {x € RN : x ¢ Q} and the boundary Q N CQ of a subset Q of RN will be
respectively denoted by 02 or RN \Q and by 3 or T'. The distance function d4 (x) from a point x
to a subset A # @& of RN is defined as inf {|y — x| : y € A}.

5.2 Preliminaries
5.2.1 Topologies on Families of Sets

We first introduce some notation and recall a few results on metric topologies defined on spaces of
equivalence classes of sets constructed from the characteristic function or the distance and oriented
distance functions to a set.

Given Q c RN, T #+ O, the oriented distance function is defined as

bo(x) € do(x) — dgg (x). (5.1)

It is Lipschitz continuous of constant 1, and Vbg, exists and |Vbg| < 1 almost everywhere in RN,
Thus bq € Wll,’c”(RN) for all p, 1 < p < oo. Recall that b}, = dg, bg = dgg, and |bg| = dr,
and that x;.o = |Vdgal, Ximca = |Vdal, and x = 1 — |Vdr| a.e. in RN, where x , denotes
the characteristic function of a subset A of RN. Given a nonempty subset D of RY, the family
Cy(D) = {bg :QCcDandT +# @} is closed in W!? (D). The following theorem is central. It
shows that convergence and compactness in the metric on Cj, (D) associated with W'-? (D) will imply
the same properties in the other topologies introduced in Reference 1 (Chapter 5, Theorem 5.1).
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THEOREM 5.1
Let D be a bounded open subset of RN. The map

ba > (bg, by, Ibal) = (dg, dog, dig) : Cp(D) C W'(D) - W'P(D)? (5.2)
is continuous and for all p, 1 < p < oo, the following maps are also continuous

bo > (Xaas Ximas Xinte): W'P(D) — LP(D)*. (5.3)

5.2.2 Segment Properties

An open segment between two points x and y of RN will be denoted

o) B tr(y—x) ¥, 0<1 < 1.

DEFINITION 5.1 Let Q be a subset of RN such that 9Q # @.

1. Q is said to satisfy the segment property if
Vx €9, Ir>0, 3 >0, 3d R, |d| =1
such that
Vy e B(x,r)NQ, (y,y+Aid) CintQ.
2. Q is said to satisfy the uniform segment property if
3r >0, 31 > 0 suchthat Vx € 92, 3d e RN, |d| =1
such that
Vy e B(x,r)NQ, (v,y+Aid) CintQ.
THEOREM 5.2 (Reference 1, Chapter 2, Theorem 7.2)

If 02 is compact, then the segment property and the uniform segment property of Definition 5.1
coincide.

5.3 Extension of the Uniform Cusp Property
5.3.1 Extended Definitions

The uniform cusp property introduced in Reference 1 (Chapter 5, Section 11) was specified by a
continuous function /4 : [0, p[ — R such that

h(0) =0, h(p)=xr, V0, 0<0<p, 0<h@®) <A 5.4)

Recall that with % of the form h(8) = A (6/p)%, 0 < a < 1, we recover the uniform cusp property
for 0 < o < 1 and the uniform cone property fora = 1, p = A tanw and h(0) = 6/ tan w, which
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corresponds to an open cone in 0 of aperture w, height A, and axis ey = (0,...,0, 1). Letting
H = {ey}?, it corresponds to the following open region in RY

O={¢'4+¢yey : {'€H, || <p and h(Z']) <y <A}, (5.5)

which contains the segment (0, Aey) but not 0.
This suggests to extend the family of functions / to the larger space

H {h : [0,00[ - R : h(0) = 0 and & is continuous in 0} (5.6)

by associating with & € H, p > 0, and A > 0 the axi-symmetrical region

def

CA h,p) = {§’+§N6N 2 e H, || < p, limsup h(|Z') <Cy < k} (5.7)

around the axis ey in RN as can be seen from the next lemma.
LEMMA 5.1

Given p > 0, A > 0, and h € H, the region C(A, h, p) contains the segment (0, Ley), does not
contain 0, and is open.

PROOF By definition

(0, rey) C {{NeN 0= S1/1_rf10 h(ED) <Cy < A} C C(A, h, p),

because £(0) = 0 and # is continuous in 0. Also 0 ¢ C(A, h, p) because it would yield the
contradiction 0 = limg—o A(|&']) < ¢y = 0. To show that C(%, h, p) is open, we fix a point
.=+ ¢yen € C(A, h, p) and construct a neighborhood of ¢ contained in C (A, k, p). Let

e=Cy—1o >0, I, Llimsup h(&]).
=7

By definition of the limsup there exists p > 0 such that

sup  h(|E']) <l +¢/2.
&'eB('.p)
&£

Forall §' # ¢'in B(¢', p) and py = min{|g' — ¢'|, p — |§' = ¢'l} > 0

B(. pe) C B, p) = Iy <1y +¢/2, Ty < limsup A(n')).
n—§

For all £ € Rsuch that [£y — ¢ ] < £/2, we get
lo =&y =1y =iy +le —lp+ Ly — &y
=—e+ly—lo+ 1ty —Enl<—e+6/2+6/2=0
= §/+§N6N € C()"ahv Io)a

B(¢, min{p, £/2}) C C(A, h, p) and C (A, h, p) is open. I
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Given a direction d € RV, |d| = 1, the rotated region is defined as

COotp.d) )y gy, [PrOl < pand .
s, 0,d) =Y : limsup h(|Py,(M)|) <y-d <A ) .

where H; = {d}* is the hyperplane through 0 orthogonal to the direction d.
Recall the definition of the orthogonal subgroup of N x N matrices

ON)E(A: AA=A"A=1) (5.9)

where *A is the transposed matrix of A. If ey = (0,...,0, 1) is given in RN, a direction can be
specified by either a matrix (of rotation) A € O(N) or the corresponding unit vector d = Aey € RN,
In view of this, there exists a matrix A € O(N) such that d = Aey and hence C(A, h, p,d) =
AC (X, h, p). Finally, the translation of C (4, h, p, d) to the point x will be denoted

CoOuh, p,d) S x £ C b, p,d).

LEMMA 5.2
Forallh >0,p>0,heH, andx € RN, the regions C (A, h, p) and C (X, h, p, d) are nonempty
and open. Moreover the segment (x, x + Ad) is contained in C, (A, h, p, d).

The function & will be referred to as a cusp function and the space H as the space of cusp
functions. The definition of the uniform cusp property in Reference 1 (Chapter 5, Section 11) can
now be extended to the larger family H.

DEFINITION 5.2  Let Q be a subset of RN such that Q2 # @.

1.  is said to satisfy the local uniform cusp property if
Vx€dQ, FheH,In>0,3p>0,3r >0, 3d eRY, |d| =1,
such that
Yy e B(x,r) N Q, Cy(A, h, p,d) CintQ.
2. Given h € 'H, 2 is said to satisfy the h-local uniform cusp property if
VxedQ, IrA>0,3p>0,3r>0, 3d R |d =1,
such that
Vy € B(x,r) N Q, Cy(A, h, p,d) CintQ.
3. Qs said to satisfy the uniform cusp property if
JheH,In>0,3p>0,3Ir >0, VxedQ, Id RV, |d| =1,
such that
Vy e B(x,r)NQ, Cy(\ h,p,d) CintQ.

The three cases of Definition 5.2 differ only when 92 is not compact.
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THEOREM 5.3
If 02 is compact, then the three uniform cusp properties of Definition 5.2 coincide.

PROOF It is sufficient to show that the local uniform cusp property implies the uniform cusp
property. Because 9<2 is compact, there exists a finite open subcover {B;}" |, B; = B(x;, ry,), of 9Q
for some finite sequence {x;}/ | of points of 92. We now claim that

Ir >0,Vx €0, 3i,1 <i<m, suchthat B(x,r) C B;.
Define
A% min Ai P & min p; and h(0) &l ax h; ().
1<i<m 1<i<m 1<i<m

Therefore, for each x € 02, there exists i, 1 < i < m, such that B(x, r) C B; and hence there exists
d; = d,,, |d;] = 1, such that

Vyeﬁﬂ B;, Cy()»,-,h,-,,oi,d;)cintQ.
Because B(x,r) C B; and C(A, h, p,d;) C C(A;, hi, p;, d;), forall z € C(A, h, p, d;),
limsup 2; (| Py (Z)]) < limsuph(|Py(Z)]) < z-di < A < A;,

7>z >z
we finally get
Vy € 5 N B(-x7 r), Cy()"» h, P dl) C Cy()"i’ hiv Pi>s dl) C int Q.
So we pick d, = d;, and we conclude that 2 has the uniform cusp property. I

5.3.2 Compactness as a Special Case of the Uniform Fat Segment Property

It turns out that the uniform segment property is too weak or too meager to yield the compactness
of the corresponding family of subsets of a bounded holdall D of RN (cf. Reference 1, Chapter 5,
Example 11.1, p. 256). This suggests fattening the open segment (0, Aey) by replacing it with the
uniform cusp property.

Given a bounded open subset D of RN, p>0,A>0,r>0,and h € H, consider the family

— Q satisfies the uniform CuSp} (5.10)

def
L(D,Ah,p,r)=<Q2CD
( pir) { property for (A, h, p, 1)

in the sense of Definition 5.2 (3). The compactness Theorem 11.1 (Reference 1, Chapter 5) readily
extends to H.

THEOREM 5.4
Let D be a nonempty bounded open subset of RN and 1 < p < co. Given p > 0, A > 0, and h € H,
the family

B(D, Ak, p,1) X ibg : VQ € L(D, Ak, p, 1)}

is either empty or compact in C(D) and W'P (D). As a consequence the families

By(D, 2k, p, 1) & {de 1 VR € L(D, A, h, p, 1)},

BS(D, A h, p,r) £ {dgg = VR € L(D, A, h, p, 1),
BID.ah, p.r) E {dyg : VQ € L(D, A, h, p. 1)}
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are compact in C(D) and W'P (D), and the following families are compact in L (D)

XD, h b, 0,1) L {xq : VR € LD, A by p, 1)),
XD, Mk, p, 1) E {xoq : YR € L(D, A h, p, 1)}

The proof of the theorem will require the following two lemmas.

LEMMA 5.3 .
Given a bounded open subset D of RN, let {Q,} be a sequence of subsets of D such that 9, # @
and m(3K2,,) = 0. Further assume that there exists Q@ C D such that 3Q # @ and m(3Q2) = 0. Then

bgo, — bg in WI’Z(D)—weak = bg, = bgin Wl’z(D)—strong.

PROOF Because, foralln > 1,m(9€2,) = 0 = m(9R), |Vbg| = 1 = |Vbg, | almost everywhere
in D (cf. Reference 1, Theorem 3.2, p. 215). As a result

/ |Vbg, — Vbg|*dx = / |Vbg, |* + |Vbg|* — 2Vbg, - Vbg dx
D D

:2/(1—Vb9” - Vbg)dx — 2/(1—|Vb9|2) dx =0.
D D

Therefore Vbg, — Vbg in L*(D)"-strong and bg, — bg in W'2(D)-strong, because the conver-
gence bg — bg in L*(D)-strong follows from the weak convergence in W!2(D).

LEMMA 5.4 (Reference 1, Chapter 5, Section 10, Lemma 1 0.1)
Given a sequence {bg,} C Cp(D) such that bg, — bg in C(D) for some bg € Cyp(D), we have the
following properties:

VxeQ, VR>0, 3IN(x,R) >0, vn> Nx,R), Bkx,R)N, # I,

and for all x € [k}
VYR >0, 3IN(x,R)>0, Vn> N(x,R), B(x,R)NCQ, #* J. (5.11)
Moreover,

Vx €0, VR>0, INx,R) >0, Vn> N(x, R),
B(x,R)NQ, #@ and B(x,R)NCQ,) # 2,

and B(x, R) N 02, # @.

PROOF OF THEOREM 5.4  If the family L(D, A, h, p, r) is empty, there is nothing to prove.
Assume that it is not empty.

1. Compactnessin C(D).Because forall Qin L(D, A, h, p, r), Qislocally a C°-epigraph, Q2 #
J, bg € Cp(D), and m(9€2) = 0. Consider an arbitrary sequence {2,} in L(D, A, h, p, ).
For D compact C, (D) is compact in C (D) and there exists Q € D and a subsequence {2, }
such that bQ”k — bg in C (D). It remains to prove that Q € L(D, A, h, p, r):

Vx € 02, 3A € O(N) such that Vy € QN B(x,r), y+ AC(A h, p) Cint Q2.
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From Lemma 5.4, for each x € 92, Vk > 1, In; > k such that
r
B(x, ?) NOQ,, # 2.
Denote by x; an element of that intersection:
r
V=1, xe B(x, ?) N8Q,,.

By construction x; — x. Next consider y € B(x,r) N Q. From the first part of the lemma,
there exists a subsequence of {€2,, }, still denoted {€2,, }, such that

Vk > 1, B(y, %) NQ, # 2.

For each k > 1 denote by y; a point of that intersection. By construction
Y € Qy —> vy €QNB(x,r).

There exists K > 0 large enough such that for all k > K, y; € B(xg, r). To see this, note that
y € B(x, r) and that

30 >0, B(y,p) C B(x,r) and |y—x|+§<r.

Now

Ive — x| < vk — yI+ 1y —x[+ |x — xxl

r p r r P
§?+r—§+?§r+{2k7_]—§} <r.
Because r/p > 1 the result is true for
rooop

So we have constructed a subsequence {€2,, } such that for k > K
X €0Q, —> x €02 and y € Q,, N B, r) >y € QN B(x,r).

For each k, 3A; € O(N), Ay *Ay = *Ax A = 1, such that y, + Ay C (X, h, p) C int 2, . Pick
another subsequence of {€2,, }, still denoted {€2,, }, such that

JAeON), A"A="AA=1, A,— A.
Now consider z € y + AC(X, h, p). Because y + AC(A, h, p) is open
dp >0, B(z,p) Cy+ AC(A,h, p),
and there exists K’ > K such that

sz K/5 B(Z7 p/z) CYk"‘AkC()&,h’ 10) Clnthk ZECana
= CB(z,p/2) DCQ\ = 0<p/2=dgpq pn () < dgg, (2) = dgo(z)
= 0<p/2<daz) = zellQ=intQ = y+ AC(, h, p) CintS.

This proves that Q C D satisfies the uniform cusp property [Q2 € L(D, A, h, p, r)].
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2. Compactness in W7 (D). From the discussion prior to Theorem 5.1 it is sufficient to prove
the result for p = 2. Consider the subsequence {£2,,} C L(D,A,h,p,r) and let Q €
L(D, X, h, p,r) be the set previously constructed such as ank — bg in C(D). Hence
bQ”k — bg in L?(D). Because D is compact for all @ C D

/ lbe,, |*dx < / diam(D)? dx < diam(D)>m(D),
D D

[ 1vba, Pax < [ ax=mo),
D D

and there exists a subsequence, still denoted {bg,, }, which converges weakly to bg. Because

all the sets are locally C°-epigraphs, m(3€2,,) = 0 = m(dQ) and, by Lemma 5.3, bg, — be
in W12 (D)-strong.
3. The compactness of the other families follows from the continuity of the maps
bg > (b5, by, |bal) = (de. dgg. dig) : Cp(D) C C(D) — C(D)’
in Reference 1, Chapter 5, Theorem 2.1 (iii), p. 207 and

bo > (b, by, |bal) = (dg, dgg, dse): Ch(D) C WHP(D) — WP (D)?,
bo > (Xsa» Ximas Xinta): W"P(D) — L?(D)’

in Reference 1, Chapter 5, Theorem 2.2 (iv) and (v), p. 226, and the fact that m(d2) = 0
implies Xino = Xq and Xinco = Xcog almost everywhere for Q2 € L(D, A, h, p, ).

5.3.3 Uniform Cusp Property and Local C’-epigraphs

A set having the segment property has an (N — 1)-dimensional boundary and is locally a
C'-epigraph in the following sense.

DEFINITION 5.3 Let Q be a subset of RN such that 3Q # @. The set Q is said to be locally a
CC-epigraph, if for each x € dSQ there exist

1. An open neighborhood U(x) of x
2. Adirection ey(x) € RN, |ey(x)| = 1, and the hyperplane H (x) = {en (X))}
3. A bounded open neighborhood Vi (xy of 0 in H (x) such that
Ux) C{y € RY 1 Pyy(y — x) € Vi), (5.12)
where Py is the orthogonal projection onto H (x) and

4. a C%-mapping a,: Vi) — R such that

, 7" € Vaw
UX)NIV=<x+¢ +Cyen(x): , (5.13)
CN Zax(é‘)
) , "€ Vhw
UX)NIintQ =UKX) NS x + ¢+ Eyen(x) : - (5.14)
EN > ax(é‘)
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NOTATION 5.2

Given the unit vector ey € RN and the hyperplane H = {ey}*, there exists A, € O(N) such that
en(x) = Asey, H(x) = A H, and Vi) = Vau = Ay Vi for some V., C H. It will also be useful
to introduce the mappings a, = a, o A, : Vy, — R defined on V, in the fixed hyperplane H.

We quote Theorem 7.3 in Chapter 2 of Reference 1.

THEOREM 5.5

1. If Q satisfies the local uniform cusp property, then  is locally a C-epigraph. Let h, € H be
the function, ry > 0, p, > 0, and A, > 0 the parameters, d the direction, and H (x) = {d )+
the hyperplane through 0 orthogonal to d, associated with the point x € 0K2. Then there
exists P,

0 <P, < ro = min{ry, A./2), (5.15)
which is the largest radius such that
Bri(1)(0.7,) C {Pucy(y = x) : Vy € B(x,ry) N0Q} .

The neighborhoods of Definition 5.3 can be chosen as

def _
Ve = Buw(0,p,) and

o (5.16)
Ux) = Bx,rym) N {y Py —x) € VH(x)}a

where By (0, p,) is the open ball of radius D, in the hyperplane H (x). For each ' € Vi),
there exists a unique y, € Q2 NU(x) such that Py (v — x) = ¢’ and the mapping

¢ ay@)E (v —x)-de: Vi — R

is well defined, bounded,
V¢ € Vi, lax (@) < 1, (5.17)
and uniformly continuous in Vi (x). Moreover
my[0Q2 NU(x)] =0, (5.18)
where my is the N-dimensional Lebesgue measure.

2. Conversely, if Q is locally a C°-epigraph, Q and U2 satisfy the segment property.

The next theorem sharpens and completes Theorem 7.4 (i) in Chapter 2 of Reference 1 by making
the connection with the uniform cusp property.

THEOREM 5.6
Fix H = {ey}*. Let Q be a subset of RN such that 3Q # @.

1. IfdQ is compact and Q has the segment property, Q is locally a C°-epigraph with the following
properties. In each point x € 0K2, the associated neighborhoods Vi .y of 0 in H (x) and U (x)
of x in RN and the function a, can be chosen with the following properties: there exist bounded
open neighborhoods V of 0 in H and U of 0 in RN such that for each x € 3K there exists
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A, € O(N) such that ey(x) = Ayey, H(x) = A H, Vyuy = AV, andU(x) = x + A, U.
The family of bounded uniformly continuous functions a, : Vi) — R can be chosen in such
a way that the family a, = a, o Ay : V — R be (uniformly) equicontinuous with respect to
x € 0%, and there exists a nonnegative function h € H such that

Vx € 9Q, V¢ eV, a9 < h(¢']) (5.19)
VE Ly €V, 8y =8 €V, ac(E) — ad§y)] < limsup (¢, — ¢4l (5.20)
(note that limsup h also belongs to H). Moreover 2 satisfies the uniform cusp property of

Definition 5.2 (3).

2. IfQislocallyaC O-epigraph andthere exists A, € O(N) such that A;l (U (x)—x) isindependent
of x € 0%, then there exists r such that, for all x € 92, B(0,2r) C U(x) — x and Q2 satisfies
the uniform segment property for the pair (r', \') = (r, r).

PROOF

1. Inview of the compactness of 9€2, we know from Theorem 5.2 that there exists A > Oandr > 0
such that Q verifies the uniform segment property. So the conclusions of Theorem 5.5 (1) hold
with ry, = r, Ay = A, ryy = 1, = min{r, 1/2} for all x € 9Q2. To each x € 92 is associated a
matrix A, € O(N), aradius p,,0 < p, < r;, and a bounded uniformly continuous function a,

defined on Vi) = B ) (0, p,) such that 9€2 is locally the graph of a, in the neighborhood
Ux) = Bx,r)N{y : Pau(y —x) € By (0, p,)}

of x. Note that, by construction, B(x, p,) C U(x) and that
Ux) —x = A {B©0,r) Nz : Pu(z) € Bu(0, p,)1}

depends only on r, and p, up to a rotation around the origin.

(a) Constructionofthe neighborhoods V., andU'(x) and the maps a;,. Because the mappings
a, : By(0, p,) — R are uniformly bounded by r;, continuous in 0, and a,(0) = 0, for
eacha, 0 < o <r,/2, there exists p’, 0 < p\. < p,/2, such that

V¢ e By (0, p)), 1ac(¢)| < /2. (521

The family {B(x, p/,) : x € 92} is an open cover of d2. Because 9<2 is compact, there
exists a finite sequence {x;};_; of points of €2 such that {B; = B(x;, 0} ) : | <i < m}
is a finite subcover of d€2. At each point x;, 2 is locally the graph of the function
a; = ay, : By (0, p;i) — Rin U; = U(x;). By the same technique as in the proof of part
(i) of Theorem 5.1 in Chapter 2 of Reference 1,

dp >0, VxedR, 3i,1=<i<m, suchthat B(x, p) C B;.

Hence |x — x;| < p) — p and p < p) . Define the following neighborhoods of 0 in H
and RN

VEBL0,0) and UE {¢' +¢yen: ¢ € By(0,p). [ty] <al.

For each x € 0€2, there exists i, 1 <i < m, such that B(x, p) C B;. Define

VISV, ASA, UWEx+AU, Vi, AV

a' @) € (P (x — x1) + &) — @ (Prgey (x — x1))
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(b)

(c)
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and recall that, by construction of @; and the fact thatx € dQN/ (x;), we have a; (Pg(x,) (x —
xi)) = Ayey - (x — x;). Itis readily seen that V and A ' (U’ (x) — x) are independent of
x € 0L2. Moreover

V¢ e By(0,p), la ()l <«
and the new neighborhoods and maps satisfy the properties of Definition 5.3.

Construction of h € 'H. Define the functiona : V — R as

def _
a(v) = sup la,(v)|.
x€d2

Note that @, (0) = 0 implies a(0) = 0. By uniform boundedness, the mapping a is well
defined everywhere in V and

Vx €9, 0<l|a,(v)|<a@)<a<r/2.
Moreover a is continuous: for any v; and v,

la,(v)| < la,(v2) —a,(vi)| + la,(v1)]

sup |a,(v2)| < sup |@,(v2) —a,(v)| + sup |a,(vi)|
x€0Q xX€EIR2 X€EIR2

a(vy) < Sua% |a, (v2) —a, (vl +avy). (5.22)

By equicontinuity of @, for all ¢ > 0, there exists § > 0 such that

Vx €9, Vvi,va eV, |va—vi| <8 = la.(va)—a,(v)| <e.
= VYWi,neV, v—vl<d = alv)<etalv)

and by interchanging the role of v; and v, in Eq. (5.22)

YWi,va €V, |va—vil<d = a(v) <e+a(vy)
= WLweV, [v—vi<d =lalv)—al)| <e

and a is uniformly continuous on V. Therefore the function ¢ — a(6¢) is continuous on
{¢ € H : |¢]| = 1} and bounded by @ < r; /2. Hence the function

def
ho) = 0
@) {egﬁlﬁ:la( %)

is well defined and non-negative in [0, p[, and h(0) = 0. Moreover, by continuity of a in
0, & is continuous in O: for all ¢ > 0, there exists 0 < § < p, such that

v—-0]<déd= law)|=la(v) —a)| <e¢
= V0,0=<60 <34, Vg|=1, laF)]=]a(0¢)—a0)]<e
= V0,0<6 <38, |h®)—h0)|=hO)= . fin?;)(\—l la(@¢)] < e.
Thus h € Hand forallx € 9Qand ¢ € V,0 < |a,(¢)| <a(¢) < h(|¢]) < a.

Inequality (5.20). Consider the region

def

Cla, h, p) =

¢ € By(0, p) and } 523

{; FENEN i sup h(IZ) < £y <
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To each x € 9Q2 and ¢ € C(w, h, p) associate the point

Ve Ex+ AL+ cyen) €U X)NAT =U'(x) NintQ C int Q
AT S x4 A +Cyey): L€V and ¢y >al(C)) (5.24)
because Py AL (y; —x) =¢' € By(0, p), h = 0,and hence 0 < ¢y < a.
Fix ¢"and & in V = By (0, p) such that &' # ¢’ and |’ — ¢’| < p. By construction
Vo =x+ A (&' +a(ey) € 0QNU (x)
Ve =x+ A (E +a (Nen) € 32 NU (x)
and y,» # yg. By the property of Eq. (5.24), y,» + AC(a, h, p) C int2 and, because
Y € 08, y& ¢ yo + A:C(a, h, p). This means that yz — y,» ¢ AC(a,h, p) or
equivalently &' — ¢" + (a.(§") — a,(¢"))en ¢ C(a, h, p). Therefore, for all " and &’ in
By (0, p) such that |§' — ¢’| < p, either
limsup h(I§" = ¢') > (ve — yo) - Aven = @, (§) — a, (&)
or0 <a < (yz — y;) - Arey = a, (&) —a,(¢").
But the last inequality would contradict the continuity of a/,. Therefore
a, (&) —a, (&) <limsup h(|§' —¢')).

A similar inequality is obtained by interchanging the role of ¢’ and &’ in the above proof.
This establishes Eq. (5.20) for all ¢’, &’ € By (0, p) such that |’ — /| < p.

(d) Uniform cusp property. Consider the region

def

Cla,h,p/2) & (5.25)

limsuph(|¢']) < ¢y <«

"€ By (0, p/2 d
{{,HM:@G 4(0, p/2) an }

Note that by continuity of 4 in 0 and the fact that h(0) = 0, C(x, h, p/2) # &. The
uniform cusp property of Definition 5.2 (3) is verified with the parameters (', A', o', h’) =

(p/2, 0, 0/2, h).

2. Similar to the proof of Theorem 7.4 (ii) in Chapter 2 of Reference 1. I

5.4 Sufficient Condition on the Local Graphs for Compactness

We have seen in the proof of Theorem 5.6 (1) that for a set 2 with compact boundary verifying
the segment property, the uniform cusp property is verified for some parameters (r, A, p, h%?),
which depend only on 2. Moreover, the neighborhoods Vf}(x) and U%(x) can be chosen as follows:

Vit = AZVE U () = x + ATU® (5.26)

for some bounded open neighborhoods V< of 0 in H and U of 0 in RN and some matrix A% (x) €
O(N). Moreover, the family of mappings

AT E (G2 —a® 0 AR VY 5 R Vx € 9Q) (5.27)

is equibounded and equicontinuous.
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This suggests formulation of a sufficient condition for compactness on the local graphs of a family
of domains contained in a holdall D.

THEOREM 5.7
Fix p > 0 and a bounded open neighborhood U of 0 such that

Uc{ceRY: Py@) e By0,p)}, VEBLO,p). (5.28)

Given a bounded open nonempty subset D of RN, consider a family L(D, p, U) of subsets . of D
with the following properties: for each Q € L(D, p, U) and

Vi €dQ, Ux) € x4 A%U, (5.29)
there exist A% € O(N) and a C-mapping a$t: v — Rsuch that

U NI = {x+ A (' +¢yen) 1 ¢ eV, ty=al(ch}

(5.30)
U ) NIt Q = U x) N {x + A"+ yen) i €V, ¢y > at (@)}
1. Assume that there exists h € H such that
VQ e L(D,p.U), Vy eV, a%(y) <limsup h(|y|) (5.31)

and let r > 0 be such that B(0,4r) C U. Then each 2 of L(D, p, U) satisfies the uniform
cusp property for the parameters (r®, X2, p%, h%) = (r, r, 2r, h), which are independent of
Q. Hence the family

B(D, p,U) o {bq : YQ € L(D, p, U) that verifies Eq. (5.31)}

is compact in C(D) and W"P(D), 1 < p < oo.

2. Assume that the family of mappings
AY(a%:V S R:V¥QeL(D,p,U) and Vx € dQ} (5.32)
is equicontinuous. Then there exists a nonnegative h € H such that
VQ e L(D,p,U), VyeV, |szc2(y)’ < limsup A&(]yl). (5.33)

Hence condition of Eq. (5.31) is verified and the conclusions of part (1) are true.

PROOF

1. The sets Q are clearly local epigraphs of the C°-mappings {a% : Vx € 9} in the sense of
Definition 5.3.

(a) A first inequality. By assumption of Eq. (5.28), B(0, 4r) C U implies 4r < p. Consider
the region

def

C(r,h,2r,) = {é” +¢yen ¢ € Bg(0,2r) and limsup h(|¢']) < ¢y < r}.

Fix Q € L(D, p, U). For convenience we now drop the superscript €2. For instance, we
write U/ (x) and A, instead of /% (x) and Afcz. For any ¢ € C(r, h, 2r,), consider the point
e = x + A (¢’ + ¢ yen). It is readily seen that |y, — x| = [¢] < /(2r)2 + 7% < 3r,
that y, € U(x), and that y, € U(x) N Al because, by assumption (5.31), a,(¢") <



(b)
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limsup A(|¢']) < ¢y forall ' € V = By (0, p) (4r < p). Hence y, € U(x) N AT =
Ux) Nint 2 C int 2 and

Vx €99, x+A.C(rh,2r) CintQ. (5.34)

Given ¢’ and &' in By (0, 2r), consider the two points

Yo x4+ A(C + @ (¢ey) € AL =U(x) N IQ,

Ve & x + A (E +a,(Eey) € AL =U(x) N OQ.

Because y; and y,- belong to U/ (x)N0 <2, ye does notbelong to y, +A,C(r, h, 2r,) C int Q2
or equivalently yz — y.» ¢ A C(r, h, 2r,). Hence

§ = ¢+ @) —acNen = AT (e = yo) ¢ C(roh, 2r).
For |§'—¢’| < 2r, this is equivalent to say that one of the following inequalities is verified:
limsup h(l" — ') = Aven - (ve — yp) = ax(§) — ax(¢")
or r<Acey- (g — ) = ax(§) —a. ()

by definition of @, and that & — ¢’ € By (0,4r) C By(0, p) = V. But the second
inequality contradicts the continuity of a,. By interchanging the roles of &’ and ¢’, we get
a second inequality that yields

Vé/a ;’ € BH(Oa 2"), |E/ - C/| < 2}",

o . (5.35)
lax(§') — a.(¢)| < limsuph (I§" = ¢')).

The uniform cusp property. Consider the region

def

C(roh,r) ={¢' +tyey: ¢ € By(0,r)and limsup h(|Z']) < ¢y <r}.

Clearly C(r, h,r,) # @ because h(0) = 0 and % is continuous in 0. The uniform cusp
property is verified with the parameters (v, A/, 1/, p') = (r,r, h, 1).

. Because the family A is equibounded, the mapping

def _
a(y) = sup g (y)| (5.36)
QeL(D,p,U), xed

is well defined on V,VQ2 € L(D, p, U), Yx € 3R, 0 < |a%(y)| < a(y) < c¢,and a*(0) =0
implies a(0) = 0. It remains to show that it is continuous

a2 (2)| < |af @) —agm| +|ad )|
sup |aP()| < sup )!a)?(z)—a?(y>|+ sup |ay ().

QeL(D,p,U) QeL(D.p,U QeL(D,p,U)
YxedQ YxedQ VxedQ

By equicontinuity for y € V and ¢ > 0, there exists § > 0 such that

VQ e L(D,p,U), Vx €dQ, VzeV, lz—yl <8 = |al@ —al(y)|<e.

Hence

VzeV, |lz—yl<d = al@ <e+a(y)
= VzeV, lz—yl<d, =la@ —aly)l=<e,
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and a is continuous on V. By the same technique as at the end of the proof of Theorem 5.6 (1),
the function

O max a0
{'eH, |¢'|=1

is well defined and belongs to . Finally, by continuity of @ and a,
VQ € L(D,p,U), ¥x €09, ¥¢' eV, 0<af)| <a ) <limsuph(|¢'])
and the condition (5.31) of part (1) is verified. I
REMARK 5.1 Condition (2). is a streamlined version of the sufficient condition given in Refer-
ences 3 and 2. Condition (1). relaxes the equicontinuity condition to the simpler dominating condition:

existence of a (cusp) function 4 continuous in 0, which dominates all the local C°-mappings on the
side of the epigraph.
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Abstract  Garding’s inequality for pseudodifferential operators on manifolds with boundary is
discussed. The pseudodifferential operators are restricted to operators that are differential in normal
direction. Through the technique of symbol smoothing, the main results are shown to hold for symbols
with limited smoothness. As an application, general Carleman estimates with boundary terms for
elliptic operators as well as for operators with real principal symbols are proved.

6.1 Introduction and Main Result

Garding’s inequality is one of the classical results of pseudodifferential calculus. Given an open
set X C R" and a symbol b € S>"(X x R") such that Rb(x, &) > C|£|? for some positive constant
C and |&| large, there exist two positive constants ¢ and d such that

R(b(x, Dyu, u) > cllul?, — d||ul* (6.1)

for every u € C§°(X) (see Reference 8, p. 55). Here (-, -) denotes the L, inner product, || - || is the L,
norm, and || - ||,,, is the norm in the Sobolev space H™. This estimate has proved to be useful in many
problems concerning partial differential equations, in particular in the theory of elliptic operators.
There exist also stronger versions of the estimate in Eq. (6.1) such as the sharp Garding inequality
and the Fefferman-Phong inequality (see Reference 3, Chapter 18, and Reference 1).

In this note we like to discuss Garding’s inequality for manifolds with boundary. In other words,
we ask the question, what happens to the inequality in Eq. (6.1) if the function u is not compactly
supported in X ? This problem has received surprisingly little attention in the past 40 years. Sakamoto
developed a Gérding inequality with boundary terms in her work on hyperbolic problems (see
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88 Garding’s Inequality on Manifolds with Boundary

Reference 4, Section 1.2), and Tataru proved a similar result when proving Carleman estimates with
boundary terms (see Reference 6, Section 3). Here we will give a more systematic treatment of this
problem.

In the following discussion we will assume that X C R” is an open, connected set with a smooth
boundary 9X. Local coordinates and a partition of unity will allow us to focus on the special
case X=R} ={x € R":x, > 0} with 0X={x € R":x,=0}. Accordingly, we will set x' =
(x1, X2, ...x,—1), and we split the Fourier variable also into tangential and normal variables (i.e.,
& = (¢, &,)). Because all the arguments given in this paper are of local nature, the main results are
also valid on Riemannian manifolds with boundary.

In the sequel, we will also need the Sobolev spaces H* = H*(R"), H*(X), and H*(9X). Given
s € R, the space H* is the space of all distributions such that

1/2
lulls = ((271)—" / <s>2$|a<s>|2ds) <00 (6.2)

where i denotes the Fourier transform of u and (§) = /1 + |£|%. We say that v € H*(X) if there
exists a functionu € H® such thatv = u on X. The space H*(X) is equipped with the quotient norm

Vil = inf {llully :u € H', u=vonX}.

Furthermore, the space H*(R"~!) = H*(3X) is the Hilbert space with the norm

1/2
uls = ((ZJT)”+1 /(E')zslﬁ(s/)|2d$/> .

We will also need to work with some anisotropic Sobolev spaces. Given two real numbers k and s
we say that u € H*S if

lull; , = @m)™" / & ENV"1aE) | dE

is finite. Of course, | - ||z, is @ norm in H**. The space H**(X) is defined as a quotient space, and
its norm is denoted by || - || (x.s)-

We will make use of the symbol classes used in pseudodifferential calculus. More specifically,
we say a € SK(X x RY) ifa € C*®(X x R") and if for all multiindices o and 8 there exist positive
constants C = C(«, 8) such that

|Dg¢Dla(x, &)| < Cla, p)(€)'* forallx € X and & eR". (6.3)

We will also make use of symbols with limited smoothness in x. The set C"S¥(X x R") denotes
the set of C” functions on X with values in C*°(R") such that there exist positive constants C («, )
such that inequality of Eq. (6.3) holds for all multiindices « and |8| < r. For later purposes we will
also introduce symbols that are polynomial in the &, variable. We say a(x, £) € C"S™*(X x R") if

a(x,f) = Zaj(x,%‘/)é:’]; and aj(X,é/) c CrSm+k—j(X % Rn_l).
j=0

In the case of compactly support functions u, the L, inner product (a(x, D)u, u) is commonly
used in the formulation of Géarding’s inequality. This is very convenient because the correspondence
between the symbol a(x, &) and the operator a(x, D) is one-to-one. When we consider functions
supported up to the boundary, we need to modify this setup because we cannot use adjoint operators
as freely. We have to distinguish differentiation in normal direction vs. differentiation in tangential
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direction. For this purpose we introduce quadratic forms involving pseudodifferential operators that
are polynomial in normal direction.

DEFINITION 6.1 Givenu € H"(X), we say that
v v
B(u,u)x =Y (p'(x, Dyu, ¢'(x, Dyu)x = / p'(x, D)ug'(x, Dyu (6.4)
=1 =1 /X

is a quadratic form of order (i, m, 2k) with C" coefficients provided p' (x, £), q' (x, &) € C"S™k(X x
R™) and q' (x, ) p' (x, &) € C"S*H(X x R") forl = 1,2, ...v. The symbol of a quadratic form is

b(x, &) =Y q'(x,E)p(x,£).

=1

We see that the correspondence between quadratic forms and symbols is not one-to-one. Differ-
ent quadratic forms can have the same symbol. For example, the quadratic forms (Vu, Vu)x and
(—Au, u)x have both the symbol |£|%. Our main result is the following.

THEOREM 6.1
Assume b(x, &) € C'S?0(X x R") satisfies

Rb(x, &) > CEY?™  forall (x,&) € X x R" (6.3)

where C is a positive constant. Then, for every quadratic form B(u, u)x of order (2m, m, Q) with
symbol b(x, &) and for all € > O there exists a constant ¢ = c(g) such that

m—1

al j 2

RBu, )x = (C = &)llullgy — c| NGy 13+ Y |Diuly i1 (6.6)
j=0

forallu € H™(X).

One can also establish Garding’s inequality for anisotropic symbols. As an illustration, we state
the following theorem.

THEOREM 6.2
Assume b(x, £) € C'S?"~2(X x R") satisfies
() "
Nb(x, &) > C )2 forall (x,&) € X xR

for some positive constant C. Then, for every quadratic form B(u, u)x of order 2m, m, —2) with
symbol b(x, &) and for all ¢ > 0, there exists a constant ¢ = c(¢) such that

m—1

i 12
RBu, u)x = (C = )lullf, 1y — | Mullfy 32+ D | DJul, i 5, (6.7)
Jj=0

forallu € H™(X).
REMARK 6.1 Welike to point out that in the case of compactly supported functions, the inequality

of Eq. (6.6) is also true for ¢ = 0. This inequality is known as the sharp Garding inequality. As of
now, it is not known whether Eq. (6.6) is valid with ¢ = 0.
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Now we discuss Garding’s inequality for quadratic forms with a parameter. Instead of working
with (£) = /1 + £, we will now use (&), = \/72 4 £2 where 7 is a real number. This way, the
norm of Eq. (6.2) is modified to a weighted norm on H* and denoted by || - ||5.;. All the other norms
introduced above will be modified in the same way. Similarly, we say a(x, &, t) € Sf(X x R") if
the inequality of Eq. (6.3) holds with (£) replaced by (£)..

COROLLARY 6.1
Assume b(x,&,71) € ClSTZ’"’O(X x R") satisfies

Rb(x,&,7) > C(s)%’" forall (x,&) € X xR"
for all t > 1. Then, for every quadratic form B(u, u)x of order 2m, m, 0) with symbol b(x, &, t)
and for all ¢ > 0, there exist constants ¢ and T (depending on ¢) such that for T > t( we have

m—1

i 12
NBu, u)y > (C = &)llullg, ) —c > [DJul, iy (6.8)

Jj=0

forallu € H™(X).

COROLLARY 6.2

Assume b(x, &, 1) € CISE'”’_Z(X x R") satisfies
(&)
()2
forall t > 1. Then, for every quadratic form B(u, u)x of order 2m, m, —2) with symbol b(x, &, 7)
and for all ¢ > 0, there exist two constants ¢ and t (depending on &) such that for T > t(y we have

Rb(x,&,71)>C

forall (x,&) e X x R"

m—1

-
MRBu, u)x > (C — S)Hu”%m,—l,r) - Z |Drjlu|m—j—3/2,r (6.9)
j=0

forallu € H™(X).

6.2 Proofs

We begin with two lemmas of technical nature. The first lemma provides an estimate for certain
smooth quadratic forms of type (2m, m, —2I) that will be useful when discussing quadratic forms
with zero symbol. The second lemma discusses the factorization of a polynomial with coefficients
of specified regularity. In the following discussion, we will use Hérmander’s class of symbols S7;
(see Reference 3, Section 18.1). We say a € S7'5(X x R") if

|D¢Dfa(x,§)| < Cla, (&) 1“1 forallx € X and & eR"

For the calculus of pseudodifferential operators we refer to the books by Hormander [3] and Taylor [8].

LEMMA 6.1 .
Let [ be an integer and assume aji(x, &) € Sff’g‘f"“”(x x R for j,k=0,1,...m such that

> ap(x. &) e ST INX X RTY) fors =0.1,...2m (6.10)
Jj+k=s
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for some 0 < § < 1/2. Then there exists a positive constant C such that

m m—1
> (aju(x, DYDJu, Dyu) | < C| D |DJul, iy + lulGn imasy2) (6.11)
Jo k=0 Jj=0

forallu € C®(X).

PROOF The assumption in Eq. (6.10) implies that

m—j

Ajm (X, E) == ajiom s (X, E) +rjm(x, &) (6.12)

s=1

where r;,, (x, &) € §}'5 771" (X x R") for j =0, 1,...m and

k
ao(x, ) = =Y ago(x. &)+ roe(x. &) (6.13)

s=1

where ro;(x, €") € Slzfg_k_ﬂ_(l_a) (X xR") fork =0, 1, ...m. Hence

m :
Z ajk(x, D,)DZMD’];M = Z Z Dn [aj+sk7‘Y+1(x7 D/)DZMD,EM}
k=0 Jj.k=0 s=1

- Z Dnaj+sk7s+1(-xv D/)DljluDsu

jk=0  s=I
m m—1
+ erm(x, D")D}uD™u + Zr()k(x, DYuDku.  (6.14)
=0 =0

This formula can be verified using Equations (6.12) and (6.13). After integrating over X, we observe
that the integration in normal direction in the first term on the right-hand side leads to an integral
over 0 X. Then we estimate the right-hand side terms by the continuity properties of pseudodifferential

operators in Sobolev spaces. I
LEMMA 6.2
Let k be an integer satisfying 0 < k < m. Assume that b(x,§) € C” §2m.=2k (X x R™) such that

b(x,&) > C<§>2m e eR" X (6.15)

x,&) > % fora eR", x e X. .
For all ¢ > 0, there exists a symbol c(x, &) € C"S™ k(X x R") such that
G —
b(x,§) —(C —e) EE c(x,8)cx, &) (6.16)

PROOF  The symbol b(x, &) — (C — &)(£)>"/(£)?* is a polynomial of degree 2m in £, and it is
positive for &, € R.

Consider for a moment a polynomial with real coefficients f(z) of degree 2m that is positive for
z € R. Then f(z) = c(z)c(z) where c(z) is a polynomial of degree m that has roots with only a
positive imaginary part.
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We can apply this factorization to b(x, £) — (C —e)(&)*" /(€)?! atevery point (x, £') € X x R*"!,
However, we have to show that this factorization is smooth. Set

(14 1€ +¢2)"
(14 €2

and denote the lead coefficient by f>,,(x, &). Because of the assumption in Eq. (6.15), we know that
fam is always positive. At each point (x, ') € X x R"~!, we have the factorization

f(x,8,¢,) =cx, &, ¢,)c(x, &, ¢,),

and we need to show that the coefficients of ¢ are in the space C” (X; C*°(R"™")) (i.e., the coefficients
are C” in x and C*® in &’). Assume for a moment that (x,£’) € B where B is a bounded set in
X x R"~!. Then the zeros of f(x,&’, ¢,) with respect to ¢, will be bounded as well (i.e., no zero
will be outside a circle with radius R in the complex plane). We denote the zeros in the upper half
plane by ¢ for j = 1,2,...m and let T be a closed curve in the complex plane consisting of the
line segment [— R, R] on the real line and the semicircle of radius R in the upper half plane. Now

1 s f(x, &,
c(x, &.¢, )—\/meH W= ) = Xp{ZJTl F%IOg(ﬁn—ﬂd&}

f('x’ %J’ é.n) = b(-x7 S/a é’n) - (C - 8)

where the last equality is only true for J¢, < 0 because this will guarantee that the logarithm is an
analytic function for s inside of I'. This formula follows from the Residue Theorem. Using Lagrange
interpolation we conclude that the polynomial c¢(x, &, ¢,,) has coefficients that are as regular as
the ones of the polynomial f(x, &, ¢) for (x, &’) € B. Because B is an arbitrary bounded set, the
coefficients of ¢(x, £, ¢,) must be in C"(X; C®(R"1)).

Finally, because c(x, &)c(x, £) € C"S¥"~2k(X x R"), we obtain c(x, £) € C"S™*(X x R"). I

6.2.1 Proof of Theorem 6.1

At first we consider quadratic forms with C* coefficients. Let B(u, 1) x be a quadratic form with
symbol b(x, £). Then the symbol of the quadratic form RB(u, u)x is Rb(x, ). Using Lemma 6.2
with k = 0, we have

Nb(x, &) — (C — &) ()™ —c(x, E)c(x,E) =0 for (x,£) € X x R".
In other words, the quadratic form
AQu, w)x = RBu, u)x — (C = &)|ullf,, — llcx, Dyully, (6.17)
has a zero symbol. Here we used the fact that
(€)= (&) +i&,)" (&) —i&,)"
and that ||((D’) —iD,)" |0y = llullom) (see Reference 3, Theorem B.2.4). We know that

A,y =Y (p'(x, Du, q'(x, Dyu)x
=1
=Y (p(x. D)YDju. gi(x, D)YDku)
I=1 j,k=0
Z qk(X,D/)*OP;(X,D/)D,{M,Dﬁu)X
=1 j,k=0

<
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where g} (x, D')* is the adjoint of the operator ¢! (x, D'). The symbol of the composition of the
operators q,i (x, D')* and the operator p;(x, D') has an asymptotic expansion with the first term
ql(x, é’)pﬁ- (x, £"). The remainder of the expansion is in the symbol space $?"~/~*=1(X x R*"1)
(see Reference 3, Theorem 18.1.7, 18.1.8). Hence

> symgi(x, D) o plix, D)) € SN X xR fors =0,1,...2m  (6.18)
I=1 j+k=s

because

v

SN G &P E)=0 fors=0,1,...2m.

I=1 j+k=s

Now we can apply Lemma 6.1 with the choice

ajc(x, &) = sym|gi(x, D')* o pli(x, D")]
=1

and [ = 0, § = 0 and obtain

m—1

[A(u, u)x| < C Z |D4M|m—j—1/2 + Ml 12
=0

This proves Theorem 6.1 in the case of C* coefficients when we make use of the formula in Eq. (6.17).

Now we consider quadratic forms with C! coefficients. The proof is the same except for the last
argument because there is no nice asymptotic expansion neither for the symbol of the adjoint nor for
the symbol of the composition of two operators. We will use a technique know as symbol smoothing
(see Reference 9, Section 1.3). As before, we obtain the quadratic form A (u, u) x of order (2m, m, 0)
with zero symbol. Given the symbols p';(x, §') € C'S™~/(X x R"™"), one has

phx. &) = pifx. &) + pil(x. &) (6.19)
where p'*(x, &) € ST (X x Ry and p’’(x, &) € C' 7577 (X x R"™") for some § € (0, 1].
The point of this decomposition is that the symbol gets split into a smooth symbol and a symbol of
lower order. The same decomposition will be used on the symbols ¢! (x, £’). Hence

Aw, u)x = A*u, u)x + AP(u, u)y (6.20)

where A* has smooth coefficients and A” has C' coefficients and is of order (2m, m, —8). From this
decomposition and the fact that a(x, §) = Z}’zl q'(x, &) p] (x, &) =0, it follows that

v
> g g ph (e E) e ST (X x RTY) fors =0,1,2,...2m.
I=1 j+k=s
The first term in the asymptotic expansion of q,l(’#(x, D')* o pfj’#(x, D) is q,i"#(x, &) pé-’#(x, &.
The remainder of the asymptotic expansion is in Si5 /"7 (X x R"™1) (see Reference 3,
Section 18.1). Set

v
aj(x, &) =" sym[q*(x, D) o pi(x, D]
=1
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and apply Lemma 6.1 with § = 1/2 and [/ = 0. Thus,

m—1
# i 12 2
A @, x| < C1D D [DJul, oyl |-
Jj=0

On the other hand, the formula in Eq. (6.20) results in

m—1

P12
[AG, x| < C| Y |DJul, iy + lullfy, s
j=0

The proof is now completed as in the smooth case. Finally, we use the interpolation inequality

2
||u||(m,_1/4) = C”u”(m)”u”(m,—l/Z)-

6.2.2 Proof of Theorem 6.2

The proof of Theorem 6.2 goes along the same lines as the proof of Theorem 6.1. The only
difference is that the order of the tangential operators in the quadratic form is different. Hence, the
formula in Eq. (6.11) has to be applied with / =1 and § = 0 in the smooth case and with § = 1/2 in
the case of C! coefficients. Lemma 6.2 has to be applied in the case k = 1. This time the interpolation
inequality is

2
Nl G, —s5/a) < clltellon,—1)lleellon,—3/2)-

6.2.3 Proof of the Corollaries

All proofs can be adjusted to symbols with parameters in a straightforward manner. Finally, we
use the inequalities

2 1 2 2 1 2
||”||(m,71/2j) = ;”M”(m"[) and ”””(m,,3/2qr) =< ;”””(mﬁLT)

to absorb the norms of lower order into the left-hand side for large values of 7.

6.3 Application: Carleman Estimates

Carleman estimates were developed to prove uniqueness of ill-posed Cauchy problems. These
estimates have been used in inverse problems and boundary control problems as well. Tataru proved
general Carleman estimates with boundary traces (see Reference 6, Proposition 4.1). Tataru states
this result for operators with real principal part. We will state general Carleman estimates also for
elliptic operators and give a rather simple proof relying on Garding’s inequality.

We begin with the definition of a strongly pseudoconvex function [6].

DEFINITION 6.2 Let ¢ € C*(X) and assume that P is either elliptic or has a real principal
symbol p. The function ¢ is strongly pseudoconvex with respect to P at xo € X if

1
;{ﬁq&’ p(b}(x()v%-v 7:) > 0on {%- € an T = O’ (Ev T) # 0: Pq&(xo’ Sa T) = 0} .

Here py(x,&,7) = p(x, & +it¢'(x)) and {-, -} denotes the Poisson bracket.
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REMARK 6.2 In the case T =0, the convexity condition has to be interpreted for the limit 7 — 0.
It is well known that

1
lim 7 Py Ps}(x0. &, 7) = {p. {p, p}}(x0, §)

for operators with a real principal symbol. In the elliptic case, the condition at T = 0 is void because

p(x0,&) # 0 for& # 0.

Now we can state the main result of this section.

THEOREM 6.3

Let P(x, D) be a linear differential operator of order m with C? coefficients in the principal symbol
p and bounded coefficients otherwise. Moreover, assume that 0 X is noncharacteristic with respect
to P, and let ¢ € C™(X) be a strongly pseudoconvex function with respect to P on X.

1. If p has real coefficients then there exist two constants ¢ and Tt such that

m—1

P2
Tlleullf,y o < cl e Plx, Dyullfyy + 7Y e Djul, ., . (6.21)
Jj=0
forallu € H"(X) and Tt > 1.
2. If p is elliptic, then there exist two constants ¢ and T such that
1 m—1
P2

—leullgy o < | e P, Dyully, + > e Dlul, . (6.22)

j=0

forallue H™(X) and T > 1.

REMARK 6.3 Carleman estimates were proved for principally normal operators for compactly
supported functions (see Reference 3, Chapter 28) in the smooth case and very recently by Tataru (see
Reference 7, Theorem 9) in the case of C? coefficients. Hormander’s proof relies on the Fefferman-
Phong inequality, whereas Tataru uses only the sharp Garding inequality. Here we focus on elliptic
operators and operators with real principal symbol because we do not have a sharp Gérding inequality
with boundary terms (see Remark 6.1).

Before we prove the theorem, we need one more result regarding quadratic forms. The following
proposition generalizes a result by Sakamoto (see Reference 5, p.127) to nonsmooth symbols (see
also Reference 6, Lemma 3.6 for a related result).

PROPOSITION 6.1
Let p € C?S™%(X x R") and g € C*S"~19(X x R") be real symbols. Then there exists a quadratic
form F of order 2m — 1, m, —1) with symbol

F 8 =3 0 0, p(x, £)g (x. &) — p(x, )3k, q(x, §)] (6.23)
j=1
such that
m—1
23(p(x. Dyu. qx. D)y — Fu.wyxl < ¢ | [Djull  + lul, s
j=0

forallu e H™(X).
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PROOF We consider at first the case of smooth symbols. Using the asymptotic expansion of the
symbol of the operator g (x, D')*p;(x, D) (see Reference 3, Theorem 18.1.7, 18.1.8), we compute

23[p(x, D)u, q(u, D)ulx

1
SAlp(x. Dyu. q(x, Dyu)x — (q(x, D)u, p(x, D)u)x}

1 m m—1 ] ) .
== {(piG, DYDJu, qix, DYDju) = (e (s, D) Dju, pj(x, DYDju) , }
J=0 k=0
1 m m—1 ) )
L0 k=0
1 i ki
= X(qkpj)DnMDnu — (qipj)DyuDnu
Jk
1

1 , 1 .
: {7’ (3¢ ('qep;)Dju, Diu) , — - (89+ (3¢ pjqr) Diu, D’;u)x} + R(u,u)x
Jik

~

where R is a quadratic form of order (2m — 1, m, —2). Now we have a closer look at the first term
on the right-hand side. For j > k, we have

(qepj)(x, D"YDIuDku — (qxp;)(x, D')D*uDju

= D, [(qkp)) DI~ uDku + (qup ) DI 2uDiu + - - + (qupj) DEu D)~

—[Du(gxpj) D]~ uDfu + Dy (qipj) D] *uDf+u + - - + Dy (qipj) DyuDyy~ u]
where the sums consist of j — k terms. Hence, after integration in the normal direction, we obtain
23(p(x, D)u, q(x, D)u)x

= - Z/ [(qxp)) DI uDku + (qup;) D) " *uDEu + - - + (qup;) DfuDy ™ u]
Jj>k X

* Zk /ax [(qkpj)D;{uW + (qup)) D] uDEu + -+ (Qkpj)D,]ﬁ_luD;{u]
Jj<

+ Z (8xn (%Pj)D}{*lu, Dﬁu)x 4+ 4+ (8% (Qkpj)Dﬁl/t, D}{ilu)x
j>k

_ Z (axn (Qkpj)Dy{u, Dﬁ_lu)x 4. 4+ (axn (qkpj)Dlri—lu’ D,jlu)x
Jj<k

=2 _{ (8@ qep))Dju. Dyu) , — (9B pjq) D, Dyu)  } + R, ).
J.k

One can verify that the last three lines represent a quadratic form with the symbol given in Eq. (6.23)
modulo a quadratic form of the order (2m — 1, m, —2). Hence, the proposition is proved in the case
of smooth symbols.

Now we consider symbols with regularity C2. As in the proof of Theorem 6.1, we will use the tech-
nique of symbol smoothing. Given p;(x, ') € C2S™~/(X x R"™!) and g (x, §') € C*S"*~1(X x
R"), we have the decompositions

pj =i+ pf where p* € S';/  and p'j € CZS;"’(;FZ’S

qrk = q;: -I—q,f where q;: € S’]’f(;k*I and ‘Ilf c Czsqr’z{;kflfza
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for some § € (0, 1]. Using these decompositions, we have
23(pu, qu)x = G*(u, w)x + G’ (u,w)x and  F(u,u)x = F*(u, u)x + F’(u, u)x

where G* is a smooth quadratic form of the order 2m — 1, m, 0) and Gtisa quadratic form of
the order 2m — 1, m, —26). The form G* will be treated as in the smooth case where we use the
asymptotic expansions of the symbols of the operators q,f‘* o p? and p?'* ogf. As in the smooth case,
we will need only the first two terms, and thanks to Reference 9, Proposition 1.3D, we guarantee that
the remainder is a quadratic form of the order (2m — 1, m, —2). Furthermore, F’ bu,u)yisa quadratic
form of the order 2m — 1, m, —1 — §) and thus |F?(u, u)x| < C||”||%m,7175/2)- Choosing § = 3/4,
we obtain the desired estimate. I

REMARK 6.4 In the case of differential operators one can use the theory of differential quadratic
forms (see Reference 2, Section 8.2) to prove the same result even in the case of C ! coefficients.

6.3.1 Proof of Theorem 6.3 in the Case of a Real Principal Symbol

Introducing local coordinates and a partition of unity, it will be sufficient to assume U C X.
Moreover, Carleman estimates for compactly supported functions are well understood, and we
assume that dU N 90X # @. This allows us also to assume that the set U is small enough
such that

p(x,0,,)#0 forxeU and £&,+#0 (6.24)

because the boundary dU N 9 X is noncharacteristic with respect to P.
Given a strongly pseudoconvex function ¢, one can derive the inequality

/ l n o~ o~
cTHE" = (E)7 00N ps Py — Npyde Syl + clpy (6.25)

forx € U and (§, t) € R" x[0, 00). This follows from the fact that the symbol p, is homogeneous in
(£, 7) of the order m and Formula (6.24). Here we observe that i p, € C2S™andIpy/t € C2Sm~ 10
because the symbol p is real. Dividing by (£')2 allows us to apply Corollary 6.2 and obtain

m—1

-1 2 2 i |2
VNG 10y S NPVt 0+ FOovIx +d Y [DIv], s
j=0

for T > 7 (with a larger constant c). The quadratic form F is treated by using Proposition 6.1 with
the adjustment for the large parameter 7. Thus,

-1
2 m .
2 2 ~ 2
1160100 = C|IPsY I 1.0) + S OLPyY, SPyV)x + Z 1DV e F IV s/ |
j=0

and using the inequalities

1
2 2 2
||P¢V||(0,,1’r) =< ﬁ”Pz/)V”(o) and ||V||(m,,5/4,f) =<

1
2
ﬁ lv ||(m771,f)

we get

1 ) m—1 )
V1100 = €| 5 1PV Ty + —SOTPyv, SPyv)x + >_ D]
j=0

2
m—j—1,t
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A short calculation gives 2I3(N Pyv, IPyv)x = ||P¢v||(20) — ||mP¢,v||%0) — ||?3P¢v||%0) and hence
1 m—1 )
2 2 '
Wl = C| ZIPsvIG + D DIV], i |- (6.26)
Jj=0

Now we observe that there exist constants ¢; and ¢, such that

1Py (x, D, )vl[3y = 1P (x, D +itd )W, + cillvig,_ 1o

and
m—1 m—1
.2 i 12
J / J
Z !D"v’m—j—l,r = Z |(D” + ”'-a”qb) v‘m—j—l,r ’
=0 j=0

which modifies the inequality of Eq. (6.26) to

m—1
s . i 12
VG 1.0 < € I1PLx, D +itd/ W, + T Y [[Dn +itdadp@Vv[,
j=0

Finally, let v = e"®u and inequality of Eq. (6.21) follows.

6.3.2 Proof of Theorem 6.3 in the Elliptic Case

The proof is very similar to the previous case. However, we need a couple of modifications. Instead
of inequality of Eq. (6.25), we will use

cTHEV < 10, [0:MpeSpy — RpedeIpg] + clpgl®. (6.27)

This time we will apply Corollary 6.1. However, we have % pg, Sp, € C2S™0, and hence we need
a small modification of Proposition 6.1. This time we have to use the estimate

m—1
~ ~ P12
F(v,v)x <23(NPsv,IPsv)x + C § |D£u|m71/27j’t |1 A
j=0
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7.1 Introduction

We are interested in the classical elasticity system
Au=0 inQ, (7.1)

where

3
Au= ,o(x)&,zu— w(x)(Au+ Vdivu) — V(A(x)divua) — Z Vu - (Vu; + d;u)e;
j=1

for the displacement vector u = (uy, u, u3) depending on (x,t) € Q, Q = Q x (=7, T). Here Q
is a bounded domain in R? with the C*-boundary. We will assume that the density p is in C®($),
the Lame parameters ., A are in C7 (), and
p(x) >0, pukx)>0, A(x)>0 forallxe Q.

From the energy integrals methods [5], it is known that for any initial data ug € H()(R2),u; €
H)(€2) and the lateral Dirichlet data g € C([—T, T']; H(1)(9€2) there is a unique (weak) solution
u(; p, A, u; (ug, uy, g)) to the system of Eq. (7.1) such that

u=uy, Ju=u;on x {0} (7.2)
and

u=gondQ2 x (-T,T). (7.3)

We will use the following.

101
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7.1.1 Notation

0, = (—T,T) x w; C are generic constants depending only on 2, &, G, ¢, &y, we will mention
any additional dependence when needed; bold symbols denote vectors and matrices; G = (ug, uy, g)
is the initial and boundary conditions for a solutionu(; A, w, p; G) to the elasticity system of Eq. (7.1);
0; = a%,-’ 0y = %, Vu = (9;uy); I3 is the identity matrix in R3; H)(£2) is the Sobolev space with
the norm ||| &) (£2).

The main subject of this paper is the problem of determining p = p(x), A = A(x), and u = pu(x)
from observed data of # in a subdomain Q,, w C . Finding p, XA, u inside the elastic body from
measurements near a part of the boundary 92 is important in the geophysics and in the material
sciences.

In spite of the importance of the inverse problem for the Lamé system (and because of its difficulty),
there are only a few papers concerning the mathematical analysis. For the case of many boundary
measurements (the given lateral Dirichlet to Neumann map) we refer to Rachele [16] and Yakhno [18],
and for the stationary Lamé system we refer to Eskin and Ralston [4] and Nakamura and Uhlmann
[15]. Observe that even with all possible boundary measurements, uniqueness theorems for all three
elastic patameters are obtained under very restrictive conditions (like complicated conditions in
Reference 16 and smallness assumptions in References 4 and 15). Determination of p from few
boundary measurements was considered by Ikehata, Nakamura, and Yamamoto [7] and Isakov [11],
and global uniqueness and stability of recovery of all three elastic parameters was shown in the recent
paper of Imanuvilov, Isakov, and Yamamoto [8] when w is a boundary layer and T is sufficiently
large. Uniqueness of the continuation is obtained by Eller, Isakov, Nakamura, and Tataru [3].

In this paper, by adjusting the proof in Reference 8 we obtain uniqueness and conditional stability
results when w is a part of the boundary layer and 7T is arbitrary. We use the technique originated by
Bukhgeim and Klibanov [1]. To utilize it we need a weighted L>-estimate called a Carleman esti-
mate (e.g., Hormander [6], Isakov [12], and Tataru [17]). For works on inverse problems for scalar
hyperbolic equations using Carleman estimates, we refer to Bukhgeim, Cheng, Isakov, and Yamamoto
[2]; Imanuvilov and Yamamoto [9, 10]; Isakov [12]; Isakov and Yamamoto [13]; and Klibanov [14].
The Lamé system of Eq. (7.1) is strongly coupled, and for a long time there was no proper Carleman
estimate for this system. Such an estimate was obtained recently by Imanuvilov, Isakov, and
Yamamoto [8]. This estimate enables to solve the inverse problem without looking for the second-
order derivatives of A and i, so we can reduce the numbers of observations.

7.2 Main Result

Let w be an open subset of Q2. Let d = inf|x| and D = sup|x| over x € w. By translating Q2 we
can assume that

D? < 24%. (7.4)
Let
0@E)=0n{e < |x>=0**—d*, Q) =Qn{e<|x|>*=d*. (7.5)
We will introduce the conditions
—b6y < rova on ©2(0) for some 6y < 1 (7.6)

and

a’0? 4+ 2|Va|6d < 1 — 6, on Q2(0) for some 6 > 0, (7.7)
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and the class of the elastic coefficients

&= {()»» w, p) t IMesy + e + 1plcr@) < M, g0 < A+ pon €,

_ (P’ _ P T
a= (M) and a = <2M T )\) satisfy Egs. (7.6) and (7.7))}. (7.8)

We will use two sets of the initial and lateral boundary data uy € Hg)(2), uy € H7)(£2),
gec C7(0,T1; H1)(R2) satisfying the standard compatibility conditions at €2 x {0} (of order 7).
Differentiating Eq. (7.1) and the lateral boundary conditions of Eq. (7.3) with respect to #, finding
the initial conditions for time derivatives from the initial conditions of Eq. (7.2) and the Eq. (7.1),
and using energy estimates for the dynamical elasticity system and Sobolev imbedding theorems,
we can conclude (see Reference 8) that

0%uG p, A, i, G| ((Q) + [0%0fuG p, &, 1, G)|,(Q) < C when || <2,k =0,....4 (7.9

for all elastic parameters in £ and the initial and boundary data of the described regularity.
Denote by D the 12 x 7-matrix

pAugG D) 4+ (A + w)Vdiva 1)) (divagG; 1))Iz - Vue( 1) + (Vuag(; 1)
pAu G+ G+ wVdive 1) @dive G 1) Vg 1) + (Vay G 1)7
pnA(; 2) + (A + w)Vdivag(; 2))  (divug(;2)Iz  Vug(; 2) + (Vue(; 2))"
pAu(;2) + (h+ wVdiva (2)  @ive ;2)I; Vu(;2) + (Vay (; 2)"

THEOREM 7.1
Let w satisfy the condition of Eq. (7.4) and
00)Cc QU (-T,T) x @. (7.10)
Let us assume that (p, A, |t), (01, M, 1) are in € and that
AM=A, 1 = uonow. (7.11)
Finally, we assume that there exists €y > 0 such that

at any point of Q absolute value of one of

7 x 7 minors of the matrix D is not less than the number &. (7.12)

Then there are constants C = C(g) and y = y(¢) € (0, 1) such that

41 = Ml + lnr — ullolRE]+ llor — pllo[2(e)]
=C Z lal; A1, i1, 15 GG DI —=uls &, 1, p3 GG NN (Qw)- (7.13)

j=1.2

7.2.1 Remarks

We give some examples showing how to apply Theorem 7.1 to some interesting domains provided
the elastic coefficients satisfy the monotonicity type conditions of Eqs. (7.6) and (7.7).

First we assume that the ball |x| < d, is in  and D is sup|x| over x € €2, let w be a boundary
layer Q N {d; < |x|}. In Eq. (7.5) we letd = d,. Then D = D, and the condition of Eq. (7.10) is
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satisfied when D? — 62t < d” or when D} — d? < 0°T?. In particular, if  is a ball of radius D,
centered at the origin, that given any 7 > 0 we can identify elastic parameters in the boundary layer
D? —0°T? < |x|%.

Now we will consider data of the inverse problem localized in the space. Let 2 C {—H < x,}.
LetI' = 0QN{-H < x, < —H+h < 0} C {|x'| < r}, where x’ = (x1, ..., x,_1,0).
Let w be wy N Q, where wy is a neighborhood of I'. We choose d*> = (H — h)?> + r>. Then the
condition of Eq. (7.4) is satisfied when 4h < H, and the condition of Eq. (7.10) is satisfied when
H? +r? — 6°T? < (H — h)> + r? or when 2Hh < 02T? 4 h?. Again, for given T it can be
achieved for small /. Theorem 7.1 then guarantees uniqueness (and stability) of reconstruction of
elastic parameters in the subdomain Q N {x, < —[(H — h)*> + rz]% }. A more detailed analysis of
the uniqueness domain €2(0) is given in Reference 12, Section 3.4.

The condition of Eq. (7.12) is somehow restrictive, but it guarantees the independency of the data
[up(; ), u;(G 1)] and [ug(; 2), u; (; 2)]. For example, as shown in Reference 8 it is satisfied for

X1X2
u(; ) =|[ 0 |,
0

0
wx; )= [0
0

X1
uy(x;2) = (xz) ;

X3

0
u(x;2) = (xz) ,

X3

’

and

provided (p, A, u) € £.

7.3 Proof of Main Theorem

In this proof we will use the following results.

THEOREM 7.2

Assume that the function ¢ is strongly pseudo-convex with respect to the differential operators
p0F — A, pd — 2u+ M)A on Q forany (p, h, 1) € E.
Then there is constant C; > 0 such that for t > C)

T/ e (Jul* + |divul® + |curlul?) scl/ez“”lAeul2 (7.14)
0 Q

forallu e HOZ(Q).
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A proof of this theorem is given in Reference 8.

LEMMA 7.1
Let ¢ be given by Eq. (7.18). Then there exists C such that when T > C

/t|w|262“”(0“) §C/ D 1ow]rer @) (7.15)
Q Q .

j=123
(1
forallw € Hy ().

This result follows from general theorems on Carleman estimates [6], and in Reference 8 there is
a short direct proof.

PROOF OF THEOREM 7.1  We will modify the method of Reference 8.
We set

u; j) =ul; A, u, p; GG 1, uG; 1, j) =ul; A, pi, p1i; GG )]

and introduce the differences v(; j) =u(; 1, j) —u( j), Fi=p—p1, Fo =2 — A1, F5 = 0 — .
Then

Av(; j) = Alu DIF in Q, (7.16)
where

AWF = —F3?u+ (F, + F3)V(divu) + F;Au
+divu(Fy, Fs, Fg) + (Yu+ Vu')(F;, Fg, Fy)

and (Fy, Fs, Fg) = VF,, (F7, Fg, Fg) = V F3. Because the functions u(; 1, j), u(; j) have the same
initial data,

v(; j) =0, v(; j) =0 on Q2 x {0}. (7.17)
{

We will use
o(x, 1) = e (AP0 =d") (7.18)

As in Reference 12, by using the conditions of Egs. (7.6) and (7.7) one can show that ¢ is strongly
pseudo-convex on Q for some (large) o for any triple of elastic parameters in &.

To use the Carleman estimate of Theorem 7.2, we introduce a cut-off function x € C§°(Q) such
that 0 < x <1, x =1on Q(5)\ Qu and x = 0on Q\ Q(0). Differentiating the Eq. (7.16) with
respect to ¢ and using time independence of the coefficients of the elasticity system, we obtain

A V(G j) = AUG )HIF on Q,

VG ) = [07v6 ). vG ). avG D], UG j) = [7uG ), 8}aG ), 9tuG )]

Using the Leibnitz formula, we will have

Adx VG DI = xAIUG)HIF + AG DV ),
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where A(; 1) is a matrix partial differential operator of first order with bounded measurable coeffi-
cients depending on yx. Because of the choice of x, A(; 1)V =0 on Q(%) \ Q- By Theorem 7.2,

IA

/ Tl VG jPer c(/ <x2|A(U<;j)>F|2+|A(;1>V(;j>|2)e2w
000 0

IA

C(/ |F|262r<p +62r£1 +€2T¢V2>, where @ = supop, € = e7.
Q
(7.19)

To obtain the last inequality, we break the integration domain for |A(; 1)V(; j)|? into Q(0) \ Q@)
(where ¢ < &1) and Q(5) and use that A(; 1)V(; j) =0o0n Q(5) \ Q.. On Q(0) \ Q(5) we utilize
the bound Eq. (7.9), and to get the bound on Q,, we let

2
V2= VG Do, (7.20)
j=1

We have

T
/ }Xath(O,X, j)}ZeZT(P(O,X)dx = _/ o </ ‘8th(l,)C; j)|2X262'E<ﬂ(l,x)dx)dt
Q 0 Q

< [ 2x3(0t v il aive o]+ elaglobve pR)Er +2 [
Q Qo

/ XV P + / Ve j>|2e2“ﬂ].
9 0\0(%)

Using that x = 1 on Q(§) \ @ and that ¢ < &; on Q \ Q(5) from these inequalities and from
Eq. (7.19), we yield

/ |95v[0, ; j)]fzez”ﬂ“”) <C (/ |F[e*™ 4 %1 4 ezf“’\ﬂ). (7.21)
Q(e) [¢]

N
VG | xldxle®™

ON\Q(5)

<C

On the other hand, from Eq. (7.16) at ¢+ = 0 and from Eq. (7.17), we obtain
pd7v(0,; j) =ai;Fi + by F> +c¢i; Fs + By (Fy, Fs, Fs) + C,(Fy, Fs, Fy), (7.22)
where

a;; = —d{u(o, ; j), bi; = V[diva(0, ; j)1, ¢i; = Au( j) + Vdiva(0, ; j),
Bi; =divu(0,; Hl;,  Ci; =[Vu+ (Va)'1( j).

Differentiating Eq. (7.16) with respect to ¢ and letting t = 0, we similarly have
p32v(0, 5 j) = ay; Fi + by Fs + 2 F3 + By, (Fy, Fs, F) + Cy, (Fy, Fg, Fy), (7.23)

where ay;, ..., Cy; are defined similarly to a;;, ..., Cy; by replacing u by d,u. From the system
of Eq. (7.1) at t = 0 and this system differentiated with respect to 7 and taken at + = 0, we have

A
1-|-,U«1V

VA \Y%
ay = —%Auk(; 1) — [divug ; 1)] — div [ug(; 1>]p—1l — (Vug + (Vu) )G j)#

(7.24)

where j, k=1, 2.
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From the relations of Egs. (7.22) and (7.23), we have

a; By Cy F 32v(0,; 1) b1 en

a By Gy F, v (0,; 1) by ¢ F,

ap B, Cp N 32v(0,;2) [ [ b en (F’;) on 2. (7.25)
ay Bn Cp Fy 3}v(0,;2) by e»

Let us consider the matrix in the left side of Eq. (7.25). Adding to the first column of this matrix the
second column multiplied by 3;%’ the third column multiplied by %, the fourth column multiplied
by 32% and using Eq. (7.24), we will eliminate from the first column the terms with div(u) without
changing 7 x 7 minors of the whole matrix. Similarly, multiplying the fifth, sixth, and seventh
columns by a‘p%, 82:', and by %, we will eliminate the terms with (Vu + (Vu)7). After these
eliminations we arrive at the matrix D. So, the matrix in the left side of Eq. (7.25) satisfies the

condition of Eq. (7.12) and hence

9
STIRE = [ [o5vQ.: DI+ IRP +1RP
i=1

where the sumisover j = 1,2,k =2, 3.
Now from the inequality of Eq. (7.21), we obtain

9
/ Z |F'i|262t(p(0,) E C / (F22 + F32)62‘((p(0,) +/ |F|262‘r(ﬂ +62t€| + eZ‘L’CDvZ . (726)
Q) Q) 0

i=1
Applying Lemma 7.1 to x F3, x F3, we conclude that

Cc
/Xz(F22+F32)ezrw(0.) < ?</ XZ(F42+”'+F92)621:¢)(0,)+/
@ Q

(Ff + ) ).
Q\Q()

where we used that V(x F,) = x(Fy, Fs, Fg) + Vx F>, the similar formula for V(x F3) and the
equality Vx = 0 on Q(5) \ @ and the equalities /> = F3 = 0 on w because of the condition of
Eq. (7.11). Splitting €2 into £ (5) and its complement and arguing as in the derivation of Eq. (7.19),
we get

cl
/ (B2 4+ P2 < € / (F2 4. 4 F2)00) 4 o1 ||
Q%) T \Ja®)

so choosing t large we can eliminate F,, F3 from the right side of Eq. (7.26) and obtain

/ |F|262t(p(0,) < C(/ |F|2621’(p+621'61 +e2‘r¢v2>.
Q(5) 0

To handle the integral over Q in the right side, we split the integration domain into Q(5) and its
complement Q \ Q(5). Using that 19,9 < 0, we have

T
/ FI(x)e?™ " Vdrdx < / B (x)e? e ( / ezf[“’("x)_‘”(o'x”dt>dx.
(%) Q) -

Because of our choice of the function ¢, we have ¢(t, x) — ¢(0, x) < 0 when ¢ # 0. Hence, by the
Lebesque Theorem the inner integral with respect to ¢ is convergent to O when t goes to infinity.
Choosing 7 large, we can eliminate the integral over Q(5) and using that ¢ < & on its complement
and that |F| < C because of the definiton of F and Eq. (7.9) to obtain

/ |F|262‘E(p(0,x)dx < C(€2‘L'8] +€27:CDV2).
Q(e)
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Dividing both parts of this inequality by ¢?* and using that &, < ¢(0, ) on (&), we finally arrive
at

/ [F|> < C(e777) 4 2T@72Y2) gy = €%, (7.27)
Q(e)
Observe that ¢ < &5.

To prove Eq. (7.13), it suffices to assume that V < % Thent =
Eq. (7.27). Because of this choice,

—logV

o5 > C.and we can use itin

-
e—2r(Ee) _ 2r(@—en) 2 _ 2%

and from Eq. (7.27) we obtain Eq. (7.13) with y = %
The proof is complete.
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Abstract  This paper is concerned with exact controllability of abstract, second-order conservative
linear control systems with a possibly unbounded control operator, a canonical example of which
is a linear hyperbolic partial differential equation in a bounded region, controlled at the boundary
of that region, whose energy in the uncontrolled dynamics is conserved. It is well known that for
convenient control spaces, solutions of such systems exhibit poor regularity below the level of finite
energy. We then consider a singular perturbation, or regularization, of the dynamics by introducing
weak dissipation with a small parameter ¢ into the dynamics. In typical examples, the dissipation is
through boundary impedance. Solutions of the perturbed system exhibit finite energy for all times
and enjoy trace regularity properties not possessed by solutions of the original control system. For
each control system, we consider the problem of norm minimal control of that system from the rest
state to a designated target state. In each case the optimal control and optimal trajectory may be
obtained through an appropriate optimality system. Our main result is that the optimality system
associated with the unperturbed dynamics may be obtained in the limit as ¢ — 0 of the optimality
system associated with the perturbed dynamics. An immediate corollary of our arguments is the
so-called Russell’s Principle, which states that if the uncontrolled perturbed dynamics are uniformly
asymptotically stable, the controlled unperturbed system is exactly controllable.

8.1 Introduction

Let V and H be Hilbert spaces such that V < H. The norm and scalar product in H are denoted
by ||-|| and (-, -), respectively. We identify H with its dual space, denote by V' the dual space of V
with respect to H, and by A the Riesz isomorphism of V onto V'. The scalar product in the duality
between elements ¢’ € V' and ¢ € V will be denoted by (¢', ). Scalar products and duality
pairings between elements in other spaces will be similarly denoted with subscripts.

IResearch supported by the National Science Foundation through grant DMS-9972034.
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112 On Singular Perturbations in Problems of Exact Controllability

Let U be another Hilbert space and B a bounded linear operator from U into V’. We consider the
control system

d’w .
— 4+ Aw = Bf inV’
dr? 8.1
dw ’
0) = —(0) =0,
w(0) 7 0)
as well as its perturbation
d2 & dw?®
W o Awc +eBB Y — B iV
dr? dt 82
dw® 8.2)
20) = 0) =0,
w*(0) 7 0)

where ¢ > 0 and B’ € L(V, U) is the operator dual to B (identifying U with its dual space). In
Eq. (8.1) and Eq. (8.2)

f e LZ(O, T;U):=U, the control space. (8.3)

When Eq. (8.3) holds, each of the systems in Eq. (8.1) and Eq. (8.2) has a unique solution. It is
proved in Reference 4, Chapter 7, that the solution of Eq. (8.2) has regularity

d £
(CZ, wf) € C([0.T]: H), B'w®e H'(0,T:U), whereH :=H x V. (8.4)

On the other hand, as a rule the regularity of the solution of Eq. (8.1) is strictly weaker than that of
Eq. (8.4), and all that can be said in general is that

(w, %) e C(0, T, H), H =HxV. (8.5)

Thus, Eq. (8.2) is a singular perturbation of Eq. (8.1).
Now let T > 0 be given. Define the control-to-state mappings Ly and L% for Eq. (8.1) and
Eq. (8.2), respectively, by

Ly e LU, V' x H), Lyf = [‘;—V:(T), —W(T)} ,
(8.6)

d &
L e LUMH), Lof = [d—wt(r), —wE(T)} :

The systems of Eq. (8.1) and Eq. (8.2), are exactly controllable to H at time T if Rg (L7) D H, and
Rg (L%) = 'H, respectively. If, for some ¢ = &g, Eq. (8.2) is exactly controllable to H at time 7',
by rewriting Eq. (8.2) it is easy to see that the same is true for Eq. (8.1). Suppose that Eq. (8.2) is
exactly controllable to H at time T for every ¢ > 0 and it is true for some g9 > 0. Let (v;, w;) € H
be a designated target state, and consider the optimal control problems

d
inf || fllu subject to Bq. 8.1) and w(T) =wi, ——(T)=vy; 8.7)
feu dt
. . dw®
inf || flli subjectto Eq.(8.2) and w*(T)=wy, (T) =v;. (8.8)

feu dt

Associated with each optimal control problem is a certain optimality system (see Section 8.2). The
question to be addressed in this paper is whether, and in what manner, the solution of the optimality



8.2 Optimality Systems 113

system associated with Eq. (8.7) can be approximated by the (more regular) solution of the optimality
system associated with Eq. (8.8). In particular, we show thatas ¢ — 0 the optimal controls f, for the
problems in Eq. (8.8) converge strongly in I/ to the optimal control f, for the problem in Eq. (8.7),
and that the optimal trajectories (w®, dw*/dt) corresponding to fJ,, converge in C ([0, T']; H') to the
optimal trajectory (w, dw /dt) corresponding to fop. A key element in the proof is a result which
states that the mapping ¢ > ||(L%)’|| is nonincreasing, where (L)’ € L(H, U) is the operator dual
to L5. As an immediate consequence we obtain uniform observability estimates (in €) for the system
adjoint to Eq. (8.2) for 0 < & < gg. Another immediate consequence is the so-called Russell’s
Principle (see Remark 8.1), which asserts that Eq. (8.1) is exactly controllable to H in some time T
if solutions of

d*w ,dw

— + Aw 4+ ¢BB —

=0
dt? dt

are uniformly asymptotically stable in H for some ¢ > 0.

We remark that results analogous to, but weaker than, those presented here were previously
obtained in Reference 1 in the context of a singular perturbation of Maxwell’s system of electro-
magnetism. The idea of using Eq. (8.2) as a “regularizer” in the approximation of various quantities
associated with Eq. (8.1) may also be found in the work of Hendrickson and Lasiecka [2, 3]. In
Reference 2, for example, the authors consider the problem of finite dimensional approximation
of the solution of the algebraic Riccati equation associated with the problem of optimal feedback
stabilization of the system in Eq. (8.1). The regularization in Eq. (8.2) is introduced in order to
assure numerical stability in the finite element approximation scheme for the solution of the Riccati
equation associated with the optimal feedback control for the system in Eq. (8.2).

8.2 Optimality Systems
Set

Dy={peV:ApeH} |olp,:=IAg].

Then Alp, is a positive, self-adjoint operator in H such that Dom (A'/?) = V. Furthermore, A
extends to an isomorphism H +— D’ (the dual space of D4 with respect to H) through the definition

<A¢, w)DA = ((p’ AI,[/>9 V¢ € H7 lﬂ € DA-

Consider the system

@ Ap =0 T)= d¢T— 8.9
LA =0, 9=y (D=0, 89)

or the equivalent first-order system

i(0)=( ) (@) =26) o] = ()

di\¢) I 0)\¢)" " \¢)" [op(I)] \¢o/)’
It is standard that A, with D4 = V X Dy, is the generator of a unitary group S(¢), t € R, on H.
Thus, for (¢, ¢y) € H, Eq. (8.9) has a unique solution with regularity

d’¢

d¢ & .
(dt’ ¢) e C([0, 0); H), a2 e C([0, oc0); V).



114 On Singular Perturbations in Problems of Exact Controllability

On the other hand, if (¢, ¢;) € H', Eq. (8.9) has a unique solution with regularity

do A
(cb, E) € C([0, 00); H), 77 € C([0, 00); D)),
as may be seen by noting that
dy  d¢
=7 T __ A 8.10
¢ 0 dr 14 (8.10)

where ¥ is the solution of

PV ay =0 ymr=—ae. L=y

dr? - - Pogr T

In this case the mapping (¢, ¢;) > [¢(2), (dp/dt)(¢)]is a unitary group S’ (¢), ¢ € R, on H’ whose
generator is

, (0 1 _
A_(—A 0>, Dy =V xH.

The operators A" and S'(7) are those dual to A and S(7), respectively. It follows that, for any
(wg, vo) € H and f € U, the unique mild solution of the problem

d*w dw
W'FAWZBJP, w(0) = wy, Z(O)Zvo
is given by
W) w ! 0
_ 0 Iep
[;—v:(t) =S50t <W1> —I—/O S'(t —s) {Bf(s)} ds (8.11)

and that the mapping ((wg, vo), f) = (w, dw/dt) is continuous H' x U — C([0, T]; H').
Consider now the control-to-state mapping Ly defined in Eq. (8.6). If (¢, ¢;) € V x H, a direct
calculation gives

(LT[, (D0s @) vum = (f. B'd)y (8.12)

where ¢ is the solution of Eq. (8.9). Thus, L (¢, ¢,) = B'¢ if (¢, ¢;) € V x H, where L', denotes
the operator dual to Ly. Assume that Eq. (8.9) is observable, that is, that N'(L%) = {(0, 0)}, and let
KC denote the completion of V x H in the norm

(@0, #DlIxc := [I1B'@llu,

where ¢ is the solution of Eq. (8.9). Because B’ € L(V, U), wehave V x H — K. Clearly Eq. (8.12)
remains valid for (¢, ¢;) € K and so

L (¢g. ¢1) = B'9p, V(o ¢)) € K. (8.13)

Thus, L} € L, U) so that Ly € LU, K'), where K denotes the dual space of XC. Because
N(L%}) = {(0,0)} we have Rg (L7) = K'. Thus, Eq. (8.1) is exactly controllable to H if H — K’
or, equivalently, if I < H'. The latter is the same as observability estimate

@0, @D ll2 < CrlIB'@llu, (o, ¢) € K. (8.14)
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When Egq. (8.14) holds, the solution of Eq. (8.7) may be constructed by the Hilbert uniqueness
method introduced in Reference 5 (see also Reference 6). In this method, the optimal control is
given by

fop = B¢ (8.15)
where ¢ is the solution of Eq. (8.9) in which (¢, ¢;) is the unique pair in X such that
(v, =w1), (B, d))k = BBl (8.16)

To prove the existence of a unique pair satisfying Eq. (8.16), let (¢, ¢,) € K be arbitrary, set
f = B'¢ € U, and define the mapping A : K +— K’ by

dw ,
A(pg, d1) = [E(T)’ —W(T)} = L7 L7 (¢, ¢1)-
Thus,

(A(Bg, ¢1), (B0, d1))xc = I1B'DI7

so that A is the canonical isomorphism C +— K. Thus, for any (v, w;) € K, there is a unique pair
(¢o, #1) € K such that A(¢g, 1) = (vi, —w1). Obviously, (¢, ¢;) = (L7L;) " (v, —w1), so that
Sopt = L% (L7 L%)~'(vi, —w1). The optimality system associated with the optimal control problem
Eq. (8.7) is the coupled system

W =8B P ap =0
dr? "= ©dr? B
(0S)

=20 =0, o) = @ 1y —
W()_E()_ . O(T) = ¢y, E( ) = ¢,

(1, =w1), (P, 9 = IB'Bllz;-
The a priori regularity of the solution of (OS) is

dW . , d_¢ . , /
(W,E> EC([O, T]aH)7 <¢9 d[) € C([O, T],H)’ B¢€u

Let us note that in view of the representation Eq. (8.10), the observability estimate in Eq. (8.14)
is equivalent to the observability estimate

ay

I Yol < Cr | B2 . V(. o) € K (8.17)
u
where K is the completion of V x D, in the norm
dy
, ¢ =|B'—
(s ol H ar ||,
and where v is the solution on (0, T') of
d*y dyr
a2 + Ay =0, ¥ (T) =y, E(T)=1/f1- (3.18)

Similarly, for ¢ > 0 given, the system in Eq. (8.2) is exactly controllable to H at time 7 if and
only if

1(¢o. D)l < CHIB'¢ s = C7|| L5 (0, 1)

o Vo, d1) €M, (8.19)
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where ¢° is the solution of
d2¢s d¢s
dr? dt
The operator Bd, in Eq. (8.20) is the mapping U + [H'(0, T; V)]’ defined by

+ A¢® — eBd,(B'¢%) =0, ¢°(T) = ¢, (1) = ¢

d
(Bd,h, x) = — <h B/d—)t(> . VYhel, x € H(O,T: V).
u

Equation (8.20) has a unique solution with regularity (see the Appendix)

<¢8, dj; ) eC(0,T; H), B'¢®el.

Further the solution of Eq. (8.20) may be represented by (see Lemma 8.3)

dy*  d¢*
& = s =—A 8’
¢ dt dt v
where 1° is the solution of
d*y¢ dy® dy®
AY® —eBB'—— =0, ¥ (T)=-A""¢,, T) = ¢,.
o AV —eBB YD) 1. (1) =

When the observability estimate of Eq. (8.19) holds, the solution of Eq. (8.8) is given by

(fpt = B'¢*
where ¢° is the solution of
d2¢£ d(/J)S
TS + A¢® —eBd,(B'¢*) =0, ¢°(T) = ¢y, W(T) = 9]

in which (¢, ¢7) is the unique pair in H’ satisfying

(5. %), 01, —w1)),, = IIB'¢°[I7;.

The optimality system for the problem Eq. (8.8) is the coupled system

EW L awe 1 enp BB'¢°
w e —_— =
dt? dt
d2¢s ,
o + A¢® — eBd,(B'¢°) =0
(OS),
dw® do°
£(0) = 0)=0, ¢(T) =0 ——(T) =0
w?(0) dt() O (T) = ¢, dt() 0¥

((¢5:85). w1, —wD)),, = [ B'9°Ily;.
Its solution has a priori regularity

&

elu,

dw?® dw
’ & C OaT7 ) B/
(dt W>e ([0, T1; H) R

<¢’3, djt ) e C(0, T]; H'), B¢®el.

(8.20)

8.21)

(8.22)

(8.23)

(8.24)

(8.25)

(8.26)
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Finally, we note that in view of the representation in Eq. (8.22), the estimate in Eq. (8.19) is
equivalent to the observability estimate

/d ¢
Iy, vo)lln < Cr ||B :l/; . YWY €N, (8.27)
u
where ¢ is the solution of
dZw&‘ dl//s dw{;‘
AY® —eBB' — =0, ST = ¥y, T) =1,. 8.28
-+ Ay — BB V) =Yy (D) =¥ (8.28)

8.3 Main Results

Assume that the observability estimate in Eq. (8.19) holds for some gy > 0. We show in Corollary
8.1 below that the observability estimates in Eq. (8.14) and Eq. (8.19), for ¢ € (0, &¢], likewise hold
with the same constant Cy := C7°. Letw, ¢, (¢, ¢;) be the solution of the optimality system (OS),
and let w®, ¢°, (¢§, ¢7) be the solution of the optimality system (OS),. Our main result describes
how w®, ¢°, (¢5, @7) converge tow, @, (¢g, ¢1).

THEOREM 8.1
As e—0, we have

B'¢°—B'¢ strongly inU
(05, 97)— (Bg. ¢))  weakly* in H’

<¢€’ d¢8) — (¢>, C;—(f) weakly* in L>(0, T; H')

dt
ey 49 T e evy2 (8.29)
¢ (1), T (1) — 1(¢5 #%) I3, = O(e), t € [0, T]
H/
,dw? )
eB T — 0 strongly inU4

dw?® dw
| = — j T, H).
(w R ) <W, dt) inC(0,T];H)

The key to the proof of Theorem 8.1 is the following result.

LEMMA 8.1
Let ¢° be the solution of Eq. (8.20) and ¢ the solution of Eq. (8.9). For each (¢, ¢,) € H' and for
0 < &1 < & we have

I|B'¢° lu > 11B'd% |- (8.30)

The estimate in Eq. (8.30) also holds if ¢; = 0 (with ¢° := ¢) for each (¢gs d1) € K. In this case,
we also have

B'¢°—B'¢p stronglyinl,

. dg* d¢
|(580) (e 50)

= 0(/g) as e—0.
L*(0,T;H)




118 On Singular Perturbations in Problems of Exact Controllability
COROLLARY 8.1

If the observability estimate in Eq. (8.19) holds for some go > 0, then it holds for all ¢ € (0, &¢] and
there is a constant Ct > 0 independent of € such that

(@0, @D lI3e < CrlIB'¢ lu, (o, ¢1) € H'. (8.31)
Further the observability estimate of Eq. (8.14) holds with this same constant.

In other words, the observability estimates of Eq. (8.19) hold uniformly with respect to & on each
interval (0, &9).

PROOF OF LEMMA 8.1 By using the representation of Eq. (8.22) for the solution ¢° and
Eq. (8.10) for the solution ¢, it is seen that Eq. (8.30) is equivalent to showing that

dy® dy®?
AN
dt ||y dt ||y
for each (Y|, ¥) € Hand for 0 < &) < &;,. Set W = ¢*> — ¢/*'. Then W satisfies
v + AW sp Y ( )BB’deI
— —¢& — =(e—¢
dr? : dt 2 dt
(8.33)
v(T) = d—\y(T) =0
ot -
From Egq. (8.53) below, applied to the solution of Eq. (8.33), we obtain
dv 2 avl|? 1 dy® dv ||?
—(0), ¥(0 B — — —¢&1)B’ — —
H[dt() ()] H+82 R u+82 (g2 —&1) 0 e2B'— .
_ 2 d €1 2
_ (ea—e)) B 14 . (8.34)
2] dt U
One has
Ay ,dv Ay Ay
—¢&)B —&B'— =¢&,B —&/B ,
(€2 = &1) dt °2 dt £2 dt o dt
hence,
dyr®? 1 dyr® aw £ dyr®
B—/——| <— —eB’ — & B — —||B’ 8.35
H dr |, ~ & (62 = £1) dt 25 u €2 dt ||y (8.35)
It follows from Eq. (8.34) and Eq. (8.35) that
B/dllfg2 < &y — €] B/dllf‘sl 8_1 B/dd/gl — B/dwgl ;
dt ||y £ dt ||, & dt ||y dt ||y

which proves Eq. (8.10).
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Now suppose that (¢, ¢;) € K or, equivalently, that (¥, V) € I%, sete; = 0, &, = € and write
W? in place of W. From (A2) we have
2 T
dt =¢ /
U t

dwe ? T
H[W“W “} H“/,

Returning to the original variables ¢ and ¢°, Eq. (8.36) is the same as

o ddF
|l G

2 2

dwe
dt

dyr®
dt

pit

BI
dt

dt. (8.36)
U

o

U

2 T T
+s/ (IB'®* |17, + I1B'¢°117) dt:s/ | B'$lI7, dt (8.37)
H! t

t

where ®¢ = ¢® —¢. It follows immediately that (¢°, d¢® /dt)— (¢, d¢/dt) in C([0, T1; H'). Further
B’¢° is bounded in U so that on a sequence ¢ = ¢,—0, we have B'¢°— g weakly in /. Because also
(¢, do® /dt)— (¢, d¢p/dt) in C([0, T]; H'), necessarily g = B’¢, and one has weak convergence
B'¢*— B'¢ as e—0. Therefore, || B'¢|lyy < limg—s || B'¢®||z;. But from Eq. (8.30) we also have the
opposite inequality. Therefore, || B'¢ ||y = lim,— ¢ || B'¢° || It follows that B’¢*— B’¢ strongly in
U, and then, from Eq. (8.37), that
H[qf(t), ddi(t)} = o0(e).
t ” i

REMARK 8.1 The observability estimate in Eq. (8.27) is equivalent to the stability estimate

dw?® 2 T dw?® 2
(1), wem} <c / B0l ar. (8.38)
H |: dt H T 0 dt U
for every (vo, wg) € H, where w? is the solution of
d*w® . ,dw? . dw*
T + Aw® + ¢BB yraie 0, w®(0) =wo, 7(0) =vg. (8.39)

The estimate of Eq. (8.38) is in turn equivalent to the uniform exponential stability of the solution
of Eq. (8.39). The time T in Eq. (8.38) is then the smallest value for which ||S.(T)| < 1, where
Se(t), t > 0, is the contraction semigroup in H associated with the solution of Eq. (8.39). It follows
from Lemma 8.1 that if Eq. (8.39) is uniformly asymptotically stable for some ¢ > 0, then Eq. (8.1)
is exactly controllable to H in time 7. This observation, informally known as “Russell’s Principle”
[7], although well known, is usually argued by solving a forward problem, then a backward problem,
followed by an application of the contraction mapping principle. Our point is that Russell’s Principle
is an immediate consequence of Lemma 8.1.

PROOF OF THEOREM 8.1 Let gy > 0 be fixed. For 0 < ¢ < g(, we have from Corollary 8.1

(@6, @D 2 < CrlIB'¢ llu- (8.40)

By Eq. (8.26) we also have, for any o > O,

1
lon —wol + 5106 0D [ 84D

2a

IB'9° 17, = ( (5 87). (i, —w1)),, <
It follows from Eq. (8.40) and Eq. (8.41) that

| (#6-85)|l,, =C. I1B¢°llu <C. 0<e <eo,
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for some constant C independent of . From Eq. (8.56) below we immediately obtain
¢F
H [dﬁs ®, ——@®
In addition, on a sequence ¢ = ¢, tending to zero, we have

(4)8 dd)s) —> (‘5’ ili_q:) weakly* in L>(0, T; H)

- H(¢’(s)’¢i)”; = 0O(e) as e—0.

7 . , 8.42
(@5 ) Bo. &) weakly® in (842
B'¢*—g weaklyinlf,
where @, (¢, ¢,) satisfy
2 ~
d-¢ L do .
e +A4¢ =0, ¢(T) =g, E(T) =¢;
and where g = B'@.
We next show that
IB' @l = 1 B'¢llus- (8.43)

To prove this we first note that B'¢° — ¢ B’(dw? /dt) is an admissible control for the optimal control
problem of Eq. (8.7). Because B’¢ is the optimal control for that problem, we have

&

< 1B'¢"llu
u

I1B'¢llu < HBW —¢B

where we have used the energy identity of Eq. (8.53). Therefore,

|B' ¢||u< lim || "N = (1, —wi). (@o. ¢k = (B'¢. B'd)y, (8.44)

where we have used Eq. (8.12). On the other hand, since B'¢*"— B’$ weakly in U, we also have

1B'Bl; < hmlanIB ¢l = (B'd, B'd)y (8.45)

Equation (8.43) follows from Eq. (8.44) and Eq. (8.45), which also yield

(1, =w1), (@g, d))ic = IIB'DIIZ- (8.46)

It now follows from Eq. (8.16), Eq. (8.43), and Eq. (8.46) that (¢, #,) = (¢, ¢;), and therefore
é = ¢, so that the convergence in Eq. (8.42) takes place as ¢ — 0. We may further conclude that

IB'$ll = lim B¢ .

hence, B'¢p°— B’¢ strongly in U as e—0.
To complete the proof of Theorem 8.1, we next show that

&

,dw ,
eB yr —  strongly in U (8.47)

and

(ws, d;:) > (w, ‘%) in C([0. T]: H)). (8.48)
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In fact, Eq. (8.47) and B'¢°*— B’¢ imply Eq. (8.48) because, for the solution of Eq. (8.1), the mapping
U C(0, T]; H) is continuous.

To prove Eq. (8.47), we decompose the control space according to
U =Ker(Lr) ®Rg(Ly) := Uy ® Uy
The following result is classical. For the sake of completeness, we include its simple proof.

LEMMA 8.2

Let (vi, —w) € K’ be given. Controls f € Z/IOl suchthat Ly f = (v, —w1) are unique. Furthermore,
if f € Uy satisfies Lt f = (vi, —w)), then f is the control of minimum norm among all controls
h € U such that Lth = (vi, —w)).

PROOF Let f, g € Uy besuchthat Ly f = Lrg.Then f —g € UpNUy-, hence f—g = 0. Now let

hbe any control ini{ such that Lyh = (v, —w),and writeh = f+ f* where f € Upand f* € L{g-.

Because Lt f = 0, necessarily Lz f~ = (vi, —wy) and [|hll7, = | F1Z + I £ = 14117, QE.D.
We write

dw?®
B'¢° —eB’ = fo+ o fielo, fFely.

Because B'¢p° — ¢B'(dw®/dt) € U and Lyt (B’qba —£B’(dw8/dt)) = (v, —w}), necessarily

Lrft = (vi, —w1). But also L7 (B'¢) = (v, —w) and so, according to Lemma 8.2, we must
have ft = B'¢ forall ¢ € (0, &o]. Thus,

! 4 € /d‘/v“2 !
B'¢° —¢eB Pl fe+ B¢, €€ (0, el (8.49)
We next apply the energy identity of Eq. (8.53) to w® and obtain
2 2 || prdw® : ‘I 2
elvi,wly +&” || B ——| + ‘ B'¢* —¢ = [|B'¢"Ily- (8.50)
dt ||, dt ||,
By using Eq. (8.49), we may write Eq. (8.50) as
2 2 || prdw® ? ) 2 1aEn2
elvi,wly +¢ B—- + 1Bl + 1 fellyy = 1Bl (8.51)
u

Because || B'¢°|ly— || B¢ ||s, we immediately obtain Eq. (8.47) from Eq. (8.51).

Appendix

Consider Eq. (8.2); with the right-hand side Bf + F, where F € L'(0, T; H) and with initial
data (wq, vo) or its equivalent first-order formulation

d vé _ Ve Bf F Ve B v
dt(ws)_A8<w€>+<0>+<o)’ <W5>(0)—<W‘;>, (8.52)
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where
— ! —
A=( fB (f>
From Reference 4, Chapter 7, it is known that for ¢ > 0 the operator A,, with
D(A) ={wi,wp) e H:voeV, Awo+eBB'vye H},
is the generator of a Cyp-semigroup, S, (¢), ¢t > 0, of contractions on H. Furthermore, for (¢, ¢,) € H,
felUand F € L'(0,T; H) the unique mild solution of Eq. (8.52) satisfies B'vé € U, and the

map [(¢, @y), f» F1+— [(vE, w®), B'v]is continuous H x U x L' (0, T; H) + C([0, T]: H) x U.
When F = 0, one has the energy identity

12
/ 1 /..e
IV @), w115 +/ (el BVeIG + ZILf — e BVl 1dt
0
1 t
= oo wol+5 [ IfIdr 0<r<T. (8:53)
0
Let A/, denote the dual operator of .A,. It is the unbounded operator in H' given by
, _(—eBB I
= (5 5)
D(A) ={(¢o.¢p) €eH : ¢y €V, ¢, —eBB'¢, € H}.

The operator A, is the generator of the semigroup S () dual to S, (¢). Therefore, if ®, € H' then
®4(1) = SI(T — 1)Py is the unique mild solution of

do®

pre - A®°, D(T) = . (8.54)
N _ (%o -
By writing ®° = ot |’ ) = 6 ) Eq. (8.54) is the same as
1
do® doe’
¢ = ¢BB'¢* — 6°, = A¢°®,
dt dt (8.55)

o (T) =g, 6°(T) = ¢,.

The following lemma is simple to verify.

LEMMA 8.3
Let (¢, 1) € H'. Then (¢°, 6°) is the solution of Eq. (8.55) if and only if
dy®
& — , 98 — A &
¢ R (4
where ¢ is the solution of
dZws dws
—— 4+ AY® —e¢BB’ =0
dr? AV e dt
e - dy*
YT = A"y, (T) = ¢p.

dt
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As a consequence of Lemma 8.3, we see that the unique mild solution of Eq. (8.55) satisfies
B’¢*® € U. In addition, it follows from Eq. (8.53) that

T
I[$° (1), 65 (O1l7, + 2¢ / IB'¢° 113, dt = [(¢, d) I, - (8.56)

t

LEMMA 8.4
Let (¢, 1) € H and (¢°, 6°) be the solution of Eq. (8.55). Then ¢°, [¢°(0), 6°(0)] and B'¢° are
the unique elements in L*°(0, T; H), H' and U, respectively, satisfying

T
<[¢S(0)»98(0)]a(VOaW0)>H+(B,¢Svf>U+A (@° (1), F(1))dt
= ((¢0: $1), V(1) w* (T)D)y, ¥Y(vo,wo) €M, f €U, FelL0,T;H), (857

where (v, w?®) is the solution of Eq. (8.55).

The variational Eq. (8.57) amounts to a definition of the solution of Eq. (8.55) by the transposition
method. The proof of Lemma 8.4 is by a straightforward computation and is omitted. We remark
that existence of a unique triple ¢* € L*(0, T; H), (¢7, 67) € H', and g° € U satisfying

T
(@#5.60). Gowo)ye+ & Pt [ @0 FOas
— (G0, #0. (D) w (Dlhygs Yo wo) €M, f €Uy FeLIO.T; H) (8.58)

is a consequence of the fact that the mapping [(vo, wo), f, F) — (v(T), w®(T)] is continuous from
X :=H xU x L'(0, T; H) into H; thus, the right-hand side of Eq. (8.58) is a continuous linear
functional on X.

Now consider the problem of Eq. (8.20) where the operator Bd, is defined in Eq. (8.21). If we
formally calculate the inner product in H of Eq. (8.20) with w?, where (v, w?) is the solution of
Eq. (8.52), and then integrate over (0, T'), we obtain

dot T
<{¢S(O), - f (0)] ,(VO,W0)> + (B¢, flu +/ (@°(1), F (1)) dt
t H 0

= ((¢Ov _¢l)v [VE(T)a WS(T)]>’H5 V(V()’ WO) € H? f € Z/[, F € LI(O’ Ta H)
(8.59)

The variational Eq. (8.59) is the same as Eq. (8.57) if we identify d¢°/dr with —6°. This justifies
the definition that for (¢, ¢;) € H’', the solution of Eq. (8.20) is (¢°, d¢p®/dt) := (¢°, —6°), where
(¢, 6°) is the unique mild solution of

d &
¢; = ¢BB'¢° — 0°, Ag°,

t
¢ (T) =y, 0°(T) = —¢,,

o

in other words, by definition

o0 1w ( %
{_w/d;(;)] =5%T=n <—¢1 > '

According to Lemma 8.3, we may also express (¢°, d¢®/dt) by Eq. (8.22), and Eq. (8.23) above.
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Abstract  We consider some elementary model problems that are taken to be representative of
more important models on complex spatial structures. We discuss domain decomposition techniques
from the point of view of optimal control in that coupling conditions are viewed as controllability
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constraints. This leads to the notion of virtual controls, which has been introduced by J.L. Lions.
We pursue an augmented Lagrangian point of view. By this method the iterative coupling turns
into a sequence of PDE control problems. We also provide extensions of the methods to elliptic
problems on networked domains. This contribution is in honor of J.E. Lagnese, with whom the
author collaborated over the past 15 years. Most of the results of this paper have been obtained in this
collaboration.

9.1 Introduction, Notations, and Review of Basic Methods
9.1.1 Introduction

This paper is dedicated to J.E. Lagnese, with whom the author collaborated over the past 15 years.
The work done during that period concentrated on problems of controllability and stabilizability,
and problems of optimal control for linear and nonlinear hyperbolic problems or more generally for
problems of second order in time. A particular emphasis has been on problems defined on networked
domains. Networked domains become more and more important in dealing with complex dynami-
cal systems, such as flexible mechatronic structures; fluid-structure interactions; or infrastructures
composed of networked pipes, reservoirs, rivers, etc. A major part of the joint work with Lagnese
has been devoted to the mathematical modeling and its analytical properties. More recently, how-
ever, we have focused on domain decomposition methods for such optimal control problems. The
reason is that numerical treatment typically becomes prohibitive if one considers the entire system
at once. The systems are composed of elliptic, parabolic, or hyperbolic equations coupled at joints
and interfaces; the most natural decomposition is in terms of substructuring (i.e., nonoverlapping
domain decompositions). The complex networked system thereby decomposes into substructures
that, all by themselves, have a physical meaning. The underlying idea is that, upon decomposition,
specialized and validated industrial software on the local level can be used in parallel in order to
cope with the entire (global) problem. In an iterative decomposition process one has the possibility
of controlling the degree of exactness, in particular using a posteriori error estimates. Although
second-order methods are known to be fast and accurate when operating in the neighborhood of the
solution, they are not particularly robust and may fall far away from the solution. Good guesses of
the true solution are not easy to obtain given the complexity of the process. Therefore, first-order
methods, in particular gradient-based methods, appear favorable. Moreover, such methods can be
viewed as preconditioners for higher-order methods.

Domain decomposition methods have been developed for a large variety of problems in mathemat-
ical physics and engineering, on the level of both partial differential equations and the corresponding
discretizations. The main work in domain decomposition concentrates on the latter. However, from
the point of view of mesh independence and by its own right, it is very important to also have the
theory available in the infinite dimensional setting.

Another point is that domain decomposition methods as such do not provide a decomposition of
the gradients or the corresponding optimality systems. The main problem is whether the decomposed
system itself can be regarded as an optimality system corresponding to an optimal control problem
for the substructure.

The present article combines and reviews ideas and results that have been obtained in this
direction in collaboration with Lagnese. For the sake of brevity, the class of problems is restricted
to elliptic problems. The methods can be and have been obtained for general dynamic problems of
hyperbolic or Petrowski type. We refer the reader to the monograph by the author and Lagnese (see
Reference 18).
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9.1.2 Basic Ideas and Methods

In order to fix ideas, we begin our discussion with a standard elliptic problem. In particular, for
easier reference, we consider the problem

—Au=f inQ

1
u=0 ono<, ©-1)

where © C IR? is a bounded domain with piecewise Lipschitz boundary 92 and its classical gener-
alizations. Let V = HO1 (Q), H=L*(Q), D4=H*(Q)NV,and f € V* (the dual of V). (See, e.g.,
Grisvard [8] for standard notions and properties of Sobolev spaces.) The problem in Eq. (9.1) is a
special case of a class of problems that can be expressed in variational form as follows:

a(u,v) =(f,v)iyVYvev, 9.2)

where (f,v)y denotes the duality pairing between elements f € V* and v € V. By applying
the Lax-Milgram lemma to Eq. (9.2) we obtain, for any given f € V*, a unique solution u € V
to Eq. (9.2).

We now decompose the domain €2 into disjoint subdomains ;,i = 1,..., I, I > 2. To this end
we introduce the notation

i
Il

1
U ane=0
i=1

F,‘j = 852, N BQ] = Fﬁ, F,‘ = 852, Na

Yi = U Fij’ I':= U Fija

JELi I=i#j=<I

T={,....1}, T:={jel:T;#0).

(9.3)

With this notation, I" denotes to the total transmission boundary, y; denotes the transmission boundary
for 2;, and Z; is the set of indices of adjacent domains for £2;. Let us introduce the following spaces
associated with the splitting of Eq. (9.3):

Vi={ue H(Q):u=0 on I';}

4
U = Lz(Fij) =U; = Lz(Fji)- oY

Then we may consider the operators r; : V. — Vi, rju := ulg,and rj; : V; — Lz(Fij), riiu; =
uilr,- Obviously, r;, r;; are all linear and bounded. Let 4; : V; — V;* be the canonical Riesz iso-
morphism. The splitting of Eq. (9.3) corresponds to the splitting of the “global” operator 4. With this
basic notation at hand, we may now review various classical domain decomposition techniques. The
material to follow is, however, selective because of our special interest in the relation to controllability
questions. We refer the reader to Reference 32 and Reference 12 for a general treatment.

For the sake of simplicity we go back to Eq. (9.1) and consider two subdomains only. The problem
in Eq. (9.1) is equivalent to

—Aui = f, in Ql'

u; =0 onT;
9.5)
U = uj Ol’lrijZF
ou; ou;
" ﬁ:O onT'; =T,
81},» 8vj

i =1, 2.In Eq. (9.5) the third and fourth equation constitute so-called transmission conditions. The
decomposition of those transmission conditions is at the heart of nonoverlapping domain decompo-
sition methods (DDMs).
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One may either directly apply an iterative procedure to Eq. (9.5) by some alternating step between
the problems on €2; or formulate the transmission conditions of Eq. (9.5); and Eq. (9.5)4 in an
operator format as follows. We first concentrate on methods that start with (9.5);. The following
procedure parallels the one in Reference 32, Chapter 1.2. We include the presentation for the sake
of self consistency. We enforce (9.5)3 by setting rjju; = u;|r = A = u|r = r;ju;:

—Au,- = fl in Ql‘
u; =0 onT; 9.6)
u; =Xr onl,

i =1, 2. The problems in Eq. (9.6) can be solved in parallel yielding the unique solutions #;. Thus,
Eq. (9.5)4, the other transmission condition, may be seen as an equality constraint as follows. To
this end we decompose u; =w; + z; such that w; is given by the Dirichlet map D; and z; solves
the “driven” problem with homogeneous boundary conditions. In order to express Eq. (9.5)s in
operator notation, we need to consider Neumann traces 7;. We also denote by P; := T; D; the
Steklov-Poincaré interface operator for 2; and by P := P; 4 P, the total Steklov-Poincaré operator.
Moreover, let g; denote the Neumann traces of z;. Then

Pir+Prd=g1+&
Pr=g.

Solving Eq. (9.5) is equivalent to solving the Steklov-Poincaré Eq. (9.7) on I". We proceed to derive
a variational format of this equation which then has the potential of being generalized. Let R; be
any extension operator from I' into V; (with dense range in V;) and ‘R their concatenation. We have
riRiw = p, forall i, j, and hence r;R;u = r;;R;jju. Equation (9.5) is equivalent to

ai(u[,vi) = (fi,v,») VV,‘ € V[O

Uy = rpin (9.8)

ay(uy, Riy) + ax(uz, Royp) = (f1, Rip) + (f2, Rop), Yu e W.
Equation (9.7) reads in variational form as

(Pa, ) =(g. 1), YueW 9.9)

which is, in turn, equivalent to Eq. (9.8)s. Thus, any iterative procedure for the solution of the
Steklov-Poincaré Eq. (9.7) results in such a procedure for Eq. (9.8), and vice versa. This is one of
the basic aspects for iterative nonoverlapping DDMs. The most standard such decompositions are
the Dirichlet-Neumann and the Neumann-Neumann methods. Let us display their variational forms
based on the decomposition of Eq. (9.8). (See Reference 32.)

9.7

ALGORITHM 9.1
Given ¥ at iteration level k:

1. Solve for ulf“ eV
ai (Wit vi) = (v Vv e v
ulfrl =2 onl
2. Solve for uﬁ“ eV,
a (U5t va) = (o, v) Vv e V)
ar(us™ Rop) = (2. Rap) + (fi. Rip)
—a (T Ripw), Yuew

3. Update I*: ' = 0 rpuf™ 4+ (1 —0) A, 6 > 0.
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Algorithm 9.1 has an operator format as follows:
AL =2k o (=P Ak £ g). (9.10)

Moreover, it has a sequential character, as the subproblem on €2, has to be solved before the step can
be completed.

The so-called Neumann-Neumann method resolves this difficulty with respect to parallelism at the
expense of introducing an additional Neumann solve with the residual of the transmission condition
of Eq. (9.5)4 on the right-hand side of the Neumann condition. As we will not use this method, we
just display its operator form, which is

M =2 08P+ 8Py ) (g = PAY. 9.11)

Both iterations Eq. (9.10) and Eq. (9.11) can be interpreted as preconditioned damped Richardson
iterations in the Hilbert space W. See Reference 32 for a detailed discussion of the methods and their
discretizations and extensions.

9.2 Domain Decomposition and Optimization
9.2.1 Virtual Controls

The point we want to stress is that the transmission conditions of Eq. (9.5)3 can be interpreted
as exact controllability constraints wherein A is viewed as a “control” function in the control space
W or L*(T"). As it is much more convenient to work in the control space L?(I"), we take the
second approach. We look for solutions A with minimal norm; see Lions and Pironneau [24]. We
may envision various ways to approach the equivalent controllability problem, such as the
formulation

2

o1
inf 5 Z Ailar (9.12)
i=1
such that
ai(u,vi) = (fi,vi) +bi(Ai,vi), VYvieV (9.13)
riu; = rjuj, Vi, j (9.14)
MiAA =0, Vi j. 9.15)

The problem in Eq. (9.12) and Eq. (9.13) is an optimal control problem with equality state and
control constraints of Eq. (9.14) and Eq. (9.15), respectively. The optimal controls that realize
Equations (9.12) to (9.15) are artificial or virtual controls, the objective of the control problem being
the continuity of traces along I'.

In the general case of a multidomain splitting of Eq. (9.3), we define

Ai = (Aij) jez, (9.16)

and, recalling Eq. (9.4), we denote by

1
vi=Ju, uv=JU. (9.17)
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The requirement of Eq. (9.15) then reads as
)\,‘j-’-)xﬂ':O, VjEL, (918)

i =1,..., 1. Thus, in the case of multidomain splittings, the state and control constrained optimal
control problem is given by

1
inf QI =D D Ixly,

i=1 jeI;
ai(ui,vi) = (fi,vi) +bi A, vi), Vvi eV, 9.19)
riw; =ryuj, j €1,
)»,y—}-M,-:O, jEL, lzl,,l
We add that b; (1;, v;) is now replaced with b; (A;, v;) = ZjEI; (Aij» rjivi)u, - Obviously, the problem
of Eq. (9.19) is coupled in i via the adjacency structure of the decomposition. The main goal is to
derive iterative procedures in order to decouple the constraints of Eq. (9.19); and Eq. (9.19)4.

We first consider a two-domain decomposition and eliminate the constraint A; + A; by setting
A1 = —Ay = A. Then Eq. (9.19) reads

PR S
Hklf B A2z my=u

ai(ui,vi) = (fi,v) + (=D Ou, riv) Yy e Vi, i=1,2 (9.20)

rpiuy = rpaup.

We introduce a Lagrangian relaxation of Eq. (9.20); via a Lagrange multiplier ¢ € L?(I"). Thus, we
consider the Lagrangian equation

1
L0 q) 1= 5 My + (g, ra = riouz)y ©.21)
and then the saddle-point problem

inf sup L(X, g) = —inf inf L(A, q)
A q q s

subject to Eq. (9.20),. We define the dual functional J (q) as
J(q) = —il)}f L, q). (9.22)
As the problem

igf{ﬁ(k, q) =: J(g; A)} subject to Eq. (9.20), (9.23)

admits a unique optimal solution A°”*, the original problem reduces to the unconstrained minimization
problem

inf {—J(q; A°P")}. (9.24)
q
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The gradient of —J (g; A°P") is V[—J(q; A°P")] = —(ra1u1 — ri2u2). The gradient procedure for
the Lagrange multiplier then is

¢ = ¢ + plrauy — ripuz) (9.25)
where
a’(pi, pi) = (=D (¢*, ripi). YV pie Vi (9.26)
ai(u;, ;) = (=)' (raip1 — riapa, rjifty), ¥ ii; € Vi. (9.27)
ALGORITHM 9.2
Given qk,

1. Solve Eq. (9.26) for pl'.‘.
2. Solve Eq. (9.27) for uk.
3. Update q* in Eq. (9.25).

4. Go back to Step 1 and continue until finished.

REMARK 9.1

1. Steps 1 and 2 are forwardly decoupled. Thus, the adjoint problems Eq. (9.26) can be solved
in parallel first. Then the forward problems can be solved in parallel.

2. However, Eq. (9.26) and Eq. (9.27) do not correspond separately to an optimality system of
an optimal control problem on £2;.

Thus, if we eliminate the constraint A; + A; = 0 in Eq. (9.19) we do obtain an iterative domain
decomposition procedure that can be solved in parallel based on an optimization problem, in fact a
virtual optimal control problem on €2, but the local problems to solve on €2; do not correspond to
local virtual optimal control problems on €2;.

It is desirable to directly apply existing optimization software developed for a broad variety of
problems on standard domains. Hence, DDMs for optimal control problems that lead to local optimal
control problems are preferred. It is obvious that certain extensions, variations, and alternatives may
also be considered.

For instance, instead of using a Lagrangian relaxation as in Eq. (9.21), one may introduce an
augmented Lagrangian equation

,
LA, q) =LA, q)+ 3 21wy — ripusly. (9.28)

See Glowinski and Le Tallec [7] for a general discussion of such methods. Again, we can derive a
saddle-point type iteration analogous to Algorithm 9.2. Similar remarks as above apply to its parallel
features (e.g., there is no decoupling into separate optimization problems).

Yet another variant is to consider just a penalization of the state constraints ryju; — rizus:

1 r
.MM=5M@+§Mmr4m? (9.29)

Gradient procedures associated with Eq. (9.29) have been investigated by Gunzburger and Lee [10]
and Gunzburger et al. [9].
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Penalty-based iterative domain decomposition procedures are interesting in particular for nonlinear
problems, where the existence and regularity of Lagrange multipliers is difficult to establish.

Consequently, we now consider the Lagrangian relaxation of Eq. (9.19)3 and Eq. (9.19)4 followed
by a gradient procedure. This approach has been outlined in Reference 23. We obtain the following
saddle-point problem:

k125 sup H Z Z |)"J|U// + Z Z(qﬂ,rﬂuz FijUj)u;

i je; i jeI;
+ Z Z (/"Lllr )"l] + )"ji)U,'j} = ‘C’()"’ M, CI):| SubjeCt to
i jeI;
ai(ui,vi) = (fi,vi) +bi(Ai,vi), Vv eV, (9.30)

where L(A, 1, q) is the Lagrangian equation for Eq. (9.19). Following standard derivations, we arrive
at the following gradient procedure.

ALGORITHM 9.3
Given qk, [Lk,
1. Solve for plk
ar (pf. pi) = Z (4% —Q{},rﬁﬁi)w VpieV
JELi
2. Solve for ui‘
ai(uf ;) = (fioit)) = (rapf 4wl + wy rii) - Vit € Vi
JELi
3. Update g*, uk:

k+1 _ k k k
q4; = 4qj + p(rjiu; _rijuj)

k+1 k k k
wy' =y + Py +45),
with )»g- =7rj p,’-‘ + ,uf; + /L’J‘-i.
4. Go back to Step 1 and continue until finished.
This procedure has been proposed by Lions and Pironneau [23] for overlapping domain decom-
positions, in case no constraint on A; applies. They remark that the method can be extended also to
the nonoverlapping case. The arguments above provide the details.

In retrospective, going back to the original saddle-point formulation of Eq. (9.30) of Eq. (9.19),
we realize that the cost, for a given g¥, u* can be written as

Tt g0 =Y ik, g%, h). 9.31)

The algorithm iterates the optimality conditions for the optimal control problem
1nf Ji(uk, g% x)  subject to a; (u;, ;) = (fi, i) —i—Z(AU,rﬂu ), VYa;, eV, (9.32)

JEL;

REMARK 9.2 The Lagrangian relaxation of Eq. (9.30) followed by the saddle-point iteration
given in Algorithm 9.3 results in a decomposition of the global optimality system into a local system
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that is itself an optimality system of the virtual optimal control problem of Eq. (9.32), defined on
subdomain i. This is precisely the paradigm we wish to emphasize.

REMARK 9.3 Itis important to note that if we eliminate the control constraints A;; + X ; = O first
and then optimize with respect to the remaining virtual controls (just one functiononI';; =T';; V i, j
such that €2; and 2; are adjacent), then the optimality conditions are coupled.

It appears to be very natural to stabilize and possibly accelerate Algorithm 9.3. The typical
procedure is to consider an augmented Lagrangian equation instead of the original Lagrangian
Eq. (9.30), where one introduces a penalty parameter r > 0 and considers

.
Ly(ht.q) := L 11, q) + 5{ Z it = ryu s, + Y Ty + dilg, } (9.33)

iJj

It turns out, however, that the corresponding optimality systems would not decouple into a local
penalized problem.

In order to derive an augmented Lagrangian method that leads to a decomposed set of optimization
problems in each individual domain, we further relax the transmission condition 7 ;u; = rjju; by
introducing yet another virtual control n

rip = nj Vl,],l GI, j GL, (934)

nij = nj. We may then consider the Lagrangian relaxations of Eq. (9.34). Let us first look at the
two-domain case with A; = —A; = A on T, n; = n; = n. We obtain the unconstrained problem

2
. 1
inf sup ¢ Lg(u,n;q) =: Z 3 a;i(ui, u;) — (fi, ui)

wi)n ¢ i1

B
+Z ()i, rjiwi —n) + 5 Z |rjiwi —nl* 3. (9.35)
iJ iJ

Now Eq. (9.35) is a saddle-point problem for which we may use various extensions of the classical
Uzawa algorithm. See Glowinski and Le Tallec [7] for a very nice presentation of the general subject.

We use a fractional step method with respect to the gradient procedure for the dual problems as
advocated in Reference 7 (ALG3), which results in the following iteration:

ALGORITHM 9.4
Given nk_l, qk,

1. Solveforuf»‘, i=1,2
ai (uf;) + B (rpuf, i) = (fi i) — (g5 — Bn*~"ority) Vi eV

2. Update:

k41 _
9 ~ = 6]; +pk(rjiuf‘( —n* 1)
3. Compute n* as
1

1 k41 k41 1
k 2 k k
T =738 (ql.'i Tt ) + 5(’11'”5 + ryu)
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4. Update:
k+3
qzﬂ =q; '+ pk(rjiuf — r]k).
See Glowinski and Le Tallec [7] for a discussion of the convergence properties of this version of

the saddle-point algorithm. For 8 = p, V k, we can completely eliminate the Lagrangian multipliers
and obtain an iteration based on the boundary conditions

8ul.c+1 X Buk-
i +1 _ J ok
vy, P = vy, + Priits 030
for i, j = 1,2. As in the previous, more general setting, consistency of this algorithm is easily

assessed.
The decoupling of the original transmission conditions according to Eq. (9.36) is due to Lions [25].

9.2.2 The Basic Algorithm of P.-L. Lions

For easier reference, we now summarize the algorithm of Lions [25] described at the end of the
last section and show convergence of the algorithm.

ALGORITHM 9.5
Given ul, %u;’ i = 1,2 compute ul’-’H, aa—viu;“’], i = 1,2 according to
At = fi in g (9.37)
Wt =0 ondQ NaQ (9.38)
i n+1 n+l __ _i n n ..
u; "t 4+ pul = ut+ pu”’ onT, i, j=12. (9.39)
81),' av‘,» J J

We summarize in the following theorem.

THEOREM 9.1 \
Letu € H} N H2(Q) and u? € Vi, i = 1,2 be the solution of the global and the local problem,
respectively, with

n—1 0 n—1 n—1 0 n—1 n—1
A =0 =) ——u + Bu +e| —u!" + Bu: (9.40)
i ov: J Jj i i

j dv;

and ¢ € [0, 1), )\8 S LZ(F) given. Then

1

2

2
lu" — ullg = (Z [|u? — u,»||2,ml)) — 0asn — oo, (9.41)
i=1

and the transmission conditions hold in the sense that, as n — 00,

(u} —uy)lr — 0 strongly in L*(T),

dut  duj
ouy | ouy 0 weakly in L*(T).
vy vy
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From the point of view of numerical simulations, the fact that the update of Eq. (9.39) involves a
Neumann derivative of u; on I' is not very convenient. We can reformulate Eq. (9.39) as

aun+1

o + ﬂu"“ = gl”+1 gl"+1 = 2,614;'- — g;?. (9.42)
But
gt =2Bu" — g" = __’fl' — Bu" +2Bu" = _a_u” + Bu’.
i J J 8v_,~ J J 8

Thus, Eq. (9.39) is equivalent to Eq. (9.42). This variant has been used by Deng [3], where a proof
of convergence without a relaxation parameter can be found.

9.3 General Elliptic Problems and More General Splittings
9.3.1 The Problem Setting

In this section we consider elliptic problems more general than the Poisson problem studied in
Section 9.2.2 in order to fix ideas. Let A be the differential operator of second order in € C IR¢
given by

0 ou
Au = — Z - [akg(x) } +c(x)u, (9.43)

k.l

with  as above, c(-) € L*(R2), ¢ > 0 a.e, a;; € L*(£2), and piecewise C', ay; = ay a.e. such that
A := (ay;) satisfies the standard coercivity assumptions.
We associate with .4 on €2 the bilinear form

aq(u,v) = /Q [Z e (x) 87” du + c(x)uv] dx (9.44)

) d k 8)C(

and denote the inner product in L?(R) by (-, -)o. The canonical weak formulation then has a unique
solution, according to the Lax-Milgram lemma.

We decompose 2 into I (>2) arbitrary disjoint subdomains €2;,i =1, ..., I, as in Eq. (9.3). For
the sake of simplicity, we will assume that the subdomains are connected and the areas I';; meet the
boundary 9€2 at right angles in order to have convex subdomains. This assumption can be relaxed,
however. We also assume the regularity

ulg, € H¥*(Q:) (9.45)

and set

l:aké(x) —] vie,, i=1,...,1, (9.46)
BvA I,

vi = (Vi1, ..., Vig), and A; := Al;. We generalize Algorithm 9.5 to the following algorithm.
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ALGORITHM 9.6 ,
Given u”, j—A onTy, 1 <i#j <1 withu!, 3= € LX(I'y),
1. Compute uf’“, i=1,...,1I according to
A; u?“ = fi inQ,
Wt =0 onT;
auzr'H_l n+1 3[4? n . n
BI)A’, + /Sijui = —WAI + ﬂijuj = )\,U on Fij (947)
2. n—>n+1, goto Step 1.
We can prove the following result.
THEOREM 9.2 .
Let u € Hy N H2(Q) with ai‘; Ir; € Lz(l",-j), 1 <i # j < I, be the solution to the global

problem of Eq. (9.2) associated with Eq. (9.44) and uy € Hlli (R),i =1,...,1 the solution to the
local problems

Al = fi inQ;

u! =0 onl;

u' du" !
=+ Bjul = (1—¢) (—J +ﬂ,~ju;'»+l>
J

aUAI, 8UA
du !
+e Lt Byl (9.48)
3UA1
with e € [0, 1). If
814? 0 2 . .
+Byui € L*(Ty), 1<i#j<m, ©.49)
8VA‘.
then
1
! 2
" = ull g = (Z | — uiHH,(QI_)) -0, u— oo. (9.50)
i=1

9.3.2 An a Posteriori Error Estimate

The convergence results established so far guarantee convergence. However, for a numerical
implementation, and in particular for adaptivity with respect to the splitting, we need reasonable
stopping criteria, first on the infinite dimensional level. Moreover, the question how the parameters
of the algorithms have to be chosen in order to obtain fast convergence is not answered. Otto and
Lube [31] and Lube et al. [26] have obtained a posteriori estimates for the algorithm of this section
at least for the two-domain case. We adopt the notation of Section 4.

Consider the problem aq(u,v) = L(v), Vv € HOl (2) = V. The DDM of the last section gives
at iteration level n + 1:

agl(u?*l,v,-)—i—/ ,Biu;”lv,-dl" =/K?vidF+Li(vi), 9.51)
r r

M= (B + BT =7 onT. (9.52)
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We consider the errors

el =ul —u;, Nl =A'—h, (9.53)
and define
2C OC’ A DC’ o0
CBy. A c): = (”,BIHL’ Al z, licliz~)
min{my, my}
= min{m,, my}~" max {Cyl|tri|| | Bill.~,
max{[|Allz=. llcllz<} - [[rs | }- (9.54)
THEOREM 9.3

Let u be a solution of the global problem of Eq. (9.2) associated with Eq. (9.44) and u?“ be solutions
of Eq. (9.51) and Eq. (9.52) for i =1, 2. Let the errors e}, 0!, i =1, 2, be given as in Eg. (9.53).
Then we have the a posteriori estimate

1y, elly, = ) a, b —uit! .
e Iy, + ez, = C(Br.a, o)f|u — ui ™| (9.55)

i)
REMARK 9.4

1. Note that the error estimate is not symmetric with respect to the domains. But this asymmetry
can easily be removed by starting at domain 2 and then combing the estimates.

2. The estimate of Eq. (9.55) allows one to optimize the error bound C (8, a, ¢) with respect to
the transmission coefficients 8; appearing in the Robin data. This is a major advantage because
the convergence results do not give any hint in this direction.

9.3.3 Interpretation as a Damped Richardson Iteration

To fix ideas, we consider the simplest problem as in Eq. (9.38) and Eq. (9.39) We decompose u;
as follows. Let G;(f;) =: z; solve

—Azi = f; inQ
zi =0 ondQNaI; (9.56)

d
—zi+pPzi=0 onl', i=1,2.
81),»

Moreover, let w; := R;A;; solve
—A w; = 0 inQ
wi =0 ondQNaI; (9.57)

]
a—W[-f—,BW,':)L,'j onF,izl,Z,j;éi.
Vi

Finally, define S;(A;;) = w;|r. The operator §; is an example of a Steklov-Poincaré-type operator,
and u; = w; + z; solves the original problem if 1;; = — aaT”j + Bu;, i # j. We may then establish
the following relation:

Aij X —2BSi(hji) =2BG;(fjr, (9.58)

i j=12i4]j.
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Equation (9.58) can be interpreted as a Steklov-Poincaré-type equation to be solved on the common
interface. This interpretation of the nonoverlapping domain decomposition of Lions seems to not
have been recognized in the literature. For easier reference, let us denote

AZ:)»U, ,bLI)\j,'.

Then we may rewrite Eq. (9.58) as follows:

A l I —2BS, — 1)1
—@2B S —1) I

A 2B G> falr
X = , b= .
w 2B Gy filr
Then Eq. (9.58) is the same as
Ax =b,
which is solved iteratively as follows for some 6 € IR:
X" =X — 0(AX" — D). (9.59)

Itis seen that the damped Richardson iteration of Eq. (9.59) with damping parameter 6 is precisely
the underrelaxed Robin-type iteration considered in Section 4, where we set

Tk, p) = QBuzlr — . 2Buslr —4) (9.60)

and recall that gy = X, g, = u.

9.3.4 A Schur Operator Formulation

The matrix representation of the Robin-type iteration in the two-domain case (discrete or contin-
uous) will have the pattern

A] 0 B]l 0 21 hl
0 A 0 B z h
2 22 2 | _ 2 ’ ©.61)
0 C12 1 I — 2,3S2 Ao ]’l3
Cy 0 [I-285 1 A2l hy
which, for more general splittings, extends to
A1 0 Bll . qu
0 Ay O By ... By
0 Ap|Bpi ... By, 9.62)
Cu C, | % 0
C21 Cgp 0 22 0
Cq1 Cyp| O Xy

where the matrices (B;;) and (C ) have a sparsity pattern according to the adjacency structure of
the subdomains.
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The structure of the operator in (9.62) remains after discretization. We note that the Robin-type
decomposition discussed here differs from the more standard splittings in the structure of the Schur
operator, which admits the typical format

Aj Arx
- (9.63)

A, |Ays

AEJ Az,p|A22

with the obvious definitions (B;; ... Biy) =: A;s,i=1,..., p,(CL, ..., Cqu-)T = As;, Ags :=2.
After discretization, the structure remains as in (9.63). The matrix representation (9.63) is the
paradigm for most of the known domain decomposition techniques, whereas the special spar-
sity structure of the Robin method resulting in (9.62) does not seem to have been noticed in the
literature.

It is important to note that equations with matrices according to (9.63) have been shown to
possess the structure of the hierarchical matrices, or H-matrices, introduced by Dryja and Hackbusch
[6]; see also Reference 11 for the particular situation of (9.63). Corresponding equations, after
discretization, can be very effectively solved in order O (n), where n is the order of the matrix, by direct
solving.

9.4 A Serial One-Dimensional Problem
9.4.1 The Steklov-Poincaré Equation

To further explore the structure of the iteration and the Schur operator equation, we consider
a serial one-dimensional situation. To this end, we decompose the interval (0, ) into N + 1
subintervals

O0=ly<tly <<ty <y ={¢,
and we set L; := (4;,€¢;+1),1 = 0,..., N. Let us assume that at 0 = £;, we have a Dirichlet

condition, whereas at £y = £ a Neumann condition is imposed. Let u; = u|;, be the restriction of
uto L;. Thus,

uo(lo) =0, uy(yy1) =0. (9.64)

The transmission conditions at the interfaces, represented by the breakpoints ¢;,i = 1,..., N, are
ui(liy1)) = uir1(bip), i=0,...,N—1, (9.65)

w;(liy)) = uj (biy), i=0,...,N—1 (9.66)

Obviously, the standard Robin—Robin-type domain decomposition procedure leads one to consider
the relaxation of Eq. (9.65) and Eq. (9.66) as usual:

w; (Cig) + Bui(Civ1) = i1 = U (ig1) + Buip1(Ciyr), i=0,...,N  (9.67)
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and

—u; (6) + Bui(€;) = Ajj—g = —ui_ (€;) + Bui—1 (&), i=1,...,N.

On the bounding intervals i = 0, i = N, we have to solve

—up 4 coup = fo inLg
uo(O) =0
ug(€1) + Buo(£y) = Ao

and
—MXI +cyuy = fN iIlLN
uy(Uny1) =0
—uy(n) + Bun(y) = Ay n-1,
respectively, whereasin L; i =2, ..., N — 1, we have

—u! +cu; = f; inL;
—u;(€;) + Bui(€;) = Aji—i
u;(liv1) + Bui(iz1) = it

(9.68)

(9.69)

(9.70)

9.71)

Problems of Eq. (9.69), Eq. (9.70), and Eq. (9.71) are to be decomposed according to u; = z; + w;
i =0,..., N where z; solves Eq. (9.69), Eq. (9.70), and Eq. (9.71) with Ag} = X; ;-1 = Ajiy1 =
An.n—1 = 0, and w; satisfies Eq. (9.69), Eq. (9.70), and Eq. (9.71) with f; = 0. Define z; =:

Gifii=0,...,N

A
=) =1 N—1,
Aijitl

w; (£;)

wi(€iy1)

S[(Ai)zl ] i=1,...,N-1

We introduce the elementary matrices aZ{ =088 Ej = (aéj}{)g’k and define
hi == 2BlEnG 1 (fi-D)W) + Ex1Gip1(fiv1)@ig1)]
Ciiv1 = 2B(ExnSiy1 — Enn)
Ciic1 = 2B(EnSi—1 — Ex).
Then the recursion of A can be written as

—LiiciAici+ A —Diipr A = hy,

i =2,..., N —2.Similar relations hold for final and initial values.

9.72)

9.73)

9.74)

(9.75)
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In summary, the Steklov-Poincaré equation associated with this serial problem (i.e., Eq. (9.75)),
can be written as

I -Tp M h
—I'y I —I'» A2 hy
1WN*],N*Z I _FN*LN )\N—l l’lN_]
—Tnv -1 1 AN hy
(9.76)
We may write Eq. (9.76) compactly as
[Z-G]A=H. (9.77)

We may use the methods of Ascher et al. [1] to solve this system. In particular, we may use a single
shooting step on each interval L;,i = 0, ..., N. Note that this can be done in parallel. Even though
in the one-dimensional context of a decomposition in space this observation may not seem relevant,
it turns out that in optimal control of hyperbolic problems the analogous time domain decomposition
will benefit from parallelism. In any case, we will obtain as a numerical solution a discrete analog
Ga, Hp of G, and H given by Eq. (9.77) and Eq. (9.76), respectively, such that

(Z —Ga) A = Ha. (9.78)
The idea is to precondition the damped Richardson iteration of Eq. (9.77) by rewriting it as
AMHL Ga AL — —GAAN"+ A" — O[T —G) A" — H]
or as
AT =A"— 0T -GN ((Z -G A" - H). (9.79)

The interpretation of Eq. (9.79) is very close to the one given by Lions et al. [22] and Maday and
Turinici [27]. Indeed, replacing the right-hand side of Eq. (9.79) by the residual

res" = (T —-G)A" — H, (9.80)

we propagate the error on the coarse grid (using a one-step shooting or a two-point discretization), do
an updating step as Eq. (9.79), and perform a local solution on a fine grid (or even an exact solution
in this setting of a one-dimensional problem) to obtain the new residuals. By its nature, the process
is completely parallel.

9.5 Distributed Control of Elliptic Problems
9.5.1 The Optimal Control Problem and its Corresponding Optimality System

We now concentrate on optimal control problems. To fix ideas, let us begin with the most standard
elliptic optimal control problem:

minuey/ (|w(u) —wyl? +v|u|2)dx

Q

—Aw=f4+u inQ (9.81)
w=0 onodf,
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where U C L?(R2) is closed and convex, 2 C R”, f € L*(R2). There is aunique solution to Eq. (9.81).
The optimality system is given by:

—Aw=f+u inQ
—Ap=w—w; inQ
w=0=p ondf 9.82)

/(p+ vu)(v —u)dx >0, YvelU.
Q

In particular, for U = L?(2) the inequality in Eq. (9.82) turns into an equality which then provides

= _1
u=-—:p.

9.5.2 Domain Decomposition: a Complex Reformulation

To obtain a reasonable decomposition procedure of Eq. (9.82), Benamou [2] and
Després [4] developed the following embedding into a Helmholtz problem with complex coeffi-
cient k € IC as follows. Let z be the (complex valued) solution of

—Az+kz=g inQ
z=0 ondQ (9.83)
z € Hy(R2; C)

and observe that for

i i i
Bl k = -7 = - T = 9
ﬁp NG g=17r ﬁwd
Eq. (9.83) is equivalent to Eq. (9.82) for U = L*(Q). Hence, a convergent domain decomposition
of Eq. (9.83) will result in such an algorithm for Eq. (9.82). We are, therefore, entirely in the context

of virtual controls. This observation leads one to suggest a Robin-type algorithm following the lines
of the preceding sections. To this end, let us consider the complex model problem

z=w+

—Az+kz=f inQ

0

a—z +Bz=h onT, (9.84)
v

z=0 onTly

with 0Q = I'hyU Ty, k,BelC, fe L*(Q:1I0), he LZ(FU, IC). We are interested in solutions
z€ H'(Q; IC) of Eq. (9.84).

THEOREM 9.4 (Benamou [2])
Let f € L>(;1C), h € L*(T'y; IC) be given. Assume that k, B € IC satisfies

Re(B) = 0, Im(B)Im(k) > 0; Im(k) + Im(B8) # 0.
Then the problem in Eq. (9.84) admits a unique weak solution 7 in H'($; 10).

With this result at hand, we may now consider the following domain decomposition proce-
dure, which, for the sake of simplicity, we write down for two subdomains in an unrelaxed form.
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The general case may then be handled as in the preceding sections. Let z7 € H'(2; IC) be the unique
weak solution of

—Azi +kz] = f in;

oz
S5 4 gzi=g' onl (9.85)
8\),’

2l =0 ond; NI
with f = L*(Q;IC) and g! € L*(T'; IC), i = 1, 2. Update the inhomogeneity g" by
n+1

gl =2p — gl i=1,2, j#i (9.86)

Together with Eq. (9.86), the transmission condition of Eq. (9.85) at n + 1 reads

oz 1 1
S BT =g =267 — g
n azljl n
= Z,BZj a _,BZ]
0z 0 o
=_7+'BZJ’ l=1723 J;éla
ij

which, upon convergence, reduces to the correct transmission conditions for the global problem
across the interface I', as in the real case. One shows the following (see Reference 18):

THEOREM 9.5
Let g0 i = 1,2 be given in L*(I"; IC), and let B, k € IC satisfy

Re(B) >0, Re(Bk) >0, Re(B)+ Re(Bk) > 0.

Then as n — oo the solutions z}',i =1, 2 of Eq. (9.85) and Eq. (9.86) converge strongly in H'(2;;10)
to the restriction of z on 2;, where 7 is the solution of

(9.87)

—Az+kz=f inQ
z=0 inoQ.

REMARK 9.5

1. The method can be extended to an arbitrary number of subdomains.
2. The method can be relaxed as in the preceding chapter.

3. The proof is an adaption of the one given by Benamou [2] combined with the updating
procedure given by Deng [3].

4. The method also extends to more general second-order complex equations.
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9.5.3 Methods for Elliptic Optimal Control Problems
We go back to the domain decomposition procedure of Eq. (9.85) and Eq. (9.86) and replace the

complex quantities according to our setting above. We obtain

1

1
—Aw*’—i—;p}’ =f, —Apl=w!'—wy; inQ;

0 2z
wi tawi ——=pi =g’ onl
dv; Jv (9.88)

9
o, Pl Ap) +u/vw =kt onT
1

w;=0=p;, ondQNaIQ,

together with the updates

n+l __ n J2 n n
8 _Z)LW»——vp — g7
{ (v = 75) — 8] (9.89)

R =2(0p% 4 /v w) — R

The iteration of Eq. (9.88) and Eq. (9.89) contains, besides v > 0, the parameters A, 1, which have
to satisfy

A>0, u=<0, A—u=>0. (9.90)
The canonical choice in the context under consideration is A = 0, u = —§ € IR, v = 1 and results
in the iteration
—Awl+pl=f ing
—Ap! =w! —wy in; 9.91)
wi=p;i=0 ond;NIR

Iwi '
oo opi = &
] . (9.92)
Pr s =nr
Bv,»
gt =26p) — g ©93)
W = —28w; — A, '
Of course, Eq. (9.93) can equivalently be expressed as
n+1
gl =——2—+op;”
; o (9.94)
ho= =y,
81)j

9.5.4 An a Posteriori Error Estimate

We define e, as

n ~ 1 ~n ~n 1 ~n
e = illy, + 12, + sl + 5Pz, (9.95)
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and

2
. (9.96)

n,n+1 __ n+1 n|2 1 n+1 n

g = |wi _Wj||r+;||1’t = pj]

where w! = w!' —w;, p! = p!' — p;. Here w;, p; are the global solutions, restricted to €2;, whereas
wi, p! are obtained by the iterative domain decomposition method. Then we obtain the following

theorem (see Reference 18).

THEOREM 9.6

Let the error measure be defined by Eq. (9.95) and the mismatch of the consecutive iterates along T’
be given by Eq. (9.96). Then, there is a constant C depending only on the geometry of 21, 2, and
B > 0along T, such that

172

en’nJrl < C{giljn-H + géliVH'l 9.97)

9.6 Boundary Controls
9.6.1 Standard Setting

Let us consider a standard elliptic problem again but now with a control acting through the
boundary on :

) 1 ) K 2
inf = fody + = lw —wqall (9.98)
Jerxry 2 Jr, 2
subject to
—Aw=F in,

ow
w=0 only, — =f only,
av

where dQ = I’y UT'|, meas(I";) > 0. The optimality condition for Eq. (9.98) is given by
f=—p only, (9.99)
where p solves the adjoint problem

—Ap =«xw—wy) inQ,

(9.100)
ap
p=0 onTy, — =0 onTy.
av
The complete optimality system is expressed as a system of coupled problems:
—Aw = F,
—Ap = k(w —wy) in S,
(9.101)
w=0=p onTly,
0 0
—W—I-p—O, op =0 onljy.
av av
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9.6.2 Domain Decomposition

As the coupling in Eq. (9.101) is both on the boundary for the adjoint variable and in the interior
for the direct variable, a reformulation as a complex problem as in Eq. (9.84) is not possible. Still,
the analysis in the last section leading to the decomposition method of Eq. (9.88) and Eq. (9.89)
suggests the following procedure:

—Aw}! = Fj, —Ap,-:/c(wl’?—wdi) in ;

n

]
—w! +aw! +up! =g’ onl

8\11- !

ad

a—p? +Ap! —uw! =h! onT (9.102)

Vi

wl=0=p! ondQ;NTy=:Ty;,

ow’" ap"
- —_P?, p’=0 OHBSZiDF]::Fli
av; av; ’

together with the updates

gt =20 +uph) — gt ©.103
hl’-H'] = Z(Ap;' — Mw:') — h?. )

For simplicity we assume that meas(I'g ;) > 0 and meas(I"; ;) > 0. As always, Eq. (9.103) can be
underrelaxed by the introduction of a parameter ¢ € [0, 1) such that

g = A —o)[20w] + upj) - gj] +egi

it . i i . (9.104)
R = (1 =) [2(ap} — uw') — 1] + eh’.

9.6.3 Convergence

THEOREM 9.7
For A =0and u > 0, and > > 0 and u > 0, where in the latter case |1/ is sufficiently large, the
errors of iterative scheme converge strongly to zero in the H'-sense.

For a proof see Reference 18.

9.6.4 An a Posteriori Error Estimate

We consider the errors w;, p; as in the preceding section. They satisfy the optimality system of
Eq. (9.99) with F; = 0, wg, = 0 and g, h instead of g!', h". For the sake of simplicity we consider
the standard case A = 0. Thus,

—AW? =0, —Aﬁ? ZKW,‘ in Qi

gt :
S up =g onT
a~{l+1 _
gz - MW?H — hl" onI’ (9.105)
Vi
wi=0=p! onlyNaQ=:Ty;
o op’
le_ﬁ’!, p’:o on'[NAR; =: Ty
v; ' v; ,
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together with

§7+1 —2up =n gj, fz?"’l — _21”7,;! _ h’} (9.106)

We may then introduce the total error

2
= (i, + 1871, (9.107)

i=1
and show the existence of a constant C such that
(en _,’_en+1)2 < CZ {len-'r] wh ||1—~ + ||pn+| _ p;lHr}(en +en+1). (9108)
ij=1
i#]

If we introduce the errors on the interface I" by
gt = witt —whlL 4+ || = Pl (9.109)

then Eq. (9.108) becomes

172

E” +en+1 < C(g{’t2,n+1 +g§t},n+1) (9110)

Then, with
en,nJrl P _I_thLl’ 9.111)

we obtain the following a posteriori error estimate.

THEOREM 9.8

Let measure of error ™"+ be defined by Eq. (9.111) and Eq. (9.107). Let the mismatch of the iterates
along the interface ' be defined by Eq. (9.110). Then there is a constant C, depending solely on the
geometry of Q1, 2, and the parameter ;1 > 0 along the interface, such that

1/2

e”’"'H < C(gi12,n+l +511 n+l) 9.112)

9.7 Elliptic Systems on Two-Dimensional Networks

This section is mainly concerned with domain decomposition in optimal elliptic systems on two-
dimensional polygonal networks P in IR . The model description is taken from Reference 18.

A two-dimensional polygonal network P in R is a finite union of nonempty subsets P;, i € Z,
such that

1. Each P; is a simply connected open polygonal subset of a plane IT; in IR,
2. U,z Pi is connected.

3. Foralli, j € Z, P; N P ; 1s either empty, a common vertex, or a whole common side.

The reader is referred to Nicaise [28], whose notation we adopt, for more details about such two-
dimensional networks.
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For each i € 7 we fix once and for all a system of coordinates in Pi;. Thus,
Hi = {pio + ximi1 +x2mi2},  x1, X2 € R,

where p;o is the origin of coordinates in I1; and »;;, n;» are orthonormal vectors that span IT;.
We assume that the boundary dP; of P; is the union of a finite number of linear segments Fij,
j =1,..., N;. Itis convenient to assume that I';; is open in 3P;. The collection of all I';; are the
edges of P and will be denoted by £. An edge I';; corresponding to an e € £ will be denoted by I';,
and the index set Z, of e is Z, = {i| e = I';.}. The degree of an edge is the cardinality of Z, and is
denoted by d(e). For each i € Z, we will denote by v;, the unit outer normal to P; along I';.. The
coordinates of v;, in the given coordinate system of P; are denoted by (vile, vize).

We partition the edges of £ into two disjoint subsets D and N/, corresponding, respectively, to
edges along which Dirichlet conditions hold and along which Neumann or transmission conditions
hold. The Dirichlet edges are assumed to be exterior edges, that is, edges for which d(e) = 1. The
Neumann edges consist of exterior edges N and interior edges N'™ := N'\cN*.

Let m > 1 be a given integer. For a function W : P — IR™, W; will denote the restriction of W
to P;, that is

W;: Pi—>R": x> W(x).
We introduce real m x m matrices
AP BP, G, ieT, a,=1,2,
where
AP = (A7), Ga=c

and where the * superscript denotes transpose. For sufficiently regular W, & : P > IR™ we define
the symmetric bilinear form

a(W, @) = Z/ [AY (Wig + Bl W) - (@i + BE®;) + C;W; - @;]dx, (9.113)
ier /P
where repeated lower case Greek indices are summed over 1,2. A subscript after a comma indicates
differentiation with respect to the corresponding variable (e.g., W; g = 0W;/0xg). The matrices
Af‘ﬁ , Bf , C; may depend on (x1, x2) € P;, and a(W, ®) is required to be V-elliptic for an appropriate
function space V specified below.
We shall consider the variational problem

a(W,®) = (F, ®) VeV, 0<t <T, (9.114)

Vv

where V is a certain space of test functions and F is a given sufficiently regular function. The
variational Eq. (9.114) obviously implies, in particular, that the W;, i € Z, formally satisfies the
system of equations

a *
— 5 (AT (Wep + BIW:)| + (B7) AT (Wip + B/ W)
+CWi=F, inPiiecl. 9.115)

To determine the space V, we need to specify the conditions satisfied by W along the edges of P.
These conditions are of two types: geometric edge conditions and mechanical edge conditions. As
usual, the space V is then defined in terms of the geometric edge conditions. At a Dirichlet edge
we set

W; =0 onewhenl};, €D. 9.116)
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Furthermore, along each e € N'™ we impose the condition
0iW: = Q;;W; onewhenTl;, =Tj,eecN™ 9.117)

where for each i € Z,, Q;, is a real, nontrivial p, x m matrix of rank p, < m with p, independent
ofi € Z,. If p, < m, additional conditions may be imposed, such as

[[Wi=0 one.VieZ.eenN™, (9.118)
where I1;, is the orthogonal projection onto the kernel of Q;.. The geometric edge conditions are
taken to be Eqgs. (9.116) to (9.118), and the space V of test functions consists of sufficiently regular
functions ® : P +— IR™ that satisfy the geometric edge conditions.

By formal integration by parts in Eq. (9.114), it follows in particular that

v2 AYP (Wi g+ B/ W;) =0 one when I, € N (9.119)

e L

For each I';, € N'™, write &; = I1;,®; + l'If;CD,', and let Q; denote the generalized inverse of Q;.,
that is, Q" isam x p, matrix such that

s

00} =1,. 0.0.=]]
Then we deduce
> (%) v A (Wip + BIW) =0 oneife e N'™ (9.120)
i€z,
Conditions of Eq. (9.119) and Eq. (9.120) are called the mechanical edge conditions. We also refer to
Eq. (9.117) and Eq. (9.120) as the geometric and mechanical transmission conditions, respectively.
To summarize, the edge conditions are composed of the geometric edge conditions of Egs. (9.116)
to (9.118), and the mechanical edge conditions of Eq. (9.119) and Eq. (9.120). The geometric trans-

mission conditions are Eq. (9.117) and Eq. (9.118), whereas the mechanical transmission conditions
are given by Eq. (9.120).

9.7.1 Examples

Example 9.1
Suppose that m = 1. In this case the matrices A?ﬁ, BY, Ci, Q;. reduce to scalars af"g, bY, ci, Gie,
where a®® = a*. Set

A = (a®), b =col(b?).
The system of Eq. (9.115) takes the form
=V - (AiVW) +[=V - (Aib;) + b] Aib; + ¢;1W; = F;. (9.121)

Suppose that all g; = 1. The geometric edge conditions of Eq. (9.116) and Eq. (9.117) are then W; =
Oonewhene € Dand W; = W, one whene € N whereas the mechanical edge conditions are

Z [Vie - (A;VW;) + (vie - Aib))W;] =0 one whene € N.

i€Z,

Example 9.2
(Membrane networks in IR3.) In this case m = N = 3. Foreach i € T set, ;3 = i1 A 2, Where
ni1, Ni2 are the unit coordinate vectors in I1;. Suppose that B; = C; = 0, Q;, = I3, where I3 denotes
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the identity matrix with respect to the {nik},le basis. With respect to this basis the matrices Af‘ﬂ are
given by

2ui+A; 0 0 Wi 0 0
Al = 0 wi 0], AZ =10 2w+r 0],
0 0 W 0 0 Mi
0 2 O umi 0
AP=|pw 0 O], A =[x 0 O
0 0 0 0 0

Write

3
Wi = Winic. Wi = Wialia:
k=1

1
gap(Wi) = E(Wia,ﬂ + Wiga),
P (W) = 2pigapwi) + Aig,, (W8,

The bilinear form of Eq. (9.113) may be written

aW. @)= 3 [ [0 0n)ean(6) + i Wi iz ] d
iez 7P

where ®; = Zzzl Dk nix 1= @i + Di3ni3. The corresponding system of Eq. (9.115) is
—of(w) = Fip, B=12 —uWpea=F3 inPiel (9.122)
where F; = Zi:l Fixnix. The geometric edge conditions of Eq. (9.116) and Eq. (9.117) are
W; =0 onewhenl;, €D,

W; = W; onewhenl;, =T. (9.123)
The mechanical edge conditions of Eq. (9.120) are
S [0 s + 1 Wis i v = N
P winig + wiWisenizJv, =0 onewhene € V. (9.124)
i€Z,

The system of Egs. (9.122) to (9.124) models the small, static deformation of a network of
homogeneous isotropic membranes {P;};c7 in IR* of uniform density one, and Lamé parameters
A; and u; under distributed loads F;, i € Z; W;(xy, x,) represent the displacement of the material
particle situated at (x, x,) € P; in the reference configuration; the transmission conditions have
the interpretation of continuity of displacements and balance of forces at a junction. The reader is
referred to Reference 17, where this model is introduced and analyzed. Figures 9.1 and 9.2 show
the transmission of energy through the joint connecting three membranes in three dimensions. We
have chosen to display the result of a dynamic process rather than a static elliptic one in order to
highlight the situation before and after transmission has taken place. [The pictures were produced
by Dr. W. Rathmann at the author’s institute and InuTec.]

REMARK 9.6 We have also used this framework in order to include interfacial problems for
Reissner-Mindlin plates and interfacial problems for coplanar thin plates. See Lagnese and Leuger-
ing [18] for details, where also the relation to the work by Le Dret [5] in the spirit of the Ciarlet-
Destuynder method of asymptotic expansions is explained.
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9.7.2 Convergence of the Algorithm

To obtain a convergence result, we shall consider a relaxed version of the standard iteration step.
Thus, we introduce a relaxation parameter € € [0, 1) and consider
* 1 1
( ;t-) Dvig WinJr + ke Qie WinJr

= (1= Ohe(W") + €[(Qh) Dy, W + ke QieW!'] = A, (W (9.125)

Thus, the (n + 1) local iterate is calculated as the solution of the variational equation

Cl,’(Win+1, CI),) + Z ke‘/F QieVV,‘rhLl : Qieq)idr
eeNimt ie

= / Fi - ®;dx + Z/ AW - Qi ®idD, YO, €V, (9.126)
P " JTI;
i eEN”ml ie

where the starting data AS,(W°) € L2(T';,).
If Afe(UO) € L*(T';,), the problems of Eq. (9.126) for n = 0, 1, ... have unique solutions with
regularity

urtt eV, (0%) D, U™ e L*(T;,) oneeN™

ie

Because the Wio values are chosen so that Afe(WO) e L?*(T';,), in order that )Lfe(UO) e L*(T;,) itis

€

necessary that AS,(W) € L?(T';,), which is equivalent to

(0) Dy, Wi € L*(T;) oneeN™, iel. (9.127)

The regularity assumption of Eq. (9.127) is problematical in as much as precise knowledge of
the regularity of solutions of Eq. (9.114) is generally unavailable. The regularity of W will depend
on the F;; the set of coefficients Af‘ﬂ , B, C;; and the particular configuration and geometry of
the two-dimensional network. For the case of interface problems for general elliptic equations on
polygonal domains (i.e., when all P; are coplanar), much is known and, in fact, Eq. (9.127) does not
hold for all possible choices of the coefficients and the regions P;. The reader may consult the work
of Nicaise and Sandig [29], [30]; Nicaise [28]; and the references therein. For a study of the Laplace
and biharmonic operators on general two-dimensional networks, see Reference 28.

We have the following convergence result [18]:

THEOREM 9.9

Assume that the global and local bilinear forms are coercivity and that the global problem of
Eq. (9.114) has at least one solution having the regularity of Eq. (9.127). Let W = {W,};c1 be such
a solution. Suppose that k, = k is independent of e € N'™, and let Wl-'”rl € V; be the solution of
Egq. (9.126) forn =0, 1, .. .. Then the following hold for the errors U' = W' — W;:

1. Foreache € (0,1),

U'" — U; strongly in H'(P), Viel,

1

where U = {U;}ict €V and a(U,d)=0,VD eV
2. If e =0, we have

a; (U, U') =0, Viel.
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REMARKY9.7 The conclusion of part 1 of Theorem 9.9 is equivalent to saying that U" = {U/"};ez
converges to zero in the quotient space W/cR, where W = I1;c7V; and R denotes the null space of
the bilinear form a(W, ®), that is,

R=(WeV:aW, o) =0, Vb e V).

9.8 Extension and Remarks

The procedures outlined in this paper are completely general and apply to dynamic problems, first
or second order in time, after certain canonical adoptions are made. One may include mechanical
structures with different local dimension, such as beams coupled to plates, strings to membranes
or shells, etc. Some modelling aspects along these lines are included in Lagnese, Leugering, and
Schmidt [17]. See also the recent work of Horn and Leugering [33] on the coupling of nonlinear
substructures. Nonlinear versions of nonoverlapping domain decomposition procedures are on their
way. The methods also have a counterpart for overlapping domain decompositions. However, then,
the controllability constraints that represent exact matching along interfaces are to be replaced by
local exact controllability problems along “fattened interfaces.” We refer to controls that realize
the given optimal control problem on the global level as being “real controls,” whereas again those
controls that realize the exact (or relaxed matching) are referred to as “virtual controls.” All that
is said here can be extended to time-domain decomposition problems, which are the subject of
current investigations. The concept for time-domain decompositions has been termed “pareal” by
the late Lions (see Reference 22). For the extensions mentioned above, see the contributions by the
author of this chapter and Lagnese and Leugering [13-16], Leugering [19-21], and the monograph
of Reference 18.
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Abstract  This paper surveys the authors’ and their collaborators’ works on the attempt to unify
the controllability theory of parabolic and hyperbolic equations. First of all, we show that the observ-
ability inequalities of the dual systems for those two types of equations of a different nature may be
derived by means of a global Carleman-type estimate, which is based on a point-wise estimate for the
corresponding principal operator. Next, we show that the null controllability of the heat equation may
be obtained as the limit of the exact controllability of a family of singularly perturbed damped wave
equations. Finally, we illustrate the complexity of the unification problem by analyzing a remarkable
difference between the controllability of a class of hyperbolic-parabolic systems with control action
entering the system through the wave component and the same problem but with control through the
heat component.

10.1 Introduction

Let T > 0. Let Q2 be an open bounded domain in R” with boundary 32 of class C?, consisting of
the closure of two disjoint parts: I'g and I'|, both relatively openin 92 : 9Q2 =Ty U}, ToNI'} = @.
Put Q =(0,7T) x Qand ¥ = (0, T) x 092. Let w be an open non-empty subset of 2 and denote by
X ., the characteristic function of .

We begin with the following controlled heat equation with internal control

Vi — Ay = x,(0)u(t,x) inQ,
y=20 on X, (10.1)
y(0) = yo in Q

Xu Zhang was supported by a Foundation for the Author of National Excellent Doctoral Dissertation of P. R. China (Project
No: 200119), grant BFM2002-03345 of the Spanish MCYT, National Natural Science Foundation of China under grant
10371084, and the project sponsored by SRF for ROCS, SEM.
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and the same problem but for the wave equation

Vi — Ay = x,(x)u(t,x) inQ,
y=0 on X, (10.2)

yO0) =y, y»0)=y; inQ.

In Eq. (10.1), the state and control spaces are chosen to be L*(Q) and L?[(0, T) x ], respectively;
whereas in Eq. (10.2), HO1 () x L*(R) is the state space, and L*[(0, T) x w] is the control space.
Of course, the choice of these spaces is not unique.

The system in Eq. (10.1) is said to be null controllable (resp. approximately controllable) in
L?(Q) if for any given y; € L*(Q) (i.e., for any given & > 0, yo, y; € L?(2)), one can find a control
u € L*[(0, T) x w] such that the weak solution y(-) € C([0, T]; L>(£2)) N C([0, T; HO1 (2)) of
Eq. (10.1) satisfies y(T) = 0 (resp. |[y(T) — yilr2() < €). In the case of null controllability, the
corresponding control « is called a null-control (with initial state yy). Note, however, that, due to the
smoothing effect of solutions to the heat equation, exact controllability for Eq. (10.1) is impossible
(i.e., the above ¢ may not be taken to be zero).

Similarly, the system of Eq. (10.2) is said to be exactly controllable in HO1 (Q) x L*(Q) if for
any (yo, y1), (20, 21) € HO1 () x € L*(S), there is a control u(-) € L*[(0, T) x ] such that the
solution y(-) € C([0, T1; Hi (2)) N C1([0, TT; L*(R2)) of Eq. (10.2) satisfies that y(T) =z¢ and
y(T)=z,in Q.

There exists extensive literature on controllability problems. The controllability theory for finite
dimensional linear systems was introduced by Kalman [9] at the beginning of the 1960s. Thereafter,
many authors sought to develop it for more general systems, including infinite dimensional ones and
its nonlinear and stochastic counterparts.

Early studies on controllability of partial differential equations (PDEs) can be found in References 3
to 7 (e.g., we refer to Russell’s survey paper [24] for available results before 1978). In the past two
decades, great progress has been made there. We mention only an incomplete list of related works,
(References 1, 2, 8, 11, 20, 25, 33, 36) and the numerous references cited therein.

It is by now well known that the controllability theories for Eq. (10.1) and Eq. (10.2) are quite
different. We will analyze the main differences in detail in Section 10.2. This, in turn, leads to a
fundamental problem, that is, from the philosophical point of view it would be natural to expect to
establish a unified theory, in some sense and to some extent, on the controllability of parabolic and
hyperbolic equations. The main purpose of this paper is to survey the authors’ and their collaborators’
works in this respect. Our work includes three aspects. The first one is to develop a universal approach,
based on the duality argument and the global Carleman estimate via point-wise estimate on the
principal operator, to solve the controllability problem of parabolic and hyperbolic equations in a
unified way. The second one is to analyze the relationship of the controllability theories between
those two equations. The last one is to show the complexity of this unification problem by analyzing
the controllability of a typical model of a coupled hyperbolic-parabolic system. The details on the
above-mentioned three aspects will be explained in Sections 10.3 to 10.5.

10.2 Main Differences Between the Known Theories
First of all, let us recall the controllability of the system of Eq. (10.1):
THEOREM 10.1

([8], [18]) For any T > 0 and any nonempty open subset w of 2, the system of Eq. (10.1) is null con-
trollable and approximately controllable in L2(Q)on[0, T] by means of control u in L*[(0,T) x w].

We emphasize again that, for any given T > 0, it is impossible to obtain exact controllability of
the heat Eq. (10.1) by means of L?[(0, T) x w]-controls. On the other hand, because of the infinite



10.2 Main Differences Between the Known Theories 159

speed of propagation of solutions to the heat equations for a finite heat pulse, the controllability time
T and the controller w in the system of Eq. (10.1) can be chosen as small as one likes. Especially, in
this case, no geometric assumptions are needed to be imposed on the control set w.

As for the controllability for the wave equation, we need to introduce the following notations. Fix
xo € R", put

lo={xel|x—xp)- -vx)>0}, X=(0,T)x Ty, (10.3)
where v(x) denotes the unit outward normal vector of €2 at x € I'. For any set S € R"” and ¢ > 0, put
O (S) ={y e R"| |y — x| < ¢ for some x € S}.

The following exact controllability result is well known.

THEOREM 10.2
([20]) Let T > 2mas§ |x —xo| and @ = O, (I'o) N Q for some gy > 0. Then the system of Eq. (10.2)
Xe

is exactly controllable in Hy () x L*(RQ2) on [0, T] by means of control u in L*[(0, T) x w].

It is notable that, due to the finite speed of propagation of solutions to the wave equation, one
has to choose the controllability time 7" in Theorem 10.2 to be large enough, even in the context of
approximate controllability. On the other hand, it is shown in Reference 2 that exact controllability
of Eq. (10.2) is impossible without geometric conditions on the control set .

Various methods have been developed to address the controllability problem of PDEs. These
methods have considerable “feedback™ impact on some directions in PDE theory itself. The basic
idea, however, to solve the controllability problem of PDE is based on the duality argument, which
goes back to finite dimensional theory [9] (i.e., to reduce the problem to the obtainment of a suitable
observability estimate for its dual system).

Replacing the time variable ¢ by T — ¢, the dual system of Eq. (10.1) can be rewritten as follows:

zz—Az=0 1in Q,
z=0 on X, (10.4)
z2(0) =z in Q.

Similarly, one rewrites the dual system of Eq. (10.2) as

i —Az=0 in Q,
z=0 on X, (10.5)
z2(0) =z0, z(0)=2z; inQ.

Thanks to the duality argument, it is easy to show that Theorems 10.1 and 10.2 are equivalent,
respectively, to the following two observability results.

THEOREM 10.3
([8D), [18]) For any T > 0 and any nonempty open subset w of <2, there is a constant C > 0 such
that for all solutions of the system of Eq. (10.4), it holds that:

12(T) |12 < Clzlzio.mxe Y 20 € LA(RQ). (10.6)

THEOREM 10.4
([20]) Let T > Zmag)z( |x — xo| and w = O, () N Q for some gy > 0. Then there is a constant
X€E

C > 0 such that for all solutions of the system of Eq. (10.5), it holds that:

1o, 2|2 @ xm-1@ < Clzlizio.mxes ¥ (20, 21) € L2(Q) x H(Q). (10.7)
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To establish the observability estimate for PDEs, say Eq. (10.6) and Eq. (10.7), several powerful
methods have been introduced. For example, for the heat equation, one uses the Carleman estimates,
or the spectral method; for the wave equation, one uses the multiplier method, the microlocal analysis
method, the Carleman estimates, or the spectral method. However, these methods are quite different
and are very difficult to combine. Especially, these methods depend very strongly on the nature of
the principal part of the related differential operator.

10.3 Global Carleman Estimate Via Point-Wise Estimate

It is well known that the Carleman estimate approach is one of the “common” methods applied
to the controllability/observability problems of parabolic and hyperbolic equations. A Carleman
estimate is simply a weighted energy method. However, at least formally, the Carleman estimate
used to derive the observability inequality for parabolic equations is quite different from that for
hyperbolic ones. Sometimes it is desired to develop a unified Carleman estimate method for different
types of PDEs.

Stimulated by the works in References 17, 10, and 12, the second author (Xu Zhang) and his
collaborators have developed a unified global Carleman estimate method, based on a fundamental
point-wise estimate on the related principal operator, to derive boundary or internal observability
inequalities for hyperbolic equations with various different lower-order terms or boundary conditions
([13], [21], [26], [28]-[30]). This method has the advantage, among others, to give an explicit estimate
on the observability constant with respect to suitable Sobolev space norms of the coefficients in the
equations, which is crucial for some control problems. This method can also be applied to other equa-
tions of the hyperbolic type, say the plate equations ([31]) and the Schrodinger equations ([14]-[16]).
More importantly, recently the first author (Wei Li) successfully extended this method to parabolic
equations ([19]). Therefore, in some sense, this method (i.e., the method of the global Carleman
estimate via a point-wise estimate) can be regarded as a unified approach to treat the controllability
problems of parabolic and hyperbolic equations. In the rest of this section, we will give a more
detailed explanation on this method.

10.3.1 A Stimulating Example

The key idea of Carleman estimates is available in proving the stability of ordinary differential
equations (ODEs). Indeed, consider the following ODE in R":

{x(z) =a@®)x@®), te[0,T],

£(0) = xo. (10.8)

The following simple result is well known:

THEOREM 10.5
Let a € L*(0, T). Then there is a constant Ct > 0 such that for all solutions of Eq. (10.8), it
holds that:

max |x(t)] < Crlxgl, V xp € R". (10.9)
1€[0,T]

A Carleman-type Proof of Theorem 10.5. Clearly, for any A € R, from the first equation of
Eq. (10.8), we have

%(e‘“|x(r)|2) = —re M|x(@)]> +2e7Mx(1) - x@) = [2at) — Ale M |x (1) |%. (10.10)
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Choosing X large enough so that 2a(t) — A < 0 in Eq. (10.10), one finds
()] < e"Plxol, 1 €0, T,

which proves Eq. (10.9).

REMARK 10.1 The first line of Eq. (10.10) can be rewritten as the following point-wise identity:
d
2e7Mx(t) - x(1) = E[e"\ﬂx(t)lz] + re M |x (1)) (10.11)

Note that x (¢) is the principal operator of the first equation in Eq. (10.8). The main idea of Eq. (10.11)
is to establish a point-wise identity (or estimate) on the principal operator x(¢) in terms of the sum
of a “divergence” term % [e=]x(t)|?] and an “energy” term Ae ' |x(¢)|*. As we see in the proof of
Theorem 10.5, one chooses A to be big enough to absorb the undesired terms, which is the key of all
Carleman-type estimates. In the sequel, we use exactly the same method (i.e., as we mentioned before,
the method of Carleman estimate via point-wise estimate), to derive the observability inequality of
the wave and heat equations. The inspiration for this comes from the Russian literature, in particular
Reference 17, Lemma 1, p. 124, which is used precisely to obtain unique continuation results
(pp. 133-142).

10.3.2 The Wave Equations

We begin with the following fundamental point-wise estimate for the ultrahyperbolic operator

Z?:l Kiaxixx'

THEOREM 10.6
Letu, £ € C*(R™) (m € N). Let ¥ and k; (i = 1,2,...,m) be real constants. Let 6 = ' and
v = Qu. Then it holds that:

m
g Killx;x;
i=1

2 m m

2 2
> g —4 ik Ly v vy, +2 E Kinex,VX/ + 26UV v — K, v
i=1 j=1 j=1

92

-2 Z Kk Ly, (Zij - zxjxf)vz
j=l

Xi
m m
2
+4 E Kk gz Vi Vi, — 2 g i (Y + K jlx vy,
i,j=1 i,j=1

m

+ Z 2 Kin (ZJ(,'X,‘ZJZC]» - Ex;x;EXjX/ + ZEX,’ZXJ‘EX,’XJ’ - ZX;ZJ(,'XJ'X/) + Kl'wxixl
i=1 j=1

+ 29k (€ — L) ] - t/fz} V2. (10.12)

PROOF We borrow some idea from the proof of Reference 17, Lemma 1, p. 124. Recalling that
v = Ou and using the equality

Uy =07 [inx, — 2y, vy, + (Zi — Ex,xi)v],
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we obtain

m
E Killy;x;
i=l1

2 2

02 = ) kv — 2Ly, + (€2 = Lo )V]

2

= |{Zlci[vx,xi + (Ki_ —Ex/.x[)v} — wv} — ZZKiEx;fo + v

i=I

> 2<Xm: Kivx,x,) Yy — 4<§: K,'vxl.x‘) (ifc Ly, vx,> + 2y Z x,x, v2
i=1 i=1

4 (ixiﬁxivx) lzm:/cl Lyx, v] . (10.13)
i=1 i=1
0

We transform each of the terms on the right-hand side of Eq. (10.13) so as to obtain expressions
containing (up to a divergence) only vfi, Vy; Vy;» and v2. We have

(ZK VA)Q) I/fV——ZlﬁiKV +ZKWXXV +2ZK(1/fvx/V)x, zm:/(i(
i=1

(10.14)
Furthermore,
—4 (Z Kivxixi> (Z /ciﬁxivxi> =—4 Z Kk j Vi Vi,
i=1 i= ij=1
=-2 Z Kik Ex/x/ . +4 Z Kik gxxjvx,vx, +2 Z Kj K; Z,ijA
i,j=1 i,j=1 i,j=1
—4> kil Vi Vi) ), (10.15)
ij=1
Furthermore still,
m m m
—4 (Z Kiex,»vx,'> [ZKI x,x, ‘| =—4 Z KinEXi (E)Zc, - Ex/»xj)inV
i=1 i=1 i,j=1
=2 Z KiKj (Ex,x,ljzfj - Zx;xiZij/ + zzxiEXijin - ZJ\','E)(,J\'jx,»)vz
i j=1
—2 ) wifk il (8, = Lo V7 (10.16)
i j=1

Finally, combining Egs. (10.13) to (10.16), we arrive at the desired estimate of Eq. (10.12). This
completes the proof of Theorem 10.6.

REMARK10.2 Theorem 10.61is a sufficiently noteworthy variation of thatin Reference 17, Lemma
1, p. 124. The main difference between them is that we do not return the function v in the right-
hand side of Eq. (10.12) to u, unlike the Russian lemma, which has the variable u on both sides.
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This not only greatly simplifies the computation, but also, as analyzed in Reference 13, plays a
key role in establishing the observability estimate for the wave equations with Neumann boundary
conditions.

REMARK 10.3 Of course, by choosingm = 1 +n,t = xj4,k; = —1fori =1,2,... ,n,
and k14, = 1, one obtains from Theorem 10.6 a similar point-wise estimate but for the purely wave
operator d;; — A.

From Theorem 10.6 and noting Remark 10.3, one may derive a boundary observability inequality
for the following wave equations with lower-order terms:

Wit — Aw :CII(I»X)W+5]2(tsx)Wt+<6I3(t»x)’VW> in Q7
w=0 on %, (10.17)
w(0) =wo, w:(0) =w; in Q.

In Eq. (10.17), ¢;(-) (i =1, 2, 3) are given functions allowed to be time-variant and nonsmooth.
More precisely, we have the following a priori estimate for solutions of Eq. (10.17).

THEOREM 10.7
([30]) Let T > 2ma&( lx — xo0l, g1 € L"T(Q), g2 € L®(Q), and g3 € L®(Q; R"). Then for any
Xe

solution w € C([0, T]; H(}(Q)) N CY([0, T1; L*(Q)) of Eq. (10.17), it holds that

2

. Y (wo,wi) € Hy(Q) x LX), (10.18)
VL2 (zg)

2 2
|W0|H0‘(Q) + |W1|L2(Q) <C(r)

where % is given by Eq. (10.3), and C(r) is given by

C(r) = Cexp(Cr?) (10.19)

. A
for some constant C = C(T, Q) > 0, withr = |q1|p+1(0) + |q2]=c0) + |g3]L>0;R" -

REMARK 10.4 We would like to point out that the estimate of Eq. (10.19) is not sharp. In fact,
one may expect an estimate of the order of ¢ as indicated by Reference 36 for the case n = 1.
How to derive a sharp estimate on Eq. (10.19) is an open problem.

By means of the duality argument, as a consequence of Theorem 10.7, one obtains immediately
the exact boundary controllability of the following linear wave equation:

Y — Ay = pi(t, x)y + p2(t, x)y, + ( p3(t, x), Vy) in Q,
Yy = Xr,(®)u(t, x) on X, (10.20)
y(0) =yo, y(0)=y in Q.

In Eq. (10.20), the “state space” and “control space” are chosen, respectively, to be L2(Q)x H'(Q)

and L?(Ty), where Ty is given by Eq. (10.3).
We have the following result.

THEOREM 10.8
([30]) Let T > 2mas)2( lx — xol, p1 € L"(Q), p» € W-2(Q), and p3 € WH°(Q; R"). Then for
xXe

any given (vo, y1) and (zo,z1) € L*(Q) x H™' (), there is a control u € L*(X¢) such that the
weak solution y of Eq. (10.20) satisfies y(T) = zg and y;(T) = z; in Q.
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As mentioned before, thanks to Theorem 10.6 and noting Remark 10.3, one may also derive
a boundary observability inequality for the following wave equations with purely homogenous
Neumann boundary condition:

th_AW ZQI(I,X)W+Q2(I7X)Wz+<Q3(t,x)9 VW) in Q?

d

oo on X, (10.21)
av

w(0) =wp, w;(0) =w in Q.

For this, we introduce the following assumption:
(H) There exists a strictly convex function d: Q@ — R, of class C3>(Q), such that the following
properties hold true:

1. ad

=0 (10.22)
ov r,

2. The (symmetric) Hessian matrix Hy of d(x) is a strictly positive definite on Q
3. insf2 [Vd(x)| > 0. (10.23)
Xe

We have the following observability result:

THEOREM 10.9

([13]) Let assumption (H) hold true, and Ty = I'/T'|. Let ¢, € L"T'(Q), ¢, € L®(Q), and g3 €
L>°(Q; R"). Thenthereis aconstant Ty > 0so thatforall T > Ty, solutionsw € C([0, T1; H'Y(2))N
C'([0, T1; L*(R)) of Eq. (10.21) satisfy

T
|wo|§,,(m+|w1|iz(mgc/ / (wf +w?)dTodt, ¥ (wo,w)) € H(Q) x L*(R). (10.24)
0 Iy

REMARK 10.5 The above method can be extended to the general Riemann wave equations. We
refer to Reference 26 for details.

10.3.3 The Heat Equations

Fix a;;(t,x) € C?(Q) to satisfy ajj = a;j (i,j = 1,2,...,n). We begin with the following
fundamental point-wise estimate for the ultraparabolic operator —u, — u; + Zf =1 (ajjuy, )x/ , which
is the counterpart of Theorem 10.6.

THEOREM 10.10
([19)) Let u, @ € CE(R**™). Put 0 = €*® and v = Qu. Then it holds that:
2
n
92 —U; — Ug + Z(aijux,)xj
ij=1
n
> Z [aiij,- vy, + )»(aij)xj(xx,.vz + Aa,-j(xx,.xjvz — kzaijozxiax/vz] — Aoy + O(S)Vz
ij=1
n
+ Z [a,-jvx/.vx/. + )\(a,-j)x/x)cxy2 + Aaijax[xjvz — )Lzaijax,ax/vz] — Ma; + ocx)v2
ij=1
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n n
2 2 2 2
+ E {—2 E (aijvxiv, + aijvy vy + ATajja v + Aaoy oy )

j=1 i=1

n
+2X E [aija,maxi V Vi, = 20010y Vy, Vs, — 20;jQ1n0lyx, VVy,

i,l,m=1

2 2 2
+ a1 (A O,V + M ALy, Oy, v+ A () x,, Oy 0, V|

2 2
—Aa; a0y oy oy, v

Xj

n

+ QA F )+t o), = A 1@y o) + @), s + (@0
i,j=1
+(@ijoya)s — AMaijoy ) — Maijoy oy, )s — 2M(@;00,0)x; — 200005, 05)
n

+ dAaija 0 + 4ka,‘jotx,x]ocx} +2X Z {kz(aijazmdx,dxjax,)xm

ij.l,m=1
- 2)\2aijalmax,-axjax1x,,, - )\[(alm)x,,,aijax,-ax,]xj - )\(aijalmax,-x,-ax,)x,,,

2
— 20881 Qi Oy, Qe + 2(@i) 2, Ui Oy O,y — [ (@O, ), 1x, ) ¢V

n
+2) Z [zaij (almax,)Xj VxiVx, — (aij alm)x,,, Ay Vy; Vx_,» + a;jaim®y,x, inVXj]~ (1025)

i,j,l,m=1

REMARK 10.6 Similar to Remark 10.3, by choosing u and « to be independent of s in Theorem
10.10, one obtains a similar point-wise estimate but for the heat operator —u; + Z:’ =1 (@ijuy,)x;-

In the sequel, we suppose further that a;; satisfies the following elliptic condition:

S agE; =Yy & V(x.E, ... .£) €0 xR,
ij=1 ij=1
where Ao > 0 is a constant.
From Theorem 10.10 and noting Remark 10.6, similar to Theorem 10.7, one may derive a boundary
observability inequality for the following heat equations with lower-order terms:

wi— > (awy)y, = q1(t, O)w + (q2(t, x), VW) in Q,
i,j=1
! (10.26)
w=20 on X,
w(0) = wy in Q.

In Eq. (10.26), g; € L*(Q) and ¢, € L*°(Q; R").
More precisely, we have the following a priori estimate for solutions of Eq. (10.26).

THEOREM 10.11
([8]) For any T > 0 and any non-empty open subset y, of 02, there is a constant C > 0 such that
for all solutions of the system of Eq. (10.26), it holds that:

ow 2
w(D)lgi ) = C |5 , Ywpe L (). (10.27)

ov

L2[(0,T)xy,]
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REMARK 10.7 We refer to Reference 19 for another application of Theorem 10.10. Also, we refer
to Reference 27 for an interesting application of the global Carleman estimate for the heat equation
to the optimal control problem.

As before, by means of the duality argument, one may obtain the null (boundary) controllability
of the following general heat equations:
Y= 3 (@iyy)s, = pr(t, X)y + (pa(t.x), Vy)  in Q.
ij=1
! (10.28)
yZXyO(x)u(t5'x) on E,

y(0) = yo in Q.

Indeed, one has the following result:

THEOREM 10.12

([8]) For any T > 0 and any non-empty open subset v of 02, assume p; € L*(Q) and p, €
W1°(Q; R"). Then for any given yo € L*(2), there is a control u € L*[(0, T) x y] such that the
weak solution y of Eq. (10.28) satisfies y(T) = 0 in Q.

REMARK 10.8 Using a similar method, one may obtain the internal observability and controlla-
bility of the general heat equations.

REMARK 10.9 It would be interesting to use the above method to derive a global Carleman
estimate for the parabolic operator of higher order, say 9, + (—A)™, with m € IN. However, this
seems to be an open problem.

10.4 Controllability of the Heat Equation Via That
of the Hyperbolic Equation

Now, a natural problem arises: what is the relationship between the controllability theories of
parabolic and hyperbolic equations? Pioneer work in this respect was Russell’s paper in 1973 [23].
In his paper, he showed that the exact controllability of wave Eq. (10.2) implies the null controllability
of heat Eq. (10.1) with the same control set but in a short time.

Recently, Lopez et al. [21] gave a “quantitative” version of Russell’s result. More precisely,
consider the following controlled dissipative wave equations:

Vet — AYe + Yer = X, Ue, 10 Q,
v, =0, on X, (10.29)

Ye(0) =yo, ¥, (0) =y, in€Q.
In(10.29), & > Oisasmall parameter (which is meantto tend to zero), (Ve, Ye.r) = [V (t, X), Ye.r (¢, X)]
is the state to be controlled, and u, = u.(x, t) is the control. When w, = w, the formal limit of
Eq. (10.29) is the controlled heat Eq. (10.1). In Reference 21, it is shown that this formal observation
can be understood rigorously as follows:

THEOREM 10.13
1D LetT > 0, w, = w = QN Os(Iy) with T'y given by (10.3) and some § > 0. Then, there exists
aneg = &o(T, 2, ) > 0such that forany 0 < ¢ < &g the system of Eq. (10.29) is uniformly exactly
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controllable in time T. Furthermore, for any fixed (yo, y1) € HOl () x L*(), the null-controls u,
of Eq. (10.29), which drive the system to rest at time T, may be chosen such that

us—>ueL2[(O,T)xa)]ase—>O,

where u is a null-control for the limit of heat Eq. (10.1) with initial datum y,.

To explain the main idea of the proof of this theorem, we need to recall the spectrum of the
Laplacian

—Aey = per in Q2
{ek =0 on 092. (10.30)

We know that Eq. (10.30) admits an increasing sequence of positive eigenvalues of finite multiplicity
O<py<pp =< =y <

tending to infinity. The eigenfunctions {e; };>; may be chosen to constitute an orthonormal basis of
L%(Q). Next, let us introduce the following subspaces of the space HO1 (Q) x L*(Q):

={U=(u,v) € H () x L*(Q) | u,v € span; . (ex) },

(10.31)
Hi ={U = (u,v) € H)(Q) x L*(Q) | u,v € spanj_ s+ () },

where k(&) is such that

4M <€ < u— Finally, for any given (u, v) € H () x L*(R), we call
its orthogonal projections over H and Hy, respectively, the parabolic and hyperbolic components.

Roughly speaking, the proof of Theorem 10.13 is as follows. We divide the time interval [0, T]
in three subintervals: I} = [0, T/3], I, = [T/3,2T/3], and Iz = [2T/3, T]. In the time interval
I,, we control to zero the parabolic component of the solution. Following the methods in Reference
18, this can be done uniformly with respect to ¢ — 0. In the time interval I, we let the system in
Eq. (10.29) evolve freely without control. In this way the parabolic components remain at rest and,
due to the strong dissipativity of the system in Eq. (10.29) in its hyperbolic components, the size of
the solution at time r = 27 /3 becomes exponentially small (i.e., of the order of e=€/¢ as ¢ — 0 for
a suitable constant C > 0). Finally, in the interval I5, we apply a control driving the whole solution
to zero. When doing this we need the following observability estimate for the solutions of the dual
system:

SZU—AZ—ZtZO an
z=0 on X (10.32)
z2(0) =z0, z(0)=2z1 inQ,

that is,

THEOREM 10.14

([21]) Let w be given in Theorem 10.13. Then, for any T > 0, there exists ¢(T) > 0 and positive
constants C = C(T, Q, w) > 0 such that

T
20172 + €121 310y < Cec/ﬁ/ /zzdxdt (10.33)
0
forall 0 < ¢ < ¢(T) and every solution of Eq. (10.32).

According to this estimate, the control needed in the interval /3 is exponentially large (of the order
of e€/v¥) with respect to the data of the solution at time ¢+ = 27 /3. However, because, in view
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of the analysis made in the interval I,, these data are exponentially small, these two phenomena
compensate, and the control turns out to be uniformly bounded and even exponentially small.

The proof of Theorem 10.14 is performed using again a global Carleman estimate, which is based
on the following key point-wise estimate for the ultrahyperbolic operator d;; + 955 — A + k(9; + 95).

THEOREM 10.15
([210) Let u, £ € C*(R"*?). Let W and k be real constants. Let & = e* and v = 0u. Then it holds that:

0% uy + ugs — Au+ k(uy + uy)|?

> | k=20 [ il = vl + D v P | 420k = 26)v,vs +4 ) (€xvivy)

j=1 J=1

+ [k —=2€5) | [vsl? = v > + Z |fo|2

t Jj=1

+2Wv, v + (k —2L,)(A + W) |v|?

+2(k = 26)vevs 4D (L veve) +29v0 + (k= 20) (A + W)’

Jj=1 s

-2y [2 D Coviva) =y Y ilP 4 k= 20)vivy, + (k= 26)v,vy,
j=1 i=1

i=1

+ Wy v+ L (e 4 v P) — (A + 92, v

Xj

+2 (—xp + )l + by — e) v +2 <—qf ) e, + b — z,,) vel?

i=1 i=1
n n

+ Sgtsvtvx -8 Z(Etxjvtvx/ + Exxjvsvx_/-) + 4 Z (Ex,-xjvx,-vxj)

j=1 i,j=1
+2 (w =D o+l + z”> > e P+ BIvP, (10.34)
i=1 j=1
where
ARGt 12—t - (zij _ exjxj) — Wk, + £, (10.35)
j=1
and

B =2A (\IJ — Ze) + 208 + L) (A + W) — (k —2€,)A, — (k — 20,) A,
i=1

-2 Z(Ax,,zx,) +w? 2w Z T (10.36)
j=1 i=1

REMARK 10.10  More recently, Theorem 10.13 was strengthened in Reference 22 under the
Geometric Optics Control Condition introduced in Reference 2. It is notable that the proof of the
corresponding observability estimate in Reference 22 is greatly simplified, compared with that of
Theorem 10.14.
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Note, however, that the system of Eq. (10.1) is null-controllable for any 7' > 0, and for any given
nonempty subdomain w of €2, not necessarily the control set in Theorem 10.13. Therefore, it is of
great interest to see whether one can reproduce this property from the controllability of Eq. (10.29).
This was done in the recent work of Zhang [32] by allowing the control set w, of Eq. (10.29) to
change as ¢ tends to zero. More precisely, we have the following result:

THEOREM 10.16
([32]) Let T > 0, w be any given open nonempty subset of Q and w, = w U (2 N O, (9K2)). Then,
for any given (yo, y1) € HO1 () x L*(R), one can choose the null-controls u, of Eq. (10.29) such
thatugx,, —> ux, in L*[(0,T) x Q]ase — 0, whereu isa null-control for Eq. (10.1) with initial
datum yy. Furthermore, it holds that:

e = yin L2[0, T; Hj ()] N C([0, T1; L3 (),

Yea = yi in L*[(0,T) x €],

where y. and y are the corresponding solutions of Eq. (10.29) and Eq. (10.1), respectively.

The proof of Theorem 10.16 is based on the following explicit observability estimate.

THEOREM 10.17
Forany T > 0, there exist two positive constants €5 = £,(T, Q) and C = C(T, 2) such that

T
1200720y + €121 131y < CeVF / / Zdxdt (10.37)
0 QNO(02)

forall 0 < ¢ < g5 and every solution of Eq. (10.32).

The proof of Theorem 10.17 is very close to that of Theorem 10.14 and is based on Theorem 10.15
again.

10.5 Spectral Analysis Method and the Complexity of the Unification Problem

Clearly, the spectral analysis method is the best common method to treat the controllability prob-
lems of parabolic and hyperbolic equations in one space dimension, because in this case the asymp-
totic behavior of eigenvalues and (generalized) eigenvectors for the underlying semigroup can be
established. In this section, we will analyze the boundary controllability problems of a class of
hyperbolic-parabolic systems. We will see that when the control action enters the system through
different components (i.e., the wave and heat one), the corresponding controllability results are quite
different. This phenomenon indicates that there would be a long way to go to establish a really unified
controllability theory.

We begin with the following controlled 1 — d linearized model for fluid-structure interaction:

Yi—= Y =0 in (0, c0) x (0, 1),

Ztt_Zxx:O in (O, OO) X (—1,0),

y(, 1) =0 t € (0, 00),

z(t, —1) = u;(t) t € (0, 00), (10.38)
y(,0) =2z(,0), ¥ 0) =2z:(t0) ¢e(0,00),

y(©0) = yo in (0, 1),

z(0) = 20, z,(0) = 74 in (=1, 0).
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This system consists of a wave equation, arising on the interval (—1, 0) with state (z, z,), and a heat
equation, that holds on the interval (0, 1) with state y. The wave and heat components are coupled
through an interface, the point x = 0, with transmission conditions imposing the continuity of (y, z)
and (yy, zx). The control space of the system in Eq. (10.38) is L*(0, T). Apparently, the control u;(-)
enters the system through the wave endpoint x = —1. The state space of the system of Eq. (10.38)
is the Hilbert space

HE{((f g h) | (h f)e H ' (=1,1), geL*—1,0)

with the norm [(£, &, Ml = /10 )11 + 18172 oy
By combining a special energy estimate approach for the 1 — d wave equation and the known
global Carleman estimate for the heat equation, the following result was proved in Reference 37:

THEOREM 10.18

([37]) Let T > 2. Then for every (o, 2o, z1) € H, there exists a control uy € L*(0, T) such that the
solution (y, z, z;) of the system in Eq. (10.38) satisfies y(T) = 0in (0, 1) and z(T) = z,(T) =0 in
(—1,0).

One may expect that the same null-controllability result still holds for the following system:

Yi— Yux =0 in (0, 00) x (0, 1),

T — Zax =0 in (0, 00) x (=1,0),

Y&, 1) = ux(7) t € (0, 00),

2(t,=1) =0 1 € (0, 00), (10.39)
y(,0) =2z(,0), y:(,0)=2z:(0) te€(0,00),

y(0) = yo in (0, 1),

2(0) = 20, 2:(0) = 7 in (=1, 0),

where the control u,(-) acts on the heat component instead of the wave one. However, this is not the
case.

To see this, let us analyze the dual system of both Eq. (10.38) and Eq. (10.39), which can be
written as follows:

Pr— Ppxx =0 in(0,7) x (0, 1),

it — qxx =0 in (0,7T) x (—1,0),

pt,1)=0 te0,7),

qt,—1)=0 te0,7), (10.40)
p(t,0)=q(t,0), p.(£,0)=¢q,(,0) t€(0,T7T),

r0) = po in (0, 1),

q(0) =qo0, ¢:(0) =gq in(—1,0)

once the sense of time has been reversed. The system in Eq. (10.40) is well posed in the energy space
H=Hj(—1,1) x L*(—1,0).

Indeed, the system in Eq. (10.40) can be written in an abstract form ¥, = AY, Y(0) = Y,. Here
A: D(A) C H — H is an unbounded operator defined as follows:

AY:(fxxvhvgxx)v VYZ(f,g,]’l)ED(.A),

Where D(A) = {(fv g7h) € H | (gs f) € Hz(_l9 l)9h € Hl(_170)7f € H3(Os 1)1 fxx(l) =
h(—1) = 0, and f:,(0) = h(0)}. It is easy to show that operator A generates a contractive
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Co-semigroup in H with compact resolvent. Hence, A has a sequence of eigenvalues (in €) tending
to oo.
The proof of Theorem 10.18 is based on the following observability estimate on Eq. (10.40).

LEMMA 10.1
([37]) Let T > 2. Then there is a constant C > 0 such that every solution of Eq. (10.40) satisfies

Ip(T), q(T), q: (T3 < Clgu -, =Dli20ry> Y (Pos G0, q1) € H. (10.41)

However, the following negative result on the observability for the system of Eq. (10.40) in H
implies the lack of boundary controllability of Eq. (10.39) in H from the heat component with a
defect of infinite order.

THEOREM 10.19
([34], [35]) Let T > Qand s > 0. Then

[lp(T),q(T), q:(T)]lu
poaongnet/oy  1PxCs Dlmso,m)

= +OO,

where (p, q, q;) is the solution of the system in Eq. (10.40) with initial data (py, qo, q1)-

Theorem 10.19 is a consequence of the following spectral analysis result.

THEOREM 10.20
([35]) The eigenvalues of A can be divided into two classes {)‘fz)}gizl and {)\Z}“f‘:kl, where £ and k,
are suitable positive integers. Furthermore, the following asymptotic estimates hold as £ and k tend
to 0o, respectively:

M= —xtyotoe), et (L )i BB oy
¢ Tk VT + 2k[n 2 VT 2k ’

Moreover, there exist positive integers ny, Z, > ¢, and ky > ky such that

{ujo, ..., "‘quﬁl}.’;(]:l U {”5}:221 U {"‘Q}TZZE,

form a Riesz basis of H, where u  is an eigenvector of A with respect to some eigenvalue w; with
algebraic multiplicity mj, {u;, ..., uj.mj,l} is the aisociated Jordan chain, and uf and u,i‘ are
eigenvectors of A with respect to eigenvalues ).} and 1}, respectively.

The proof of Theorem 10.20 follows from a careful spectral analysis.
To analyze the boundary control and observation problem of the above simplified fluid-structure
model from the heat component, we need to introduce the following two Hilbert spaces (recall
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Theorem 10.20 for ng, m, u; g, u}, uf, Z1, and ky):

ng mj—l
V = Z Zajkujk+2aguZ + Z bkuk aji,ap, by €C,
j=1 k=0 |k|=k,
oo (o]
> la? + D lkleY b < 00 b
=0, k=K,
ng mj—1
V' = Z Z aj kUi +Zague + z bkuk ajk, ag, by €C,
j=1 k=0 |k|=k,

b
Z||+Z|k|jm :

k|=

endowed with their canonical norms. Clearly, one is the dual of the other.
Thanks to Theorem 10.20 and Lemma 10.1, we have the following crucial boundary observability
estimate for Eq. (10.40) through the heat component.

THEOREM 10.21
([35)) For any T > 2, there is a constant C > 0 such that every solution of Eq. (10.40) satisfies

Ilp(T), ¢(T), q:(DIIy < Clpe -, Dl (10.42)

forall (py, q0,q1) € V'

Finally, denote by A the Laplacian —d,, on (—1, 1) with homogeneous Dirichlet boundary con-
ditions. We introduce the map S: H — H by S(f, g, h) = [A~'(h, f), —g] for any (f, g, h) € H.
It is easy to show that S is an isometric isomorphism from H onto H.

We have the following null-controllability result on the system in Eq. (10.39):

THEOREM 10.22

([35]) Let T > 2. Then for every (yo, 20, 21) € S™'V, there exists a control u, € L%(0, T) such that
the solution (y, z, z;) of the system in Eq. (10.39) satisfies y(T) = 0in (0, 1) and z(T) = z,(T) =0
in (—1,0).

Obviously, the controllability result in Theorem 10.22 differs significantly from that in Theo-
rem 10.18.
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Abstract  We show that the method “SUR=> control” introduced in References 15 and 14 for
boundary control in R” can be modified to apply to compact manifolds with boundary.

11.1 Introduction

With the recent interest in differential geometric methods in boundary control theory (see Ref-
erences 4 and 5), it is natural to ask how easily existing treatments in R" can be converted to
manifolds. What are the main methods of boundary control in R"? The method of multipliers
and its extensions, Carleman estimates, associated with the names Lasiecka and Triggiani [8],
[9], [10], [21], Lions and his school [11], Lagnese [7], Tataru [18], and others, in general, has
the advantage of low differentiability requirements on the coefficients and its applicability to sta-
bilization questions. The method of geometrical optics initiated in Reference 13 and essentially
completed in Reference 1 needs C* coefficients but yields optimal control times. Both the meth-
ods of multipliers and Reference 1 work with optimal spaces for Dirichlet controls.
Moreover, both have to leave the finite energy space for Neumann controls. The method in Ref-
erence 13 has the advantage of simplicity (five pages). Taken together with Tataru’s trace the-
orem [19], it gives optimal results for the case of Neumann controls, if controls are taken on
the whole boundary. (The assumption of analytic coefficients in Reference 13 may be replaced
by C*®))

Tataru’s trace theorem [ 19] states that a finite energy solution of a second-order hyperbolic equation
with C* coefficients and L? right-hand side has an L? trace of the conormal derivative on any C*®
noncharacteristic hypersurface, locally. This makes the “SUR” method described in this paper in
many ways the preferred method for the Neumann problem, because the method does not necessitate
leaving the finite energy space. It is expected that Tataru’s trace theorem will ultimately be true with
C? or C? coefficients. Anyhow, this smoothness assumption need be made only near the boundary,
if we take into account M. Taylor’s recent result on propagation of singularities [20], which assumes
only C? coefficients for second-order hyperbolic equations.
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11.2 The Case SUR=- Control in R"

We here make use of a very versatile method of boundary control, motivated by Reference 17,
introduced in References 15 and 14 in connection with the Schrodinger and wave equations,
respectively which can be summarized by the principle

(local) smoothing + uniqueness + reversibility = controllability.

We first describe the method for control on the whole smooth boundary d€2 of the bounded do-
main © in R". We illustrate the method with linear second-order hyperbolic equations with C*°
coefficients independent of ¢ and with data in the finite energy space H;(2) x L?(2), but it will
be clear that the method extends to higher-order equations as well, in a variety of spaces under
appropriate conditions. We assume that the hyperbolic operator L is defined in all of R" x [0, T']:
Lu = uy — Xajuy,y; — La;uy, —au.

The idea of the proof is to extend the initial data to all of R”, so that it still is in the finite energy
space and so that its support is contained in a slightly larger set than Q. If this extension is carried
out in a clever way, it will turn out that the solution of the new initial value problem (on all of R")
will vanish on Q for r > T, for some 7. One then reads off the controls on Q2 x [0, T']. Let £ and
Q1 be slight open enlargements of 2 such that Qo C ;. Let E be an extension operator that extends
initial data of finite energy in Q2 to data with support in €29, so as to maintain finite energy. Let S be
an operator that solves the pure initial value problem for the linear hyperbolic equation Ly = 0 in
all of x-space and maps the extended Cauchy data (u, u,) at time zero to the Cauchy data at time 7.
We assume that S is locally smoothing in the sense that the Cauchy data at time 7 will be smoother
in ;. This certainly will be the case if the coefficients of L are in C*° and we make the following
assumption:

Bicharacteristic assumption 1: Each bicharacteristic curve starting in Qo x {0} eventually leaves

(and stays out of) the cylinder Q x (0, T) through its lateral boundary.

Second, we use the fact that the backward initial problem is solvable and call the operator mapping
the Cauchy data at ¢+ = T to that at = 0 by S~!. We note that S~! preserves smoothness. Let ¢
be a smooth “cutoff” function with ¢ = 1 near Qg but zero near the complement of ;. ¢ will also
denote the operation of multiplying by ¢.

Now let g be the given initial data. Consider the equation in 2

f—S"'gSEf =g (%)

for the unknown f. Denoting S~!@SE by K, itis clear that K is smoothing, which makes the above
equation a Fredholm equation. Now suppose a solution f exists. Then we define the extension g of
g to all of R" by

Ef — S~ '9SEf.

g
Now apply S to both sides
SEf —@SEf =Sg =0nearQatr=T.

Thus, if we solve the initial value problem in R” x {t > 0}, with initial data g, it will vanish near €2 at
t = T. We could then continue the solution to be identically zero past = T in a slightly enlarged 2.
Thus, we could read off the lateral boundary data on €2 x [0, T'] to obtain the right inhomogeneous
boundary data that will steer the solution to zero in time 7. (One, of course, hopes these will be in
as good a space as possible.)

We would, of course, like to conclude that boundary controllability holds for all g with finite energy.
This is where the “uniqueness” part comes in. Denoting the complement of Q2 by 2., we assume
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that the following uniqueness property holds: if Lu =0 in R" x (0, T) and u =0 in 2, x(0, T),
then u =01in R" x (0, T). This follows, for example, by Reference 12, provided u belongs to H;. In
the case of time-independent coefficients, it also follows from elliptic unique continuation. (See, for
example, Reference 1, p. 1050.)

Itis well known that one consequence of this uniqueness property is the approximate controllability
of the system (see Section 11.4), and we will now make use of this property.

Suppose first that there is a one-dimensional null space to / — K. Then I — K* has a one-
dimensional null space {¢}. This follows from the Fredholm alternative (see Reference 3). In what
follows, brackets represent the H; inner product. We will solve (*) for a slightly different right-hand
side: g —az (in the finite energy space) where a is a scalar. This will be possible if < g —az, ¥ >= 0,
which can be achieved by < g, ¥ >=a <z, ¥ > ora=<g, ¥ >/<z, ¥ >. This works provided
<z, ¥ > #0. Now, pick z sufficiently close to ¥ so that < z, ¥ > 7 0 and in addition such that z can
be steered to zero. (That we can do this follows from approximate controllability.) Then, because
the initial data (g — az) can also be steered to zero, the same follows for g.

Next, suppose the null space of I — K is k dimensional. Suppose that ¥, ... , ¥y is a basis for
the null space of I — K*. We may assume this basis is orthonormal. Then try

k
<g - Zaizi’ 1ﬁj> =0
i=1

k
< g v >:Za,- <zi, > .
i=1
This can be solved for the a;, provided det{< z;, ¥; >} # 0, which is the case if the z; are chosen
sufficiently close to the 1/;. The z; should also be chosen so that they can be steered to zero atr = T.
We know this is possible by the approximate controllability. Then proceed as in the case k = 1.

Now, in what space are the controls? We notice that there are three components to the solution
obtained: (a) the solution to the pure initial value problem with data E f, where f is a solution to the
Fredholm equation; (b) the solution to the pure initial value problem with data K f; (c) the part due
to approximate controllability.

Components (b) and (c) may be taken to be as smooth as desired if the coefficients are C*°. Hence,
the smoothness of the controllers is determined by (a) (i.e., the traces of the boundary operators
acting on the solution of a pure initial value problems). It is here that Tataru’s trace theorem comes
in for the case of Neumann controls! From the procedure it is clear that if the initial data have finite
energy, the system will maintain finite energy as the controls are implemented.

What if the controls are not on the whole boundary? Suppose the boundary consists of two parts,
an active, or outer, part d4 on which the controls are imposed and a reflective, or inner, part dg,
which we may think of as due to an obstacle reflecting rays. We assume that 9, N 9z = @. Then we
replace the solution of the pure initial value problem in R” x (0, T') by the solution of the exterior
mixed problem with obstacle boundary dg. Using the propagation of singularities for such problems
as governed by generalized broken (reflected) bicharacteristics (see References 6 and 16), we can
still obtain a smoothing operator S as before. The uniqueness theorem now follows from Reference
12. Otherwise, everything works as before, provided we make two changes:

1. When making the “slight extensions” 2; of €2, we make these across only 94, leaving dp, fixed,
and define 04 Q2; = 0R2; \ 0.

2. We replace bicharacteristic assumption 1 by the following assumption:
Bicharacteristic assumption 2: Every generalized broken (reflected) bicharacteristic starting
in Qg x {0} eventually leaves (and stays out of) Q1 x (0, T) through the “active” or “outer”
part of its lateral boundary 9,2, x (0, T).

The value of T must, of course, be increased.
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11.3 The Case of a Manifold with Boundary

Again, let us first consider the case of control on the whole boundary. Let € be a smooth compact
Riemannian manifold with boundary. (We assume connectedness.) Then Q can be extended to a
larger open manifold M. (See Section 11.5.) Again we introduce “slight” extensions of 2 as follows:

QCQCQCQ T CHCWHCM.

We will illustrate the method for Lu = u,, — Au =0. Here A denotes the Laplace-Beltrami operator.
We assume that every bicharacteristic starting in Qo x {0} eventually leaves (and stays out of)
Q1 x (0, T) through its lateral boundary and hits 32, x (0, 00). Let ¢ = 1 near Q but equal to
zero near M\ 2. Furthermore, let p (x) be a smooth function in M suchthat p = 1in;,0 < p < 1
in 2,\Q; and p = 0 in M\Q,. In particular, p = 0in 9.

The dirty trick: consider the modified operator L ,u = u;; — p Au. Let us notice that the bicharac-
teristic curves of L, agree with those of L over Q; but over ©2,\$ they are asymptotic to vertical
lines projecting on 9€2,. (See Figure 11.1.)

The procedure for the proof is as follows:

We pick Qp, 21, 2, and T so that the assumptions (in italics) hold. Consequently, the “modified
bicharacteristics” of L, will hit the plane r = T over the set £2,\Q;. Then the procedure described
for R" will work here, too. Reflective boundaries can again be introduced but with a larger 7.

Imitating the procedure for R" introduced in Section 11.2, 2, takes the place of R", roughly
speaking. We now need the solution operator S for a hyperbolic problem in €2, x [0, co) with initial
data having support in €2y. The unique solution to this is guaranteed by Theorems 23.2.4 and 24.1.1
of Reference 6. Indeed, let us introduce the auxiliary mixed problem for €2,_, x [0, co0), for initial
data having support in € and zero Dirichlet data, where Qy C Q,_, C Q,_, C Q2 and where
092, is “sufficiently close” to €2,. If that is the case, the support of the solution will never reach
d€2;_, during the time interval [0, T'] because the speed of propagation will be too slow for that to
happen. The solution can then be extended by zero to the rest of €2, x [0, T'], and the proof proceeds
as before.

In addition to the possibility of adding a reflective boundary dg as in Section 11.3, more complicated
manifolds (with boundaries) can also be handled by the simple expedient of embedding them in a

t=T

modified bicharacteristic

original bicharacteristic

/

Q a0 o0, 0

— M —

FIGURE 11.1:  The dirty trick.
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larger . In particular, piecewise smooth boundaries (i.e., “deformed polyhedra”) can be handled
(using Tataru’s trace theorem) as long as the reflective boundaries are smooth. Of course, if we take
that approach, the control time may not be optimal.

REMARK

1. For the case of manifolds with a “reflective”” boundary, the “mixed problem” step should be
where zero Dirichlet data are prescribed on 042, _, and zero Dirichlet or Neumann data
on dg.

2. The conditions involving generalized broken bicharacteristics are usually not easy to check.
However, if one assumes that all bicharacteristics tangent to dg x (0, T') are tangent to finite
order, one may simply omit the word “generalized” from the assumptions, thus dealing with
only “ordinary” reflected bicharacteristics. This situation holds, for example, if d;, has negative
second fundamental form. (In the references, these curves are simply referred to as “generalized
bicharacteristics.”)

11.4 Approximate Controllability

We first assume that Q C R". We would like to prove that the smooth functions y(x, t) in the
cylinder

Qx[0,T1=0

vanishing near the top and bottom of Q are such that Ly is dense in L>(Q). To see that this implies
approximate controllability, let us first suppose that the functions Ly fill out all of L?(Q). Then
solve the initial value problem for the given initial data (extended to a smooth function with compact
support) for all space and time. Call the solution v (x, t). Let ¢(#) be a cutoff function such that ¢ = 1
near t = 0 and ¢ = O near t = T, and take L[¢(t)v] = F(x,t). Then let w solve Lw = F(x,t)
with Cauchy data zeroatt = Oand at¢ = T, and set u(x,t) = ¢v — w. Now if Lf is only dense,
u will not be an exact solution to the equation, but the error can be converted into an error of small
energy norm in the terminal data by solving a nonhomogeneous equation with zero initial data. Or,
by solving the equation backward, the error could be added to the initial data.

Suppose that Ly is not dense in L>(Q). Then there exists an element g in L?(Q) orthogonal (in L?)
to the closure of the linear manifold Ly. With (,) denoting the L? inner product (or its extension), we
have (Ly, g) = 0. Now extending g by zero to the rest of R" x [0, T'], and y smoothly to a function
in R" x [0, T], we see that (y, L*g) = 0 for all y; hence, L*g = 0 in R" x [0, T'], g vanishing in
(R" x [0, T] \ Q. By the propagation of singularities theorem g must be smooth. By the uniqueness
theorem in Reference 12, g = 0, giving rise to a contradiction.

This proof can easily be modified to apply to a general 2 (not in R") by use of the techniques of
Section 11.3.

11.5 Extending Manifolds

Assertion from Section 11.3: let £ be a smooth compact Riemannian manifold with boundary.
(We assume connectedness.) Then  can be extended to a larger open manifold M.
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PROOF  We assume the boundary d€2 has a finite number of smooth components. We are going
to construct the extension one component at a time. Hence, we may as well assume that 92 has
one component, B, which is itself a manifold with an induced metric tensor g. Then near B we can
introduce Fermi (or “normal”) coordinates (see Reference 2 for example). From each point on B draw
the unique geodesic leaving B normal and pointing inward. For all points within a certain distance
€ from B, we can thus introduce “semiglobal” coordinates (d, b) € [0, €] x B, d representing the
distance to B along the geodesic. The extension of Q is accomplished by replacing the original
boundary strip by its “double” (d, b) € [—€, €] x B.

We hope to return to this subject.
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Abstract  Linear and nonlinear equations of motion for a thin elastic tape moving axially between
two sets of rollers with speed ¢ > 0, and subject to a positive tension, were derived in an earlier
article, and well-posedness was demonstrated in the linear case. Instability of the nominal equilib-
rium state for ¢ sufficiently large was also demonstrated for the linear model, and it was shown that
such instability can be overcome with active boundary control, exercised through movable rollers,
synthesized via feedback on boundary data. In the present article we revisit this system, examining
first of all some structural aspects for the fixed roller system, including the form of the adjoint sys-
tem. In addition, we characterize a set of stabilizing boundary feedback controls for the movable
roller configuration in a somewhat different manner than before, and we provide, for the correspond-
ing closed loop systems, a simplified proof of well-posedness and a proof of uniform exponential
stability.

12.1 Setting; Equations of Motion

We consider a thin tape composed of an elastic material moving axially between two sets of rollers
located at x = 0 and x = L > 0; the tape moves to the left with speed ¢ > 0. We treat the tape as an
Euler-Bernoulli beam with density per unit length p > 0 and bending moment A > 0. We suppose
in addition that the strip is subject to a tension k¥ > 0. The equilibrium position of the tape is the
x-axis, w = 0, and displacements from that equilibrium are represented by w = w (x, ¢). In deriving
the equations of motion we will assume any needed smoothness properties of w (x, t). Questions of
well-posedness and regularity have been considered in Reference 12 and will also be treated in a
later section here.

Focusing attention on a material particle moving with the tape, we see that its transverse velocity

ow ow

is 5+ — ¢ 5. Using this in the standard kinetic energy expression the total energy may be taken
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to be

L
Ew(, D] = %/ E(x,t)dx,
0

E ow 2 A Pw g ow , : 2.1
(x,t)—pKat ¢ )(xt)} + [axz()} +K{ax()] ) (12.1)
the symbol ” being used here and elsewhere to indicate repetition of previously indicated functional
arguments. In some situations it is desirable to assume reinforced restoring forces to ensure bounded
amplitude solutions. For this purpose the quadratic energy £ is augmented by addition of a quartic
term to the quadratic integrand to obtain

= ow 2 2w 1 ow ,1° aw ,1*
E(x,1)=p E—c— (x,1)| +A W() +k a() +B a() i

where B is a positive constant. Standard variational techniques then give, as the equation of motion,
the nonlinear partial differential equation

Pw ) Pw N ,0%w N L L 2| 9%w 0 122)
— —2c cC— — — |« — — =0. .
P\ ™ “arox T a2 ox* ox ) | ox?
Equations of this type have been studied extensively, but in a somewhat different context, in Ref-
erences 13 to 15. In the present paper we confine attention to the linear case corresponding to
B = 0 and the quadratic energy in Eq. (12.1). To simplify the subsequent analysis, we note that

if we set ¢ = c/p,7 = t/,/p then p disappears from Eq. (12.2). We make this change of vari-
able and then rename 7 and ¢ as ¢ and ¢ again. Then we have the simpler linear partial differential

equation
3w 3w a*w
— —2c—— — —k)— =0. 12.3

(aﬂ Cam) tAaTE@ K) (12.3)

For fixed rollers the boundary conditions take the form

w(O,t):%(O,t):w(L,t):%—j(L,t):O. (12.4)

We do not specifically assume that the tape has a periodic structure as it would (e.g., in the case
of a band saw blade), nor do we assume the tape to be wrapped around the rollers at the ends, for
which case it is known (see, e.g., Reference 1) that the radius of curvature of the rollers has a definite
influence on system dynamics.

With the boundary conditions in Eq. (12.4) 5 3 + and — ;’f are unbounded, positive self-adjoint
operators, and we are led to expect that for any given tension « > 0, instabilities may arise for
a sufficiently large speed ¢ > 0. Indeed, this has been known for some time (see, e.g., Refer-
ences 8, 16, and 17 and further references in Reference 12). In Reference 12, with the aid of
the symbolic manipulation capabilities of MATLAB®, this was confirmed for a “prototype system,”
of which the above can be considered a perturbation. There, we also proposed a family of closed
loop boundary control mechanisms, realized mathematically in the form of modified boundary
conditions corresponding, physically, to controlled movable rollers, to overcome such instabili-
ties. We showed that the open and closed loop systems correspond to strongly continuous semi-
groups on appropriate state spaces, but we were not able to demonstrate uniform exponential
stability.

In the present paper we further examine the properties of the fixed roller system; in particular we
develop the equations for the adjoint system, which are seen to have a somewhat unusual form. We
also revisit the boundary stabilization problem, obtaining somewhat modified stabilization criteria
as compared with those in Reference 12, and we establish uniform exponential decay, with respect
to a norm related to system energy, for the corresponding closed loop semigroups.
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12.2 System Structure

An analysis of the structure of the system just described allows us, in Theorem 12.1 below, to
identify some rather unusual features. Introducing a new variable

aw aw
=——c—, 12.5
SE0 T (125

solutions of the partial differential Eq. (12.3) are embedded in those of the first-order system

a a 02 o
dz 0z w AW

o Cax N T h g

ow ow

ow w. 12.6
or ST %y (12.6)

The “finite energy” state space He consists of pairs (z, w) such that z € L>(0, L), w € HO O, L),
the latter being defined as the closed subspace of H2(0, L) obtained by requiring w = 0 and - dw =0
at x = 0, L. In this space an “energy inner product” may be introduced in the form of an 1ntegra1
(in which, to avoid an excessively complicated notation, we assume all variables with “~” to be
conjugated where complex)

(Z) Z /L N dwdw+Adwd2” 4 (12.7)
s = K —— X. .
w w)/e Jo & dx dx dx? dx*
In Reference 12, it is shown that this system corresponds to a strongly continuous semigroup which
is, in fact, a strongly continuous group, in a space equivalent to H¢. In the present context the
semigroup generator associated with Eq. (12.6) is
dz d*w
+rsy —A e
T (z,w) = @ “ (12.8)
z+c ‘;—f

The domain, D(T'), of T consists of (z, w) € Hg for which T (z, w) again lies in H¢. Because the w
component of 7'(z, w) must lie in H0 O,L),z4+c 9 dw € HZ(0, L) and both z + o dw and dz st
must vanish at x =0, L. Because also Vanlshes there z vanishes there. Summarlzlng,

dx2

D(T) = {(z,w) ‘ we HYO0,L)NH;O,L), z+c f{—w e H; (0, L)}. (12.9)
X

It will be observed that D(T') involves four boundary conditions at each of x = 0 and x = L.
The physical constraints on the system correspond to w = 0, dW = 0; the remaining conditions,
z+c d‘; =0, 3; +c ‘;‘f = 0, x = 0, L represent consistency condmons that must be satisfied in
order for H¢ to remain invariant under the action of the semigroup generated by 7.

THEOREM 12.1
The adjoint operator T* corresponds to the system and domain
5 c £z + K x2 —A dx’X
T*(f) —_ a “r, (12.10)
w

T+ —q(,w)

D(T*)={(Z,fv) w e H*(0,L)NH (0, L), % +Ci11_w —q(-, W) € H} (0, L)}, (12.11)
X
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where q(x, w) is the solution of the boundary value problem

d*q d’q
A— —k— =0, 12.12
dx* * dx? ( )
dq d*w dq d*w
q(0) =¢q(L) =0, —(0)—0—(0) —(L)—C—(L) (12.13)
dx dx

The operator T* generates a strongly continuous group in the state space Hg.

REMARK 12.1 The specific conditions characterizing the domain in Eq. (12.11) are developed
below.

PROOF We compute

/L dz d*w A d4w dw (dz N d*w
= - — K — — ) —k— [ —+c—
0 ¢ dx dx? dx* dx \dx dx?

d*w (d*2  d*W dw dz d*Ww
—A—(—+ x>dx+<cz2+/<z—+A——

dx? \ dx? dx3 dx dx dx?
A d*w n dw n dw dw A dPw _ A d*w dz
—Az—+« KC—— — A —— —
o TR dx dx AT T dx? dx
2w d®w\ |
Ac ———— 12.14
Hae dx? dx2> ( )

Integrating by parts twice with use of Eq. (12.12) and Eq. (12.13), one sees that the second integral
in Eq. (12.14) may be rewritten in the form

/L dz . d*w A d*w o dw [ dz Lo d*w  dq
_ B 44w dw _dq
o S\ Cax T T e dx \dx " “ax? T dx
d*w [ d*z v  d’q
AS D (C2 20 T gy 12.15
+ dx? (dx2 te dx3 dx2>} * ( )

The boundary terms at the end of Eq. (12.14) can be put in the vector-matrix form

i (12.16)

[« e NeNe]
coclI ox
o2 ox»o
cocooco

ax [

For the relationship (T( o) ( e = (( ), T*( > ))e tohold, Eq. (12.16) should be zero. Because
pairs (z, w) € D(T) satlsfy z(O) =z(L) =0, (O) dW (L) = 0, for such (z, w) that boundary
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form reduces to

Z
0 0 A

2 3 .
(E dw d_W> 0 Aac||l £ | (12.17)

dx dx2 dx3 —A 0 0 42

dx?

Because % is arbitrary at x = 0, L we must include

200 =z(L)=0 (12.18)

among the boundary conditions characterizing D(7*). Then Eq. (12.17) reduces to

dz
dz d*w 0 A dx
(dx dx2)<A Ac)<§7g>- (12.19)

The requirement that the second component of 7'(z, w) (i.e.,z+c¢ 9 dw "), should lie in H0 (0, L) implies

dz N d*w

e

dx dx?
Thus, Eq. (12.19) becomes

2w AN & d*w dz
() en (] )<_ ~hae ax

dx?

Because fli 7 is arbitrary at x = 0, L and A > 0, we obtain an additional pair of adjoint boundary

conditions
dz dz
—(0)=—(L)=0. 12.20
dx( ) dx( ) ( )

For (2, w) € D(T*) the second component of 7*(Z, W) must lie in HZ (0, L). These consistency
conditions correspond to the additional boundary conditions
AL o, Ly W _da_ 0.L 12.21
Z—i_cdx 4= dx+ dx?  dx rE (12.21)
The first condition in Eq. (12.21), given Eq. (12.11) and Eq. (12.18), is equivalent to the first part of
Eq. (12.13), while the second, given Eq. (12.11) and Eq. (12.20), is equivalent to the second part of
Eq. (12.13).

Because H¢ is a Hilbert space, and hence reflexive, the semigroup generator property of 7*
follows from Corollary 10.6, Section 1.10, in Reference 9. The fact that Eq. (12.3) is invariant under
replacement of ¢ by —¢ and x by L — x implies that the strongly continuous semigroup e’ generated
by the operator T is, in fact, a strongly continuous group of bounded operators. Then this is true for
T* as well. The adjoint semigroup, in the sense of that term ordinarily used in differential equations,
is given by eI = (e¢~7")*. The proof is complete.

REMARK 12.2  Using elementary techniques one sees that the solution of Eq. (12.12) and
Eq. (12.13) is given by

o At ey AN
qgx,w) = C (O)X + o<l — {e_(x) X _ 1} + (_) x
K K
12 1/2
+,8{ o) }_<é> x},
K
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where « and 8 are such that

f~ﬂDL+a{K[ - }+<é>”2}+ﬂ{ [ — }—(%)Ui}=a

(12.22)
2.~ 1/2 " 1/2 1/2 N 172
CZ—Z(O)-I-G —(—) 67(%)/1‘4— <é> +B (é) e(;)/L_ (é)
X K K
d*w
=c 7). (12.23)

Thus, g (x, w) in Eq. (12.10) and Eq. (12.11) has the form (reducing to 0 when ¢ = 0)

d>w d>W
gx,w)=c { 5 (0)go(x) + XVZ (L)CIL(X):la (12.24)

Where qo (x) and ¢y (x), respectively, correspond to the solution of Eq. (12.22) and Eq. (12.23) with

c, d T 0), 5 Ly > (L) replaced by 1, 1, 0 and 1, 0, 1, respectively; symmetry considerations 1mply
qr(x) = —qo(L — x). Thus, in the formula in Eq. (12.10) for T*, the boundary values of T are
“fed back” into the functional expression of Eq. (12.10) of the operator 7* via Eq. (12.24).

12.3 The Closed-Loop Semigroup

We know from work in Reference 12 that the system of Eq. (12.3) and Eq. (12.4) becomes unstable
for certain values of the axial velocity parameter c. This leads to the desirability of showing that
stability can be regained with the use of active boundary controls synthesized in terms of collocated
boundary data. Our emphasis on use of boundary data alone for feedback purposes is, of course,
prompted by the realization that data from the moving belt at points other than boundary points is
ordinarily unavailable without the introduction of advanced measurement techniques unlikely to be
economically viable in most application contexts.

In the present work we define a controlled endpoint of the moving tape system to be either x = 0
or x = L with boundary conditions of the form

3w 3w
— T —u —
dx2 ax3

replacing the boundary conditions of Eq. (12.4) at the endpoint in question. In Reference 12 we
showed that the system cannot be stabilized by taking x = L to be the only controlled endpoint.
Consequently, as in Reference 12, we take x = L to be a fixed endpoint and x = 0 to be a controlled
endpoint. Furthermore, we suppose the controls u# and v to be synthesized via linear collocated
boundary feedback relations of a particular form so that Eq. (12.25) become closed loop boundary
conditions

9%w 9%w 93w
— =u= 0,1t —0,1) = 0,1t b 0,1t 12.26
T = aat( ) 5500 a2 ( )+ ( ). (12.26)
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The time derivatives present in Eq. (12.26) (with coefficients «, b, which will presently be taken to
be positive) correspond to an assumption that the rollers at the controlled end, though free to rotate
and to move in the vertical direction, in doing so are subjected to opposing “frictional” forces. These
may arise naturally in the physical configuration or may be introduced as part of an active control
implementation.

We find it convenient now to use a slightly different, but equivalent, state space for our system as
compared with the space H¢ used in the previous section. We define H to consist of function pairs
zZ= (Vg ) in Hf(O, L) x L*(0, L), where

2 2 dw
H7(0,L)=qw € H*(0, L)‘W(L) = a(L) =0,. (12.27)

The space H is equipped with the “energy” inner product (in which we take p = 1 as discussed
before Eq. [12.3])

w W _/L Adz_wcp_w_F d_wﬂ_i_ _ d_w 5 @ d
¢ )\ ¢ w Jo dx? dx? ¥ dx dx £ “dx ¢ “dx *

(12.28)

and the related norm

oI—

Izlly; = ((z, 2)s))? = {<(V;> (Vg>> } . (12.29)
H

The closed loop system may then be written in first-order form as

dz =Az, Az= l . ¢ R 1 (12.30)
dt —A%—(CZ—K)%—}-zCZ—i
the domain of A being
D(A) ={z € Hw € H*(0,L), ¢ e H*0,L), Eq.(12.26) satisfied.}. (12.31)
THEOREM 12.2

For ¢* — k > 0 the constants o, a, b in Eq. (12.26) can be selected so that the operator A with
domain of Eq. (12.31) is dissipative and generates a Cy semigroup S(t) of contractions on 'H.

REMARK 12.3 A comparable result was proved in Russell [12], with the boundary conditions at
x = 0 characterized in a different way.
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PROOF  We compute, with extensive algebraic manipulation,

Re 4 d*c  d*w n d¢ dw
dx?’ dx? o dx’ dx
d*w 2 d*w d¢ dw
+{—-A——(c"—K)—5+Cc—, —Cc—
x x x x
NETE AN CT IS
dx dx? gdx3 dx3 dx 2
d 2 -
(2 aw—-_ ¢ S
(c K)<dx§ > >+2|§|]
0
d2 ca\ |d¢ 2
-3
( 2 dx

2 _
+ Re [(Aa — Acb){(O)d—W(O)
dx

Re (Az, z)y

dw

dx

Ac
2

= (% — Ab) [ (O)

—%(Aa—i—cz—/c) dw

+(c* — K)E<0>f;:(0)} : (12.32)

From this it is clear that if the coefficients «, a, b are chosen so that the above quadratic form is
strictly negative definite, the operator .4 becomes dissipative. In particular, we can choose «, a, b to
satisfy

2 ¢t =K c r ,
O0<a<-, 0< <b<—, a=cb— —(c"—«). (12.33)
c 2Ac 2A A
Then, Eq. (12.32) becomes
2 ;| dw _|?
Re (Az, z)y = — -0 £(0) —¢31¢(0)]* = c4 |=—(0) (12.34)
dx dx
wherein
_Ac _ 4 (1 coz) ¢ Ab _C(A e )
C1—2» ) = Ax 5 ) C3—2 , C4—2 a—+c K
are all nonnegative. I

Applying a modification of the standard Lumer-Phillips theory developed in References 6 and 7,
we see that A generates a strongly continuous semigroup of contractions in H if 0 ¢ o (A). For this
it is sufficient to show that, given any F = (¢, ¥)* € Hwecanfind Y = (w, £)* in D(A) such that
AY = F, that is,

4
(—Ow=¢, —42% (@02 >—+2 L _oe=v. (1235)
dx

Substituting the first equation into the second we have

(12.36)



12.4 Uniform Exponential Stability of the Closed Loop System 191

and we have the desired result if Eq. (12.36) is solvable for arbitrary f € L?(0, L) which, in turn,
is true just in case the homogeneous version of Eq. (12.36) with the boundary conditions has only
the zero solution in D(A) as given by Eq. (12.31). Because ¢?> — k > 0, we may take y to be the
positive square root of %(62 — k); then solutions of Eq. (12.36) with f = O satisfying Eq. (12.4)
take the form

wx)=a[l —cosy(L —x)]—ax[y(L —x)—siny(L —x)]. (12.37)

Because the first equation in (12.35) gives ¢(x) = 0 when ¢ (x) = 0, the boundary conditions at
x = 0 become

d*w d*w
“70)=0, ——
dxz( ) dx3

Substituting Eq. (12.37) into Eq. (12.38) we obtain the system

cos(yL) sin(y L) a\ _(0
y2sin(yL) —a sin(yL) a—y?cos(yL) —acos(yL)|\ax /] — \ 0

for which the coefficient matrix has the determinant

©0)=a d—W(O). (12.38)
dx

—y? —a[2cos’(yL) — cos(yL) — 1]. (12.39)
Ifz = (w, §)* = (w, 0)*, with w(x) satisfying the homogeneous counterpart of Eq. (12.36), we
have Az = 0. Because ¢; = % > 0 in Eq. (12.34), we conclude %(L) = 0; applying this in

Eq. (12.37) gives a; = 0. The conditions in Eq. (12.33) together with ¢ — « > 0 also imply ¢4 > 0
in Eq. (12.34), from which we conclude that %(O) = 0. Using this and a; = 0 with Eq. (12.37) we
have

d
azE[V(L —x) —siny(L — x)]lx=0 = azy[cos(yL) — 1] =0.

Then either we have a, = 0 directly or we have cos(y L) = 1, implying the determinantin Eq. (12.39)
is —y? # 0, from which we also conclude a; = a, = 0. In any case the homogeneous equation
has only the zero solution, and we conclude, via Eq. (12.36), that Eq. (12.35) has a solution for
F = (¢, ¥)* € H and thus that the theorem holds.

12.4 Uniform Exponential Stability of the Closed Loop System

In this section we will establish the uniform exponential stability of the closed loop semigroup
S(t) whose existence was established in Theorem 12.2. For initial states z(0) = z, € H the mild
solution of the system (12.30) is

z(t) = S(t)zg, t=>0.

Because the energy E(¢) in Eq. (12.1) is also given by E(t) = % ||z(t)||${, exponential decay of
1SNl £z, 7 1s equivalent to uniform exponential decay of E(¢). In this direction we have the
following result.

THEOREM 12.3
The Cy-semigroup S(t) on the Hilbert space H is exponentially stable, that is, there exist positive
constants M and y such that

ISl zagry <Me™, t=0. (12.40)
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PROOF From Reference 3 we know that the strongly continuous semigroup S(¢) has a decay rate
of the form in Eq. (12.40) if and only if (R indicates the real axis; i R indicates the imaginary axis;
7 is the identity operator on H)

iRNo(A)=¢, sup |GBT — A oo. (12.41)
BeR

We will establish these by contradiction. If we suppose that the second condition of Eq. (12.41) fails,
then the Principle of Uniform Boundedness (see, e.g., Reference 2) implies that there exists a se-
quence { 8, } € Rwithlim,_, + B, = oo and a corresponding sequence {z, } € D(A) with |z, =1
such that

lim [|iBZ — Az, =0,

n—oQ

that is,
iBaWn — Lo = f — 0 in H*(0, L), (12.42)
B )dzw” 2 G — 0 in L*(0, L) (12.43)
L1PnCn — ZC = gn mn s . .
S dxt dx? dx ¢

From Eq. (12.32), Eq. (12.34), and Eq. (12.42) it follows that
0 = lim Re((iB,Z — A)z,, Z,)y

n00
~ lim || L2 (L)’ a2 4 el or+ el 2 T ,
from which it follows that
‘dzw" (L), ‘@ 12,0, ddw” (0)‘ 50, asn—> oo (12.44)
Eliminating ¢, from the identities in Eq. (12.42) and Eq. (12.43), we obtain the identity in w,:
—Bawn d d;;” 2ics, 2 = =g+ ibPufu+2 df” (12.45)

Using the multiplier method (see References 5 and 4), we take the inner product of Eq. (12.45) with
2x % in L2(0, L), integrate by parts, use Eq. (12.44) with the boundary conditions of Eq. (12.26),
and use the convergence indicated in Eq. (12.42) and (12.43) to obtain

dw, ||* dPw, || Lolde, P
|Buwal® = (¢ = 1) ‘dl +3AH - —4i/3,10/0 x‘di dx
22
5[] o
Restricting to the real part of this expression we have
dw, ||* dw, |[*
1Baowal® = @ =) | S| 434 || S22 50 asn — oo, (12.46)

dx dx?

Next we take the inner product of Eq. (12.45) with w,, in L2%(0, L) and use the boundary conditions
atx = L (see Eq. [12.27) to get

2

| H”W”

1Bawnll” = (c” = x) e

n
dx
3

yral ”(0)wn<0)+A (0 —(c?

w,(0) — 0 asn — oo.
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Again, using Eq. (12.44) with Eq. (12.26), the above reduces to

2
— 0 asn — oo. (12.47)

2

dw, d*w,
dx dx?

Combining Eq. (12.46) with Eq. (12.47) we conclude that
d*w,
Tl dx?

—1Bawall* = (* — k)

+A‘

dw,
dx

which further implies, using Eq. (12.42), that

1Bawall, H

’—)O asn — 0,

¢, =0 asn — ococ.

But these two conclusions contradict the assumption ||z, ||y = 1 for all n. Therefore, the second
condition of Eq. (12.41) must hold.

To prove the first condition of Eq. (12.41) we again use a contradiction argument. Assuming
iB € o(A), there exists a sequence {z, } € D(A) with ||z,||;; = 1 for all n such that
lim ||(iBZ — A)z,|l, =0.

Then a repetition of the above argument with S, replaced by 8 leads to the same contradiction and
the proof is complete.
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Abstract  We study the question of controllability of nonlinear systems in situations where the
linearized system is only partially controllable. We discuss examples where such partial controllabil-
ity is imposed by the physics of the problem. We show by means of examples that characterizing the
set of reachable states for the nonlinear system is, in general, a difficult problem. Finally, we discuss
the application of the center manifold theorem and results on controllability of “slow” modes.

13.1 Introduction

We consider a differential system of the form
x=Ax+ B(x)+ f(), (13.1)

where A is a linear operator in a Banach space X, B vanishes at quadratic order as x — 0, and
f is a forcing term in a given class of functions from [0, T'] to a subspace of X. The question of
controllability is whether it is possible to steer the system from a given state x(0) = x( to another
given state x (T') = x;.

If xo and x ; are “small” in a suitable sense, we can expect to be able to use perturbation arguments.
Indeed, if the system is fully controllable, and if suitable technical hypotheses hold, the implicit
function theorem can be used to show that the nonlinear system is locally controllable. The situation
is more complex, however, if the linearized system is only partially controllable. The absence of full
controllability may be imposed by physical considerations. For instance, a part of the system may
describe material or microstructural properties that cannot be modified by external control inputs.
The question of reachable states in the nonlinear system then becomes quite difficult, in general.

In Section 13.2 of this chapter, we discuss some examples from polymer rheology where the
physics of the problem restricts controllability. Section 13.3 gives a discussion of several examples
that illustrate the variety of behaviors that may occur when partially controllable systems are per-
turbed by nonlinearities. Finally, in Section 13.4, we turn to cases where the linear system can be
decomposed into a “slow” controllable part and a rapidly decaying part that is not controllable.

195



196 Nonlinear Perturbations of Partially Controllable Systems

We discuss the existence of perturbed center manifolds for the controlled problem and results
regarding controllability of slow modes.

13.2 Examples
We consider the motion of a nonlinear fluid of Maxwell type. The equation of motion is
olvi+ (v-V)vl]=divT — Vp +f, (13.2)

where v is the velocity, p the pressure, T the extra stress tensor, p the density, and f a given body
force. In addition, we have the incompressibility condition

divv =0, (13.3)
and a constitutive equation
AT, 4+ (v- VT + T+ q(Vv, T) = u[Vv+ (V)] (13.4)

Here  is the viscosity, A is the relaxation time, and q is a nonlinear term that depends on the specific
constitutive model. We assume that

lq(Vv, T)| < C(IVV]* + [T, (13.5)

if |Vv| and |T| are sufficiently small.

Control inputs for a viscoelastic flow are by means of the body force f or by means of terms in
boundary conditions. Several papers in the literature establish controllability of the velocity in linear
viscoelastic media [4-8], but this leaves open the question whether the stresses can be controlled.
Contrary to a claim in Reference 3, it turns out that the inability to change the constitutive behavior
limits controllability [11].

Consider the linearized form of the constitutive equation,

AT, + T = n(Vv+ (Vv)1). (13.6)

It is immediately clear that if the initial condition for Eq. (13.6) has the form

T(0) = Vwo + (Vwy)”, (13.7)
and if w satisfies
AW, + W = v, (13.8)
then
T=Vw+ (Vw) (13.9)

for all time. The restricted form in Eq. (13.9) forces T to be traceless at each point, and it imposes
differential equations relating the components of T. Hence, for the linearized system, T is (at best)
controllable only within a restricted subspace. Unfortunately, however, this subspace does not remain
invariant when nonlinearities are included in the constitutive law.

Our second example concerns molecular theories for viscoelastic fluids. The simplest of such
models are known as dumbbell models. They represent a polymer molecule by two beads connected
by a spring, and the crucial quantity is the probability distribution function ¥ (R, x, ¢), which describes
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the probability that a polymer molecule at position x and time ¢ has end-to-end vector R. ¢ is a
symmetric function of R and satisfies

/ YR, x,1)dR = 1. (13.10)
]R3

The evolution of ¢ is governed by a diffusion equation of the form
Vi + (V- VO = aAry + divg [ (V,V) - Ry + BF(R) Y], (13.11)

where o and B are constants, and F(R) is the force in the spring connecting the beads. The stress
tensor in the equation of motion is given by

T(X,t):y/ R®FR)V (R, x, 1) dR, (13.12)
]R3

where y is a constant, and ® denotes the dyadic product.
In the absence of fluid motion, Eq. (13.11) has the equilibrium solution

e~ UR)
R)= —————, 13.13
Vo®) = (13.13)
where
_ B
VrUR) = —F(R). (13.14)
o
The linearization of Eq. (13.11) at this solution yields
¥, = aAry + divg [BFR)Y] — divg [(V,V) - Ryl (13.15)
We can expand a solution of Eq. (13.15) in spherical harmonics:
v(R,x,1) :ZWLmURlea nY;' @, ). (13.16)
L.m

Because v/, is radially symmetric, it follows that the inhomogeneous term in Eq. (13.15) contributes
only terms with L = 2. All contributions to i corresponding to spherical harmonics of higher order
are consequently independent of the evolution of the velocity and not accessible to control inputs.
The inclusion of nonlinear terms, however, destroys the decoupling of spherical harmonics.

13.3 Examples of Reachable Sets

The purpose of this section is to present a number of elementary examples of nonlinear control
problems where the linearization is only partially controlled. As we shall see, the qualitative nature of
the reachable set in the nonlinear case can vary considerably, making it appear unlikely that general
theorems can be formulated.

We start with the problem

i=f@), y+iry=x% (13.17)
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with given initial conditions x (0) = xp, y(0) = yg. Obviously, we can choose f(¢) to make x (¢) any
function we want, whereas in the linearized problem the control has no effect on y. In the nonlinear
case, we have

t
y(t) = e My + / e M= x () ds. (13.18)
0
The set which can be reached at time T is

{91y >e Ty} (13.19)

(unless xp = 0 in which case the point (0, 0) is also included). If, on the other hand, we replace x2

in Eq. (13.17) by x>, then the reachable set becomes the entire plane.
Now, let us expand the system to

X=f @), y+iy=x> i+pz=x’, (13.20)

where A > u > 0. Again, we can choose f to make x(#) any function we want it to be, and we then
have

t
y(t) = e My +/ e M x () ds,
0
t
(1) = e Mzo+ / e M=% (5)? ds. (13.21)
0

Itis not difficult to verify that now the reachable set at time T is (for x( # 0) defined by the inequalities

y(T) > ey,
Z2(T) > e "z,
Y(T) —eyy < 2(T) — e"zg < M7 [y(T) — e yp]. (13.22)
Now consider the system
Xx=u, u=f@), y+ry=u’ (13.23)

with initial conditions x(0) = xg, u(0) = up, y(0) = yo. Again, we can reach any final value of
x(T) and u(T) that we would like to reach, but we have the relationship

T
I :=x(T) — xg :/ u(s)ds. (13.24)
0

For a given value of 7, we find that

T
P = / e Ty (s)? ds (13.25)
0
is minimized when
Ihe™s

u(s) = 1 — o7 (13.26)

and the corresponding value of P is

%)

Py = (13.27)
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Consequently the reachable set is (except for exceptional values when equality is allowed) described
by the inequality

[x(T) — x(0)]*»

AT
y(T)—e " yo > pov (13.28)

Let us now add an additional equation
f=u, a=f0). y+iy=u’, i+pr=u, (13.29)

with initial conditions x(0) = xg, #(0) = ug, y(0) = yg, 2(0) = z9. Now the issue in determining
the reachable set is how the value of

T
1=/ u(s) ds (13.30)
0
restricts the values of
T
P= / e T =9y (s)? ds (13.31)
0
and
T
0= / e M=y (5) ds. (13.32)
0

To characterize the set of possible values P and Q, we determine its boundary. Points on the boundary
correspond to functions u for which the linearized map

T T
V> [2/ e M=y (s)v(s) ds,Z/ e M=y ($)v (s) ds] (13.33)
0 0

is not surjective from

T
{v e L0, T)‘ / v(s)ds = 0} (13.34)
0
to IR%. This is the case if a linear combination
ae™u(s) + Be'Su(s) (13.35)
is a constant. If A > u, then the condition that u be square integrable imposes the restriction
" s} (13.36)

The corresponding u can be written as

Tu

u(s) = ———x (13.37)
k(Ee* +e”)
where
A—2 A—2
k:zFl(M,l, M,—O[)—e"TzFl{ kg, B _Zeo-mm|  (1338)
w—=xr ~A—p B w—=xr A—p B

(2 Fy denotes the hypergeometric function.)
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FIGURE 13.1: Plot of the accessible region (above and to the right of the curve shown) in the
(P,Q)planeforA =2, u=1,T=1,1=1.

Figure 13.1 shows the accessible set in the (P, Q) plane for the case A =2, u =1, T = 1, and
I=1.

In all the examples above, the reachable set turned out to have non-empty interior. This does
not need to be so. We consider a special case of the molecular dumbbell model introduced in the
previous section. We consider the evolution of the distribution function associated with one specific
fluid particle, and we assume that the spring force is linear. Then Eq. (13.11) is specialized to

Y, = a ARy + divg [-L(#) - Ry + BRY/], (13.39)

where L(t) is the velocity gradient at time ¢ and at the position that the given fluid particle occupies
at this time. It is readily shown that if the initial condition for ¥ has the form

¥ (R, 0) = yoe K, (13.40)
then a solution can be found in the form
YR, 1) = y(t)e RAOR (13.41)

see Reference 9. So, regardless of any control input L(#), we cannot drive v off this invariant manifold
if the initial condition lies on it.

Our final example concerns a special case of Eq. (13.4). We consider the upper convected Maxwell
model

AT, + - T — (VT —T(VV' | + T = u[Vv+ (V)] (13.42)

We shall ignore the question of constraints relating T at different points in space and merely ask
the more limited question of point-wise constraints on the values of T. In the linearized case, the
incompressibility condition forces T to have zero trace. In the nonlinear case, we integrate Eq. (13.42)
to determine constraints on T. Let F(x, 7, s) be such that

Fx,s,s) =1, F,x,t,5)+ (v -VFx,t,s5)=(VVF(x,1,s). (13.43)
Then the solution of Eq. (13.42) is given by

t
T(x,t) = %/ e TIMEF(x, 1, 5)F(x, t,5)] —1I]ds. (13.44)
—00
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The restriction on F(x, ¢, s)F(x, ¢, )7 is that it is symmetric, positive definite, and of determinant
one (the latter follows from incompressibility). We can conclude that

A
ZT+1 (13.45)
"

is a convex linear combination of positive definite symmetric matrices with determinant one. As we
show in the appendix, this imposes the restriction

A
det(—T~|—I> > 1. (13.46)
I

This condition is more restrictive than the Rutkevich stability condition of Reference 12, which
merely requires %T + I to be positive definite. The inequality of Eq. (13.46) must hold regardless of
any initial condition on T. The imposition of an initial condition restricts the stresses further.

13.4 Center Manifolds
We now consider a system of the form
i = Ax + p(x.y) + f(0),
y = By +q(x,y), (13.47)
where x € R", y € R™. We make the following assumptions:

1. All eigenvalues A of A satisfy ReA > My, all eigenvalues of B satisfy ReA < M, < 0, and
there exists an integer k > 1 such that M, < kM,.

2. pand g are smooth functions and for small |x| and | y| we have | p(x, ¥)| + |g (x, ¥)| < C(|x|>*+
yI%).

3. The control f is of the form
fO =y £, (13.48)
i=1

where the f;(¢) are given functions. We assume that the f; are smooth on (—oo, co) and have
compact support in [0, 7']. Moreover, the mapping

T
i=(,,... ,yn)|—>/ eA9 f(s)ds (13.49)
0

is invertible.

If we linearize the system at x = 0, y = 0, then clearly only the x-part is controllable. On the other
hand, the y-part of the system is stable, and control of y may be practically irrelevant if T is large
enough to allow decay of y. In the nonlinear case, the uncontrolled system will have a center-unstable
manifold of the form y = g(x). We can expect that if we start with initial data on or close to this
manifold, and the control is small enough, then we will remain close to this manifold. In this fashion,
we should be able to control x, and we may have no need to control y.

In the presence of the control, we can use the usual trick of augmenting our system by the equation
I" = 0. A version of the center manifold theorem suitable for our purposes is given in Reference 2.
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The result proved there yields the existence of a locally invariant manifold of the form y = g(x, I, 1),
where g is smooth atleast of class C¥~ ! and |g(x, T, 1)| = o(Jx| 4+ |T'|) as |x| + |['| — 0. Moreover,
the construction of the invariant manifold implies that g(x, I, ¢) is independent of ¢ for < 0, so that
before onset of the control, g simply defines a center unstable manifold for the uncontrolled system.
Finally, a standard perturbation argument shows that the reduced system

&= Ax 4 plx. g, T.01+ > v, fi(t) (13.50)

i=1

is controllable in a neighborhood of the origin (i.e., if |xo| and |x ;| are sufficiently small, there exists
a I" such that the solution with initial condition x (0) = x satisfies x (T) = x).

We now consider the existence of spectral separation in the physical examples introduced earlier.
Consider the motion of a viscoelastic Maxwell fluid. The linearized equations are

pv, =divT — Vp +f,
divv =0,
AT, +T = u[Vv+ (Vv)T]. (13.51)

We consider these equations on a bounded domain © C IR® with the Dirichlet boundary condition
v = 0. By combining the equation of motion with the constitutive law, we obtain an equation for the
velocity alone,

PV + Vi) = nAV —V(Qp, + p) + 1 + A,
divv = 0. (13.52)

The eigenspectrum for this equation (the controllable part of the system) is given by
p(hr? +1) = (g, (13.53)

where ¢, <0 are the eigenvalues of the Stokes operator. If p < —4Auq;, then all the eigenvalues
r have real part equal to —1/(21). On the other hand, the spectrum of the uncontrolled part of the
system consists of the point —1/A. Consequently, a spectral separation condition as required by the
center manifold theorem holds.

In contrast to problems involving ordinary differential equations (ODEs), serious technical issues
need to be resolved to apply center manifold methods to hyperbolic partial differential equations
(PDESs) such as those governing viscoelastic flows. See Reference 10 for some efforts in this direction.

Let us now consider the spectral problem associated with the diffusion equation (13.11). The
linearization at the rest state is

¥, = aAry + divR(BRY), (13.54)
if we assume a linear spring. The associated eigenvalue problem is

Ay = aAry + divr(BRY). (13.55)
As usual, we can separate variables, and we end up with the radial problem

L(L+1)

R2 W} + B(RY g +3V), (13.56)

2
M=« |:¢RR + E‘PR -
where R = |R|. The solution of this equation, which is regular at the origin, is given by

3+L A 3 BR?
=R F|—— - =, 24+, -, 13.57
14 1 1< ) 28 2+ 201) ( )
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where | F| denotes the confluent hypergeometric function. If we require ¥ to vanish faster than any
power of R at infinity, then L/2 + X /(28) must be a nonpositive integer —N (see formula [13.1.5]
in Reference 1). Consequently, the eigenvalues are

An. =—B@2N +1L). (13.58)

The corresponding eigenfunction is

_ R 3 E_ﬁ_
2
= RLeXp(—IBR)lF1< N, L+ § ﬂ)
2a 2’ 2
2
_ (N+L+1/2>RL ( ) L+1/2(@>' (13.59)
N 200

LZH/ % denotes the generalized Laguerre polynomial (see formulae [13.1.27] and [22.5.54] in
Reference 1).

Physically, only even values of L are relevant, and the amplitude of the mode with N =L =01is
prescribed due to the interpretation of ¥ as a probability density, that is, the constraint of Eq. (13.10).
Consequently, the least stable eigenvalue corresponds to N =1, L =0and N =0, L =2. The pertur-
bation in Eq. (13.15) resulting from the presence of a velocity gradient lies in the (five-dimensional)

eigenspace correspondingto N =0, L = 2.

Appendix: A Result from Linear Algebra

We shall prove the following result:

THEOREM 13.1
A symmetric matrix A is a convex linear combination of positive definite matrices with determinant
1 if and only if A is positive definite and det A > 1.

We first prove that the condition is sufficient. Without loss of generality, we can choose our basis
such that A is diagonal. Now pick a 2 x 2 block of A, which is, say, of the form

A 0
(0 )\2) , (13.60)
and let A(u) be the matrix obtained by replacing this block in A with
Al M
. 13.61
(35 (1361)

If det A > 1, then det A(0) > 1. On the other hand, det A () is negative if |u| is large. Consequently,
there exist p; > 0, , > 0 such that

detA(u;) = detA(—pu,) = 1. (13.62)
It follows that

A_

A(uy) +
M1+M2 : M1+M2

A(—po). (13.63)
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To prove necessity, we start with the following lemma.

LEMMA 13.1
Let A, B be positive definite symmetric matrices with detB > det A, B # A. Then

d
—det[(1 — M)A + AB] > 0. (13.64)
dis =0

The derivative in question is equal to det A tr [A~!(B — A)], so it suffices to prove that
tr(A"'B—1) > 0. (13.65)

We note that tr (A~'B) = tr (A~"/?BA~!/2). The latter matrix is symmetric and positive definite
with determinant greater or equal to 1. Let A; be its eigenvalues, and let m be the dimension of the
matrix. Then A; > 0,

[[% =1 (13.66)
and we need to prove that
> hi=m. (13.67)

To show this, we simply need to consider the problem of maximizing [[/-, A; for a given > 1" | A;.
The usual method of Lagrange multipliers yields the result that the maximum is achieved when the
A; values are equal.

An immediate consequence of the lemma is that for two distinct positive matrices A and B, we
have

det[AA + (1 — A)B] > min(det A, detB) (13.68)

for 0 <A < 1. The necessity of the condition in the theorem now follows by recursive application
of this result.
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Abstract  In this paper we derive a new model for the junctions in a network of canals individually
modeled by Saint-Venant equations.

14.1 Introduction

Jack Lagnese, Guenter Leugering, and the author have been collaborating for over a decade
on the modeling and analysis of a variety of linked structures in which distinct components are
joined together. In particular, this collaboration, spurred on by the focused energy of Jack Lagnese,
led to a monograph [4]. More recently in Reference 3, stimulated by the earlier paper of Coron
et al. [1], Leugering and Schmidt considered networks of canals. Our approach, partially in the
framework of Reference 4, drew heavily on results from the literature on conservation laws to obtain
results on stabilization of flows in a simple star configuration of canals. The model used derived the
Saint-Venant equations, first introduced in Reference 5, from a variational principle that also yielded
conditions governing the dynamics of the flow through the junctions at which canals meet. Capturing
the character of the junctions at which various components of a linked structure meet has repeatedly
presented a challenge. In the case of the canal networks, the conditions at junctions that were used
in Reference 3 did not take into account the angles at which the canals meet nor any other features
of the geometry of the junction.

In this paper we present a new approach to the modeling of the canal junctions better reflecting
the geometry. The model presents challenging new, and as yet unresolved, analytic problems. In
particular, this author does not know of any results covering the basic existence theory of the kinds
of boundary value problems to which the model given below leads that involve partial differential
equations along each canal and ordinary differential equations (ODEs) at the junctions.

14.2 Derivation of the Model

We consider m slender canals corresponding to rectangular domains D; (withi =1, ..., m) flowing
into a small junction region occupying a domain Dy. Let ¥; =9 D; N 9Dy, assumed to be a line

I'This research was supported by the Natural Sciences and Engineering Research Council of Canada grant A7271.

207



208 On Junctions in a Network of Canals

Junction Region

D 'J- IlI

1 0 ~—

FIGURE 14.1: Notational illustration.

segment orthogonal to the canal, and Xy = 9Dy — U{" | Z;. Let | Dy| denote the area of Dy and b;
be the width of D;, which is equal to the length of X;. We describe the flow of water through the
canals by Saint-Venant equations (or shallow water equations in one space dimension) involving
scalar variables H;(x, t) (the average height of the water surface across the canal) and V; (x, t) (the
average flow velocity across the canal in the canal direction), which are functions of the distance x
along the canal measured from the interface X; and of the time # (see Figure 14.1). Working in terms
of averaged quantities across the canal allows one to eliminate the second spatial variable transverse
to the canal.

We seek a simple model of the junction region that takes into account the geometry of the junction
without using full shallow water equations over the region Dy. We do this in such a way that the
junction is governed by a system of ODEs interacting with the boundary values of H; and V; on ;.
Assuming that the junction is small relative to the canals, we let Hy(¢) be the average height of the
water surface over D.

The velocity vector field across Dy will be given in terms of a finite basis containing sufficient
functions to enable us to match fluxes over the m interfaces X; between canals and the junction and to
incorporate the fact that water enters and leaves the junction via only the canals.These requirements
cannot simply be achieved by using averaged velocity fields across Dy. We take

m

Vox, 1) = > ai(t)vu; (x)

i=1
where X = (x1, x2) denotes the pair of coordinates of a point in Dy and u; (x) is a solution (unique
up to a constant) of the boundary value problem

b; ou; {1 onY;

Aup(x) = — 2
i) =1h0 n =10 onaDy— .

(14.1)

We note that the following compatibility condition for the solvability of this Neumann problem is
automatically satisfied:

b,‘ el i
/ Au,-dx:/ dx:/ 1ds=/ uds.
Do p, 1 Dol 5 ap, 0n

i
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The conservation law for the fluid in Dy, namely M + v - [HyVp] = 0, becomes

dHo

(14.2)

which is the first of the system of nonlinear ODEs to be satisfied by Hy(#) and a(t) = (a (). ...,
o, (1)) at the junction. The flux across d Dy is

HoZot(t) ()_{Hoe, on o (14.3)

on Xj.

We also require that across each %;
Ol,'H() = H,Vl (144)

These last two conditions are “geometric constraints” that will have to be satisfied by our systems
of variables when we use variational methods to derive dynamic equations. Together they imply,
on multiplying Eq. (14.2) by | Dy, that the rate of change of the volume of water in the junction is
exactly equal to the flow rate into or out of the totality of canals meeting the junction.

We need to introduce some additional notation. We let L; be the length of the i-th canal and e; be
the elevation of the bed of that canal. We introduce a Lagrangian function

L(Ho, o, Hy, Vi, ..., Hy, Vi) = Lo(Ho, Vo) + Y Li(Hi, V7). (14.5)
i=1
where
1
L(H,,V)_b// [HVz—g(EHiz—i—H,-eiﬂdxdt (14.6)
and
r 1 2 1 2
£0(H0,Q)= —Ho|Wol” — g _HO + Hyep dAdt
o JJn, 12 2
T 1,
= S HoPo- o= |Dolg | 5 HG + Hoeo ) | dt (14.7)
0

with P the positive definite symmetric matrix defined by

b;
P =// Vi - vujdA = — // ”idA+/ ujds. (14.8)
Do ’ | Dol Dy DI

We note the dependence of P on the geometry of the junction region and its interfaces with the
canals.

We perform variations on the state variables Hy, o, Hy, Vi, ... , H,, V,,. These have to respect
the geometric constraints of Eq. (14.2) and Eq. (14.4) at the junction as well as the equation of
continuity

o H; +0,[H;V;]=0. (14.9)

along each canal. That equation is the first of the Saint-Venant equations. Using standard notation
one finds

T 1
5L =/ {Hopa-aa+ [EPa-a—|D0|g(Ho+eo)}8H0
0

m L; 1
+> b HiVisV; + ( =V? — g(H; +¢) | $H; | ¢ dt. (14.10)
i=1 0 2
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We can satisfy Eq. (14.9) by variations of the form
§H; = 0:¢;, O[H;Vi]l=—0¢;, (14.11)
where ¢; is a smooth function of x and ¢, so that
Hi8Vi = —0,¢; — Viduh;. (14.12)
The conditions of Eq. (14.2) and Eq. (14.4) at the junction become
d m m
| Do|—-8Ho + (;a,—bi>8Ho+Ho;b,-8a,~ =0; (14.13)
a;i8Hy + Hoda; = 8[H; Vi (0, )] = —0,¢,;(0, 1). (14.14)

These conditions imply
d m
|Do|—-6Ho — iz_ljbiazcm(o, H=0

and hence, assuming that the variations all vanish at r = 0,

m

|Dol8 Ho(t) = > bi; (0, 1).

i=1
So, because of Eq. (14.14),

Hoba; = —d,¢,(0, 1) — ;8 Hy (1) (14.15)
o "

=—3f iO’ - bi iO’ . 1416

¢:(0, 1) |DO|; ¢:(0, 1) (14.16)

We substitute this back into the expression of Eq. (14.10) for § £, using the vector notation ¢ = (¢, . . .,
¢,) andb = (by, ..., b,), to get

r (87

+ [lPa -o — |Dolg(Hp + eo)} Lb -0, 1)

2 | Do
n L;
+Z/ [~ Vidhdy — Si0e,] dx b dt
i=1 70
T n
= / {-Pa-8,60.0 - Sob-$0.0+ Y biSg,O.0fdr  (1417)
0 i=1
with
1, 1 Po-«
Si==-Vi+g(H +e) and Sp=———+ g(Hy+ ep).
2 |Dol 2

Then, if we choose arbitrary test functions ¢; vanishing near x = 0, §£ = 0 yields the weak forms
of the second Saint-Venant equation, which describes the individual canal dynamics:

0; Vi + 0,8 =0, (14.18)
and subsequently, using general admissible test functions, we get the system of equations
- doj
ZPijd—tjzbi(So—Si) fori=1,...,m. (14.19)
j=1

governing the dynamics at the junction.
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14.3 Reflections on the Model

This modeling process has led us to the system consisting of the familiar partial differential
Saint-Venant equations

0 H; +0,[H;V;]=0 and 9,V;+0,5 =0 (14.20)
along each canal and the ordinary differential junction equations

dH,
dt

bl m
o

" do; .
+H()Zoz,»(t)|D =0 and Zpijd—tf=b,~(so—si) fori=1,...,m. (14.21)
i=1 j=1

These equations have to be supplemented by boundary conditions describing the flow of water
through the ends of the canals not adjoining the junction. The variables H;(x, t), V;(x, t) along the
canals and Hy(¢), a(t) interact via the term S;(0, #) — So(¢) in the right-hand side of the second
equation at the junction and the conservation conditions

a;i(t)Hy(t) = H;(0,1)V;(0,¢) fori=1,...,m. (14.22)

One can certainly adapt this model to networks of canals with many junctions. This simply involves
use of appropriate notation such as that used in Reference 4.

By rescaling the length parameter along each canal, one can assume that for all canals x € [0, L].
In that case the junctions of a particular canal with other canals may occur at either or both endpoints.
The equations for H;, V; can then be assembled into a single system of conservation laws on [0, L],
which has a quite transparent structure. However, the conditions of Eq. (14.2), Eq. (14.4), and
Eq. (14.19) yield rather complicated boundary conditions at the endpoints involving the additional
variables Hy and a corresponding to each junction. The theory of boundary conditions for systems
of conservation laws is delicate and depends on the sub- or supercritical nature of the flows. Using
results available in the monograph of Li Ta-tsien [6], we were able in Reference 3 to obtain existence
and stabilizability results for a star configuration of canals by using a more primitive model of the
junction and with certain feedback mechanisms operative at the other ends of the canals. The hybrid
system derived here presents significant additional challenges!

The relationship between the positive definite matrix P and the geometry of a junction merits
further analysis, and it would also be interesting to obtain an alternative derivation of the conditions
by a limiting process starting with the Navier-Stokes equations.
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Abstract  The paper looks at some of the techniques (separation of variables, Fourier series,
Carleman estimates) used to obtain observability and null-controllability results to determine qual-
itatively the asymptotic behavior of the estimates obtained with respect to relevant parameters. We
are particularly concerned with blowup as the control time becomes short (7" — 0).

15.1 Introduction

Most of the work done on observability or null controllability for distributed parameter systems
refers to single settings, but increasingly one is interested to consider the relation among a family of
such problems depending on some parameter (as, e.g., the coefficients of the equations or the length
of the time interval or a discretization mesh size). Our twin themes here—uniformity and blowup—
are, of course, just two possible alternatives in an investigation of asymptotic behavior. Here, in
looking at some of the techniques used to obtain observability and null-controllability results, we
will examine them more carefully to determine the asymptotic behavior of the estimates obtained
with respect to relevant parameters.

We will be particularly concerned with blowup as the control time becomes short (7 — 0), and so
we will restrict our attention to problems, as for the heat equation, with no minimum control time.
This question of blowup as 7 — 0 was apparently introduced for distributed parameter systems in
Reference 26 (and only later for finite dimensional systems in Reference 30) and has recently been
the subject of greater interest (cf., e.g., References 33, 2, 3, 4, and 5) partly in response to Da Prato’s
observation [7] that this is relevant to the analysis of corresponding stochastic differential equations.

A few of the examples presented here are new, but many are relevant historical examples revisited.
These have largely been drawn from my own earlier work, simply because of my greater familiarity
with that. On the other hand, the central position of references to Reference 31 may be considered a
shameless bit of advertising for a result in nonharmonic analysis specifically designed for its relation
to the present concerns.

213



214 On Uniform Null Controllability and Blowup Estimates

Consider an abstract linear autonomous system
u; = Au (15.1)

where we include the homogeneous boundary conditions in specification of the domain of the
operator A. Given observation of

y() =Bu(t,:) forO0<t<T, (15.2)
our principal concern here is with an observability estimate:
(T, ) < CllyOll. (15.3)

We speak of uniform observability for a family {(A, B, T)} of such problems if Eq. (15.3) holds in
each of the instances with a fixed constant C used for all the problems considered.

It is well known that Eq. (15.1) and Eq. (15.2) are dual to the null-controllability problem for the
adjoint equation (after a time reversal):

vi =AY +B*¢ withv|—g=w (15.4)

Given w, determine a null-control ¢ on [0, T] so that the solution of Eq. (15.4) will
satisfy: v|=r = 0.

This duality means that one will have Eq. (15.3) if and only if for each w one can choose such a null
control with

lell < Cllell (15.5)

using the same constant C as in Eq. (15.3). Indeed, we will restrict our attention here to settings
in which the relevant spaces are Hilbert spaces, and we can then choose each null-control ¢ to
minimize the norm; the mapping C : @ +— ¢ for each of the problems is then linear and continuous
with operator norm ||C|| < C. We now speak of uniform null controllability for a family of such
problems if this holds in each instance with a fixed null-controllability bound C.

PROPOSITION 15.1
Suppose we have a weak continuity property for the sequence of problems {(15.4), : v=1,2,...;
o0} :

using ¢, in each (15.4), to get a solution v, (15.6)
if o, = g weakly, then alsov,(T) — voo(T). '

Then, if the sequence {(15.4), : v = 1,2, ...} is uniformly null controllable, it follows that the limit
problem of Eq. (15.4)« is also null controllable, with the same bound.

PROOF In a Hilbert space context, for any w the uniform bound on the sequence of null con-
trols {¢,} gives a subsequence weakly convergent to some ¢, and by Eq. (15.6) this ¢, must be a
null control for w in Eq. (15.4).

Complementary to this is an obvious blowup result: if the limit problem Eq. (15.4), is not null
controllable, then one must have blowup: C = C,, — o0 in Eq. (15.5). In particular, suppose one
were to take A, B, fixed in Eq. (15.4),, but vary the control time—more precisely, keep the nominal
time 7 fixed as there but restrict support of the control ¢, to ¢ € [0, T, ]—then, if this can be done
with 7, — 0, any weakly convergent subsequence would necessarily give convergence to f, with
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empty support, clearly not a null control for any @ # 0. Thus, if one does have null controllability
for arbitrarily short control times, this bound must blow up as the time goes to 0.

The spectral approach to the observability estimate of Eq. (15.3) utilizes spectral decomposition
of the operator A appearing in Eq. (15.1), making a spatial expansion in eigenfunctions so time
dependence is given by an exponential series. For null controllability, this is also known as the
method of moments. This has been a useful tool for treating distributed parameter systems since
the earliest days of the subject; note the papers cited here, especially the survey paper [23] and
the book [6].

Because the paper in Reference 31 was motivated precisely by our present concerns regard-
ing uniformity and blowup in applying the spectral approach, we will devote the next section to
describing the principal results obtained there. Section 15.3 is then devoted to discussing the spec-
tral approach and some historical examples of how it works out, whereas Section 15.4 considers
blowup, mostly utilizing the spectral approach but also noting the behavior of Carleman estimate
techniques in relation to our thematic concerns. The final section then discusses some further recent
results.

15.2 The “Window Problem” for Complex Exponential Series

Let A be a complex sequence {A; = 7 + io} and consider functions of the form:

F@) = cre™. (15.7)

k

We think of these as “observed through the time window [0, 7']” and topologize this set of func-
tions M = My (A) as a subset of L2(0, T). The “window problem” we consider here is then to
determine the sequence of terms (evaluated att = T'):

cr = {cre™"} (15.8)

from observation of f(-) on (0, T).
We will impose the following conditions on the exponent sequence A:

or >0, (15.9)

uniform separation: for some ro > 0, [A; — Ag| =70 (j # k), (15.10)

uniform sparsity: for some a > 0 and uniformly for A, € A, one has

(15.11)
#HAeA:0<|h—A <r}<v@) =ar.

The principal result of Reference 31, somewhat specialized to this form of v, is then Theorem 15.1.

THEOREM 15.1
If the complex sequence A satisfies Egs. (15.9) to (15.11), then there is a constant C = C(T, A)
such that

2
dt (15.12)

T
S <t [
0

k

§ Ckel)\kl
k
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forall f, cr asinEq. (15.7) and Eq. (15.8). For the special formv(r) = a/r used here in Eq. (15.11),
we have

C=C(T,A) < AeP/T (15.13)
with positive constants A and B depending only on ry and a.

Thus, we necessarily have uniformity of the estimate over families { A} of such exponent sequences
for which we can use fixed r, a, and we have blowup in the estimate exponential to the order of 1/ T
asT — 0.

We note that the heart of the proof in Reference 31 is a technical lemma.

LEMMA 15.1
Forany T > 0 and any v(r) = a./r, there exists an entire function P(-) such that

* |P(2)| < 1 on the upper half-plane C and is real and positive on the imaginary axis, with a
somewhat technical a-dependent lower bound for P (is) when s > 0.

* P is of the exponential type with
e T/P2p(z)| < KeT/PEl (z € ©). (15.14)
* For real r one has a bound

|P(r)e""V| < C =C.T). (15.15)

The constant C in Eq. (15.15) satisfies
Ca,T) < AeB/T (15.16)
for T near O (with a-dependent A, B).

Reference 31 actually considers f as observed on aninterval [0, §], although the terms are evaluated
at t = T without necessarily taking § = T as here. In this, as in some other respects, we are
simplifying the description here of the results of Reference 31 for our present convenience. In
Reference 31 the admissible functions v(-) are, more generally,

continuous and unboundedly increasing, but with v(s)/s*> decreasing and integrable
on [rg, 00).

Obviously, the statements of Theorem 15.1 and Lemma 15.1 become more complicated with more
general admissible functions v(-) for Eq. (15.11). For full details, of course, see Reference 31.

This approach is particularly effective for one-dimensional problems. We can restrict ourselves
here to taking v(r) = a./r in Eq. (15.11) because the sequences involved for our applications
typically come from eigenvalues of Sturm-Liouville problems and so are quadratically distributed
(i.e., asymptotically like ck?). We note, for example, that for the exponent sequence {A; = ck?}, one
has an easy computation to obtain Eq. (15.11) with v(r) = /2r/|c|.

It should be noted that with the restriction to v(r) = a+/r, results like Lemma 15.1 and
Theorem 15.1 had been obtained earlier (cf., e.g., References 20, 17, 19, 9)—except for consideration
of the asymptotics of Eq. (15.16) and Eq. (15.13). As compared, for example, with Reference 29, the
particular innovation of Theorem 15.1 is the treatment of more general complex exponent sequences,
used here for Theorems 15.4 and 15.8.
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15.3 Spectral Methods; Some History

We have already noted that spectral methods have long provided a useful tool for treating control-
theoretic questions for partial differential equations, and we sketch here some historical examples.
Although the original treatments referred to a variety of background results on Dirichlet series and
nonharmonic analysis by Schwartz [24], Redheffer [20], Luxemburg and Korevaar [17], etc.—and
developed some additional theory themselves—it will be sufficient and more convenient here to refer
only to Theorem 15.1 as described in the preceding section.

The “spectral approach” to the observability estimate of Eq. (15.3) for Eq. (15.1) and Eq. (15.2)
utilizes a spatial expansion in eigenfunctions so the time dependence is given by an exponential
series. Thus, we assume the set of eigenfunctions {e;(-)} of A is a Riesz basis so the solution u of
Eq. (15.1) has an expansion:

u(t,”) = Zake“”ek(-) (15.17)

k

where {a,} is the corresponding set of eigenvalues: Ae; = ayey. Using Eq. (15.17) in Eq. (15.2)
then gives an exponential series for the observation as a function of ¢:

YO =D e (15.18)
k

where

cr = Brar (B = Bey). (15.19)
Suppose, now, y(-) is scalar and one has a uniform lower bound

Bel = k> 050 K; = sup{1/|B]} < 1/ < 00 (15.20)
k

and also suppose the sequence {o; = iX;} is such that Theorem 15.1 applies to the exponential
series of Eq. (15.18). Using Eq. (15.17) for t = T and recalling Eq. (15.19) (so ax = cx/B;) and
that {e,(-)} is a Riesz basis, we then have

(TP < K23 Jage?|" = K23
k k

K[sup(1/1B, )1 3 fexe™ k
k

2

C_keiw
By

IA

IA

(CKKD Iyl 7207 (15.21)

which is just Eq. (15.3) with the bound as given by Eq. (15.12), apart from the fixed constants K, K.
Although our original consideration was the observability map: y + u(7, -), we note that the
spectral method has factored this as

vy er=(ae™ tk=1,..) > (1/B)ce ™ ep = u(T.").
k

This use of Theorem 15.1 for Eq. (15.18) requires the sparsity condition of Eq. (15.11), which is
plausible only for one-dimensional settings. We do note, however, that a separable setting (e.g.,
for a cylindrical [product] region 2= (0, 1) x €2,) can reduce the problem to a collection of
one-dimensional problems. Suppose the eigenfunctions of A were to have the form of products
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{ex (x) fo(xx)} (with {f;} orthonormal for simplicity. We then can replace Eq. (15.17) and
Eq. (15.18) by

w(t,) =Y acee™ ex() fel)
kL
Yt ) = v i) (15.22)
¢
with y, (1) = ch,e ettt
k

where we assume B acts only at the base I' = {0} x Q, with Blet f¢] = [Berlfe = Bife so
Eq. (15.19) becomes cx ¢ = Bax.¢, and we continue to assume Eq. (15.20). We may then consider
each problem, separately: as in Eq. (15.21) we get

lue(T, HI? < (CeK KD yeO I 720.1)
with

wet, ) = (fooult, ) = axee™ ()
k

SO

(T )P = llue(T, )P
¢

IA

[(K Ky) max{C,)}? ; lyell®

= éz”)’”iz([oj]xr) (15.23)

with existence of max,{C,} giving C corresponding to a requirement of uniform observability for
the family {problem,}.

Going back to the 1960s, we begin by following Reference 18 in considering boundary observation
at x = 0 for the one-dimensional heat equation

U =ty on(0,1) withu =0atx =0, 1. (15.24)

In the absence of information about the initial state (u|;,—p), we observe the endpoint heat flux,
y(t) = u,(t,0), for an interval 0 < ¢t < T and wish to determine the terminal state (u|,—7). More
specifically, we seek an estimate

1 T
/ lu(T, x)|>dx < C2/ luy(t, 0)) dt (15.25)
0 0
for solutions of Eq. (15.24), because that estimate ensures the observability. To obtain Eq. (15.25),
we use the spectral approach as in the preceding section.

The operators here corresponding to A, B in Eq. (15.1) and Eq. (15.2) are the Sturm-Liouville
operator A : z +— 7" with homogeneous Dirichlet boundary conditions (so the eigenvalue se-
quence is {oy = —m2k?} with the orthonormal basis of corresponding eigenfunctions {e;(x) =
(l/ﬁ) sinkzwx}) and B : z — z/(0) (giving 8;, = krr/«/z so we obviously have Eq. (15.20) with
K| = 1). As was remarked in the previous section, the exponent sequence {A; = im2k?} satisfies
Egs. (15.19) to (15.21) so it follows immediately from Theorem 15.1 that we have Eq. (15.12). Thus,
we have Eq. (15.21) and Eq. (15.3)—that is, Eq. (15.25).!

IThis is so much easier now than it seemed in the late 1960s! Indeed, at that time the corresponding null-controllability result
was obtained by an independent direct argument (cf., Reference 8, solving a moment problem to construct the control) rather
than by an appeal to the now-standard duality.
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Already in Reference 18 the argument via Eq. (15.22) was noted for the heat equation on a cylindri-
cal region 2 = (0, 1) x Q,— although the uniformity of the component one-dimensional problems
was neither noted nor even noticed, because one had eigenvalues oy o = —12k? — &, where {—a&,) is
the eigenvalue sequence for the Laplacian on the cross-sectional region €2, which permitted simple
absorption of the factors e=%7 < 1 in the estimation. The first problem that explicitly required”
consideration of uniformity for the estimates of a family of quadratically distributed exponent se-
quences was the treatment of the heat equation on a sphere [9, 19] by way of separation of variables
for the spherical Laplacian. This is along the lines of Eq. (15.22) above but required some concern
for the zeroes of Bessel functions to verify the necessary uniformity in Eq. (15.10) and Eq. (15.11).

A rather different kind of spectral approach was used by Russell, avoiding the necessity to use
spatial separation of variables to decompose into one-dimensional problems by deriving observability
and null-controllability results for the heat equation from similar results for the corresponding wave
equation (which were then obtained by using scattering theory, etc.).

THEOREM 15.2

On a spatial domain 2, consider a second-order (wave) equation for w = w (%, x):
wii +Aw =0 0<7<T) (15.26)

where A is a positive operator [as, e.g., (— A)'/?) and assume that, for a suitable observation operator
B, one has an observability estimate]

T
lAw (D)1 + w(T)II? < Cz/ IBw (1)1|* dt (15.27)
0

for solutions of Eq. (15.26). If one considers the corresponding heat equation for the same 2.
u,+Au=0 O<r<T), (15.28)

then one also has observability, using the same B, for arbitrarily small T > 0 with a corresponding
observability estimate

T
()P < € / IBu()|” dr. (15.29)
0

PROOF  See References 21 and 22; compare also Reference 27. One notes that the Fourier
transforms in ¢ of Eq. (15.26) and Eq. (15.28) are

W+ AW =0, ith+A*% =0

so, formally, the equations can be related in the Fourier domain by substituting = #2. This
permitted Russell to use Fourier transform techniques, especially the Paley-Wiener theorem, to
obtain Eq. (15.29) from Eq. (15.27). The technical lemma needed to justify the formal procedure
was a version of Lemma 15.1, above, although without Eq. (15.16). Essentially, Eq. (15.15) justifies
that the relevant functionals will transform legitimately (in L?), whereas Eq. (15.14) ensures that the
kernels have support in [0, T']. 0

2In a sense this was not required but was only an artifact of proofs by way of separation of variables for the Laplacian on
a sphere along the lines of Eq. (15.22) above. At the time of Reference 19, for example, one had available neither the deep
arguments of References 21 and 22 nor even the more elementary observation of Reference 25 that (in the null-controllability
context) one could obtain boundary null controllability for a general bounded region 2 by embedding €2 in a large box or
cylinder (for which the expansion could be treated as here) and then using as control the trace on <2 of that null-controlled
solution.
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The spectral approach (with reduction to one-dimensional problems) has also been used for partial
differential equations other than the heat equation.

THEOREM 15.3
For the Euler plate equation

Uy + A% =0 onQ= (0,17
u, = 0= (Au), onof. (15.30)
one has boundary observability—and so controllability, by duality—for arbitrarily short times T > 0,

using the observation of y(t, x;) = u(t,0,x;) for0 <x; < land0 <t < T.

PROOF See References 14 and 29. Note also Reference 13 for the one-dimensional case. The
boundary conditions selected have the considerable advantage of making the problem separable
and permitting explicit computation so this problem can be treated as in the double expansion of
Eq. (15.22), with

ex(x1) = (1/3/2) cos wkxy,  fo(x2) = (1/4/2) cos wLxs.
We then obtain the expansions

w(t, ) =Y up(t, Vg () with u,(t,) = Za[k,i],zeimz[kz‘%z]’ek(-)
¢ K+
. s 2212 2
YD) =Y v fi() with y(6) =) cpag e N
¢ k+
where, for this observation, c[x.+).¢ = ak,+).¢. For each £ one has the exponent sequence
A ={rp o =7k + 1},

and one easily verifies Eq. (15.10) and Eq. (15.11) for these sequences, uniformly in £. Thus,
Theorem 15.1 applies to give Eq. (15.23) and so the desired observability.

154 Blowup

We have already noted as a corollary to Proposition 15.1 that null controls associated to control
times T — 0+ cannot remain bounded. The question of determining the asymptotic blowup rate
(e.g., for boundary control of the one-dimensional heat equation) was raised as far back as the mid-
1970s in Reference 26—although with the wildly optimistic conjecture that this blowup rate was
O(1/+/T)as T — 0.(Itis interesting that this question of blowup rates was considered for distributed
parameter systems before the corresponding question had been raised for finite dimensional control
problems.) The finite dimensional case, however, now seems quite well understood (see References
30 and 32; see also Reference 33). The infinite dimensional case remains fertile ground for further
investigation.

By the mid-1980s, the incorrect conjecture in Reference 26 had been somewhat corrected: the
paper [28] kept track of the relevant “constants” in the treatment in Reference 20 and obtained an
e©1/T) upper bound on the blowup rate for the one-dimensional heat equation (15.24). This was
complemented by Gtiichal’s computation (Reference 11) of a lower bound with the same asymptotic
behavior. Thus, at least for Eq. (15.24), it is now known that the correct asymptotics as T — 0 are
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precisely “exponential to the order of 1/ T.” We may note that use of Theorem 15.1 in the analysis in
the previous section already provides, through Eq. (15.23), an upper bound exponential to the order
of 1/T for each of the problems discussed there: for example, again for Eq. (15.24), we may note that
the constant C appearing in Eq. (15.25) = Eq. (15.3) was exactly the constant obtained in Eq. (15.12)
and so satisfies Eq. (15.13) by Theorem 15.1. The same use of Eq. (15.13) applies also to the other
heat equation problems considered there. In particular, we note that, Although Theorem 15.2 did not
include any consideration of the asymptotics as T — 0, the inclusion of Eq. (15.16) in Lemma 15.1
now provides the blowup rate

Ca,T) < AeP/TC (15.31)

in (15.19) (with a-dependent A, B). As an example other than the heat equation, we also recall the
treatment above of the Euler plate equation (15.30). Apart from the necessary uniformity of the
one-dimensional problems, the treatment above and in Reference 29 gives the now-familiar ¢©/7
blowup as T — 0.

‘We might next consider observability for the equation

Uy —2kAu, + A*u=0 onQ=(0,1)?

(15.32)
u, =0=(Au), onof2
describing a structurally damped Euler plate; one can also write this as a first-order system
. 0 1
U =AU withA = (—-A)M, M = ) e | (15.33)
-1 -2«

Boundary control for this plate model problem was considered by Hansen (Reference 12)—and is
also described in Section 6 of Reference 31, specifically devoted to some applications to distributed
parameter system theory, because (apart from the facility of obtaining the required observability
estimate from a general result) the use of Theorem 15.1 automatically provides the blowup estimate
of Eq. (15.5) for this problem as for Eq. (15.30).

THEOREM 15.4

For the structurally damped Euler plate model of Eq. (15.32) with® damping coefficient 0 < k < 1,
consider observation of y = ul|y,—o for0 < t < T. Then we have observability with an observability
estimate

1/2

1 1 12 T 1
[/ / (1Aul® + |u,?) dxldxz} < AeP/T U / lu(t, 0, x2)|* dxodt| . (15.34)
0 0 0 0

PROOF  Note that the eigenvalues of A are &, m2[k*> + ¢2] where the eigenvalues of M are
&, =—k T i1 — k% Much as for the treatment of Eq. (15.30), one gets a family of exponent
sequences for Eq. (15.7)

Ae= {3l = —ig 2K + 1),

but here this sequence no longer lies on the real axis; instead, each of the resulting one-dimensional
problems here involves a complex exponent sequence with each A, the union of two copies of a

3There is no new difficulty as k — 0, for which one just gets Eq. (15.30) in the limit. We do note, however, that one must
have blowup as k — 1, when the eigenvalues and eigenvectors of M degenerate, but we will discuss here only the blowup
rate as 7 — 0 and not for this.
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quadratically distributed sequence placed along the rays {[£+/1 — 2 + ix]t : T > 0}. That geom-
etry is discussed in Reference 31 and one easily verifies Eq. (15.9) and that such a union continues
to satisfy the conditions of Eq. (15.10) and Eq. (15.11) and that the relevant shifts leave the same
v(-) uniformly applicable. Thus, Theorem 15.1 gives the desired uniform estimate. That estimate
was, of course, obtained by Hansen. Section 6 of Reference 31 observes that use of Theorem 15.1
automatically provides the blowup estimate of Eq. (15.13) for this problem as was noted earlier foEl
Eq. (15.30).

OTHER APPROACHES We have been considering above applications of the spectral expansion
approach, using Theorem 15.1 to obtain blowup estimates. We will not discuss this here, but note
that weighted energy estimates have also been effectively used to this end (cf. References 2-5). We
note, at this point, that finite dimensional results of References 30 and 33 have also proved directly
applicable for distributed parameter systems (cf., e.g., Reference 16).

There are also, of course, a variety of situations in which observability results seem unavailable by
any use of spectral expansions and have been obtained only through the use of Carleman estimates. For
the heatequation u, = Au alone, these situations include most of the known results about observability
and null-controllability with interaction restricted to a small patch as well as for variants with variable
coefficients. Three things become clear from, for example, a look at Reference 10:

* This is a powerful approach to these observability-controllability problems.

* The dependence of the estimate on the coefficients is through only certain bounds on coeffi-
cients and their derivatives and so is uniform over relevant classes of equations.

* The calculations of these Carleman estimates is messy enough* to make it difficult to track
any time dependence so as to obtain an estimation of the blowup rate.

Apparently no such estimation has previously been done, but, at least for the heat equation, we have
verified in Reference 15 the blowup rate for the patch control settings that rely on Carleman estimates.

THEOREM 15.5
Consider the patch null-controllability problem for the heat equation

u — Au =@ = control on Q@ =1[0,T] x Q
u=0 onX=1[0,T] x 02 (15.35)

u=uy onQatt=0

with the spatial support of the control ¢ restricted to a specified patch @ (so w # 0 is open
with compact closure in the bounded, connected, open domain 2). There are then constants A, B
depending only on Q, w, Ty, such that for each 0 < T < T, and each initial state uy € L*(RQ)
there exists a null-control function ¢ € L*([0, T] x w)—that is, the solution of Eq. (15.35) satisfies
u(T, -) = O—such that

lollz2qo, Txw) < AEB/T||“0||L2(Q)~ (15.36)

PROOF SeeReference 15. As usual, one works with the dual observability problem. Following the

Carleman calculations in Reference 1, one can track the T-dependence with a careful T-dependent
scaling of the parameters to obtain an estimate of Carleman type for the observability problem, with
a constant independent of 7 > 0. It is in going from that bound to the observability estimate that we
obtain the anticipated estimate of the now familiar form: ¢©//T).

4The forthcoming treatment in Reference 1 makes the Carleman calculations somewhat more transparent in the case of the
heat equation, but these still remain formidable.
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15.5 Some More Recent Results

We begin this section by mentioning another result presented in Section 6 of Reference 31. The
intent here was to be able to consider homogenization of a control problem—so we are interested in
considering ¢ = g (x, x /&) with ¢ — 0+. Such a rapidly varying ¢ might correspond physically to
heat dissipation by a closely spaced array of fins. One expects, in this setting, that g (-, -/&) — go(-)
s0, as the weak continuity hypothesis is easy to verify here, Theorem 15.1 would apply. (Eventually
one might wish to use techniques like those of Reference 27 to show a stronger continuity for the
controls as ¢ — 0 so as to justify use of the limit control as a good approximation to the control
associated with a problem involving a rapidly varying coefficient, but at present we inquire only as
to uniform observability.)

THEOREM 15.6
Consider the observation problems

Uy = uyy —qu O <x<¥)

=0 (15.37)

<
=
1
L
<

with unspecified initial data. We now observe z(t) = u(t,0) for 0 < t < T and seek to deter-
mine u(T, -). With spatially varying coefficients q(-) (subject to a uniform bound: |q| < M), we
have a uniformly observable family of observation problems—whence, also, we have uniform null
controllability for the corresponding family of dual boundary null-control problems.

PROOF See Reference 31. Most of the effort consists of showing, by use of the Courant Minmax
Theorem, that the bound |g| < M ensures that the condition of Eq. (15.11) holds uniformly and then
showing (by a compactness argument) that Eq. (15.10) also holds uniformly.

Next we note a new result in the same spirit about finite difference approximations for the problem
considered earlier for Eq. (15.24). We take an equally spaced mesh on [0, 1] with N — 1 interior
nodes {x; = xjN =j/N:j=1,...,N —1} spaced h = 1/N apart and let u = u" be the vector
in R¥~! with entries u i = uj-v intended to approximate the values u(-, xf’ ). Using the standard
central difference approximation to the (spatial) second derivative but keeping time continuous, the
partial differential equation (15.24) becomes a finite dimensional system of ordinary differential

equations
b’tj:[uj,l—Zuj—i-ujH]/hz (_]:1,,N—1) (1538)

where, corresponding to the boundary conditions u(t, 0) = 0 = u(¢, 1), we are taking ug = 0 = uy,
that is, in Eq. (15.38) we take u;_; = Ofor j =landu; 1 =0for j = N — 1.

Although ultimately we might seek to show convergence for the controls, our present concern is
only to show uniformity for the relevant family of dual observability problems:

Observe the “boundary flux” vy = yN = (u; — up)/h = Nu’lv for0 <t < T and,
without knowledge of the initial data, reconstruct the terminal state u” (T).

As earlier (compare Eq. (15.25)), we seek an estimate

N—1 T
/MY [ < C2/ N ()] dt. (15.39)
j=1 0
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THEOREM 15.7
For the finite difference approximations of Eq. (15.38) to the observability problem for Eq. (15.24), the
estimate of Eq. (15.39) holds uniformly, so C is independent of N, that is, as the mesh spacing h — 0.

PROOF  The relevant exponent sequence A, here, is the finite sequence of eigenvalues of the
standard tridiagonal matrix corresponding to the central difference scheme used in Eq. (15.38). It is
not too difficult to obtain these eigenvalues and the corresponding eigenvectors explicitly: much as
for the continuous problem of Eq. (15.24) we have

(efcv),- = aysinkzj/N (j=1,...,N—1)
ol = 2N?*(1 — coskm/N) (15.40)

fork =1,..., N — 1 (with the normalizing constant o ~ 1/«/5).

Because A" is a finite sequence, it is trivial that Eqs. (15.9) to (15.11) will hold for each N, and,
indeed, we would have the stronger finite dimensional blowup results of References 30 and 32.
Our concern is to verify that the separation condition of Eq. (15.10) and the sparsity condition of
Eq. (15.11) hold uniformly. For Eq. (15.10) one need only bound 2N2(cos 2t /N — cos 7w /N) away
from 0, which is easy. For any choice of r in Eq. (15.11), we separately consider the two cases: N> <
2r and 2r < N2. For the first case, because there are only N — 1 eigenvalues altogether, we have

vN(r) :#[aj-v € (o4 —r,o*—}—r)] < N < +2r.

For the second case we see that vV () = k means that U,ICV A 2r, so, setting s = /r/N < 1/[2, we
have (1 — coskm /N) ~ s and cos~! (1 — s?) ~ kxr /N = kms/+/r, which gives

cos~ (1 —s?)

s

wW(r) =k~

.

Because (1/s) cos™ (1 — s2) is bounded on (0, 1/+/2], we have a uniform bound on a appearing in
Eq. (15.11) for either of the cases, and our result then follows from Theorem 15.1.

Finally, we announce a new result [16] for boundary observability of a thermoelastic plate, here
taken to be governed by the system of coupled partial differential equations on Q = [0, T] x Q2

A2w —a AP =0
Wa AW — o onQ=1[0.T] x Q

w,Aw, 9 =0 onX =[0,T] x9Q

with coupling constant o > 0. Much as for Eq. (15.33), this can be put in first-order form as

-1 0 —«
U =AU withA =(-AM, M =M(x) = 0 0 -1 (15.42)
]l —«o 0

for U = [9, —Aw, w,]7, embedding the boundary conditions in specification of the Laplacian as an
operator on L?(R2). We consider a cylindrical region 2 = [0, 1] x €2, and, as with Eq. (15.24), wish
to observe the boundary flux at the base of the cylinder I' = {0} x €2,

y(t, ) =[=00(, )/0x1] o= [—1,0,0]- Uy, (¢,0, ) (15.43)

and use this to determine the full state U . This determination is clearly impossible when the equations
are uncoupled (o = 0), so we must have blowup both when ¢ — 0 and when 7 — 0. 0
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THEOREM 15.8
For the coupled thermoelastic plate model of Eq. (15.41) and Eq. (15.42) with observation of
Eq. (15.43), one has observability with an estimate

1 pl 1/2
[ / (19(T, ) >+ [[AWNT, ) > + |wi (T, )*) dxldxz}
0 0

T 1 1/2
< AeB/T { / / |9, (t, 0, x2)|2dx2dt] ) (15.44)
0 0

where A = A(a), B = B(w) are bounded for o in compact subsets of (0, 0o) with B bounded and
A=A(a) =0{/a)asa — 0.

PROOF See Reference 16. We briefly sketch the argument, much along the lines noted above for
Theorem 15.4. We here obtain the expansions

U, ) = Z Ue(t, Yo () with Uy(t, ) = Za[j,k],zeg’[”zk”“’]’Vjek(')
¢ Jok

YD) =Y @ fel) with ye(t) = ey e8! (15.45)
12

J.k

where {(§;,V;) : j = 0, 1,2} are the eigenpairs for M = M (), and {u,} is the spectrum of the
cross-sectional Laplacian (i.e., —A for €, so u, > 0). Note that Eq. (15.43) gives, much as for
Eq. (15.19),

crjre = Brjmaiae B =7k[—1,0,0]-V;. (15.46)

To proceed, one first shows that the eigenvalues of M are distinct—one real (j = 0) and a
conjugate pair—with negative real parts. There is thus a basis of € consisting of eigenvectors of M,
not orthonormal, because the matrix M is not normal, but a controllability-compactness argument
gives uniformity in o of the norm equivalence of these coordinates to the usual Euclidean norm for
. Because spectral asymptotics show the first components of V;, V, are roughly proportional to o
for « near 0, Eq. (15.46) gives

Ky = Ki(@) = max(1/18;;,1) = O(1 /o) (15.47)

as o — 0. Each of the relevant exponent sequences now is the union of quadratically distributed
sequences placed along the three rays in € given by {—it§; : T > 0}. By following the discussion
in Reference 31, it is again not difficult to verify Eq. (15.9) and that the conditions of Eq. (15.10)
and Eq. (15.11) hold uniformly in £. As with our previous results, this suffices for applicability of
Theorem 15.1 to obtain Eq. (15.44), with the blowup estimate: A(x) = O(1/«a) as @ — 0 following
from Eq. (15.47).

In connection with Eq. (15.41) it is also interesting to consider the use of observation of ¢ (or
other of the state components) in all of €2, rather than only the boundary, for determination of the full
state. This turns out to be much closer in its nature (O[T ~*+1/21] estimate) to the finite dimensional
analysis in Reference 30. A direct application of that analysis also appears in Reference 16 (including
discussion of the o asymptotics) along with a parallel application of the weighted energy approach
introduced in References 2 to 5 (which has the advantage here of applicability to more general
boundary condition); note also the treatment of this problem in Reference 33.
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Abstract  We report on some recent progress in the mathematical theory of fluid transport and
poromechanics, specifically, the exchange of fluid between the Biot model of an elastic porous
structure saturated with a slightly compressible viscous fluid coupled to the Stokes flow in an adjacent
open channel. The coupled system is resolved by semigroup methods by developing appropriate
variational formulations. These lead to either a standard weak formulation or a mixed formulation
for the resolvent equation.

16.1 Introduction

Consider the flow of a single-phase, slightly compressible viscous fluid through a system composed
of two regions, the first being an elastic and porous structure and the second being an adjacent open
channel, possibly a macropore, an isolated cavity, or a connected fracture system. Both regions are
saturated with the fluid, and we need to prescribe the stress and flow couplings on the interface
between the Biot filtration flow through the deforming porous medium and the Stokes flow in the
open channel. Our objective is to formulate a model of this composite hydromechanical system that
accurately characterizes the depletion history and transient response of the fluid exchange and stress
balance between the saturated elastic porous medium and the contiguous fluid-filled chamber and to
show that this model leads to a mathematically well-posed problem that is amenable to analysis and
computation.

Suppose that the disjoint pair of regions ; and €, in R? share the common interface, T'jy =
021 N 9L2,. The first region €2, is the fully saturated elastic porous matrix structure, and the second
region €2, is the fluid-filled macro-void system, which is adjacent to 2;. Here we denote by n the

I'This material is based in part upon work supported by the Texas Advanced Research Program under grant 003658-0170-2001.
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unit normal vector on the boundaries, directed out of 2| and into 2,. The derivative with respect to
time will be denoted by a superscript dot, so v!(x, t) = u'(x, t) denotes the velocity corresponding
to a displacement u' (x, t) of the porous structure at x € Q. Also, we let v?(x, 1) be the velocity of
the fluid at x € Q,. The pressure of the fluid in the pores of 2 is given by p!(x, t) and the pressure
of the fluid in the adjacent channel system 2, by p?(x, ).

16.1.1 The Conservation Equations

The laminar flow of a slightly compressible viscous fluid through the deformable porous medium
Q; is described by the Biot system [11-13]

Clpl —8ikij3jpl +CoV~ll] =h(x,1), (16.1a)
prii! — (A + ) V(V -ul) — i Au' + ¢V p! = fi(x, 1), (16.1b)

consisting of the diffusion equation for conservation of fluid mass and the momentum equation
for the balance of forces, respectively. The porosity of the matrix and the compressibility of the
fluid or the solid material on the meso-scale are incorporated in ci. The conductivity k;; combines
the permeability of the structure and the viscosity of the fluid to provide a measure of the filtration
velocity or fluid flux q=1(qi, g2, q3), given by Darcy’s law, q; =—k;;9; p'. The density of
the saturated porous matrix is denoted by p;, and the positive Lamé constants A; and u; repre-
sent the dilation and shear moduli of elasticity, respectively. The first accounts for compression and
the second for distortion of the medium [23, 19]. The dilation ¢y'V - u'(¢) provides the additional
pore fluid content because of the local volume change, and the term coV p'(¢) is the pressure stress
of the pore fluid on the structure. The Biot-Willis constant ¢ is the pressure-storage coupling co-
efficient [14]. See References 9, 20, 28, 21, 62, 22, 18, 55, 56, and 57 for background and recent
results. We shall include here the situation of consolidation problems in which the inertial effects of
the matrix are negligible, hence, p; = 0.

The slow flow of a slightly compressible viscous fluid in the adjacent open channel €2, is described
by the compressible Stokes system [59, 53]

(X)p* + V- v+ o(x) pr (x)g(x) - V2 =0, (16.2a)
P2V — (A + 1) V(V - ¥v2) — i AV + V p? = 2(x) p2(x)g(x) p*. (16.2b)

The constants A, and ., represent dilation and shear viscosity of the fluid, respectively. We also in-
clude the limiting case of an incompressible fluid (see p. 147 of Reference 59, p. 269 of Reference 52)
for which ¢, = 0 and the flow in the channel is the classical Stokes flow,

V. -v2=0, p@x)V — AV +Vp? =0.

The system is obtained by linearization about a steady situation in which p; is the density of the fluid
at the reference pressure. The coefficient ¢,(-) arises from the compressibility of the fluid, and the
terms with g(-) are the gravitational contribution to momentum and to convection.

16.1.2 Interface Conditions

The objectives below are to identify a physically consistent set of interface conditions that couple
these systems together and to formulate a variational statement of the resulting problem that leads to a
mathematically well-posed initial-boundary-value problem. The interface coupling conditions must
recognize the conservation of mass and total momentum. Thus, they will include the continuity of the
normal fluid flux and of stress. The two additional constitutive relations concern the dependence of
the Darcy flux at the interface on the pressure increment and the effect of the tangential component of
stress on the velocity increment at the interface. The former is the classical Robin boundary condition,
and the latter is the slip condition of Beavers-Joseph-Saffman.
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16.2 The Biot-Stokes System

We assume the mechanical behavior of the porous solid is determined by classical small-strain
elasticity. To describe this, we denote hereafter by X the space of symmetric second-order tensors.
Boldface letters will be used to indicate vectors in IR? and Greek letters to indicate second-order
tensors in X. We denote by § = {;;} the identity consisting of ones on the diagonal and zeros
elsewhere. We adopt the convention that repeated indices are summed. In particular, the scalar
product of two vectors is v - w = v;w; and that of two second-order tensors is o : T =0;; Tj;.

Standard function spaces will be used [1, 59]. Let € be a smoothly bounded region in IR?, and
denote its boundary by I' = 9Q. Let H'(R2) be the Sobolev space consisting of those functions in
L?(2) having each of their partial derivatives also in L?($2). The trace map or restriction to the
boundary is the linear map y : H'(€2) — L?(I") defined by y (w) = w|r. Corresponding spaces of
vector-valued functions will be denoted by boldface symbols. For example, we denote the product
space L (Q)? by L?(Q) and the corresponding triple of Sobolev spaces by H' (Q) = H'(Q)3. We
shall also use the space L3, (R2) of vector functions L?(2) whose divergence belongs to L*(2).
Recall that for the functions r € L3, () there is a normal trace on the interface, and this is denoted
by r - n, because it takes this value on the smooth functions r in LﬁiV(Q). Finally, we denote by
L?(R2; X) the indicated space of X-valued functions on .

Letn = {n;} be the unit normal vector on a surface. For a vector w, we denote the normal projection
w, = w-n and the tangential component w; = w — w,n. Likewise for the tensor 7 in ¥, we have its
value atm, T(n) = {7;;n;} € IR? and its normal and tangential parts T(n)(n) = 7, = M, Tr =
T(n) — T,N.

16.2.1 The System

We shall write the constitutive equations together with the partial differential equations for mass
and momentum balance as a system of first-order partial differential equations in each of the two
regions. Recall that v! = u! denotes the velocity corresponding to a displacement u' of the porous
structure in 2, and v? is the velocity of the fluid in ©2,. The symmetric derivative of a vector
function u(x) is the tensor g;(u) = %(Biu j + 0dju;) € X. The constitutive laws take the forms
al(ul)[j = MS,»je(ul)kk + 2#18(u1)ij in Q, for the elastic stress corresponding to the strain e(u')
in the homogeneous and isotropic structure and o%(v?);; = A28;6(V2) + 2126 (v?);; in Q5 for the
viscous stress corresponding to the strain rate & (v?) of the Newtonian fluid. Note that o' (u!) — ¢y p' 6
is the total stress due to elastic deformation and pore pressure p' within the matrix, and o2 (v?) — p2 §
is the combined viscous and pressure stress of the fluid. Here both p! and p? are the thermodynamic
pressure of the barotropic fluid in the respective regions. The Biot-Stokes system takes the form

ap'+V-oq+cV-v =h(x,1), (16.3a)
Qq+Vp' =0, (16.3b)

oVl =V .ol +coVpl =f(x,1), (16.3¢)

Clo' —e') =0in Q;, and (16.3d)

() P>+ V-V 4 (), (0)gk) - v = ha(x, 1), (16.3¢)
P2V = V - 67 + Vp* — c2(x) p2(x) p° g(x) = £r(x, 1), (16.3f)
C’0? —e(v*) =0in Q. (16.39)

Eq. (16.3a) is the storage equation for the fluid mass conservation in the pores of the
matrix in which the flux q is the relative velocity of the fluid within the porous structure given
by Darcy’s law. This is written in the form of Eq. (16.3b) of a force balance in which the flow
resistance tensor Q is the inverse of the conductivity tensor k;;. Eq. (16.3c) is the standard Navier
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system for the conservation of momentum of the elastic matrix structure, the constitutive relation
(16.3d) is Hookes law for the stress-strain relationship, and the compliance tensor C' is just the
inverse of elasticity. These first four equations are equivalent to the Biot system (16.1). The last three
equations are just the compressible Stokes system (16.2) for pressure p*(x, t) and velocity v>(x, 1)
of the fluid. Eq. (16.3e) accounts for the fluid mass conservation in the channel, and Eq. (16.3f) is
the momentum conservation equation. The gravitational force g contributes to both of these. The
Newtonian fluid is described by the constitutive relation of Eq. (16.3g) in which the tensor C? is the
inverse to the viscosity tensor.

16.2.2 Boundary and Interface Conditions

We choose the boundary conditions on 9€2; U 0€2, — '}, in a classical simple form, because they
play no essential role here. On the exterior boundary of the porous medium, €2, — I'j, we shall
impose drained conditions p; = 0 on fluid pressure and the clamped condition vi = 0 on velocity
of the structure. On the exterior boundary of the free fluid, 92, — I'1, we shall impose the no-slip
condition v, = 0 on fluid velocity.

To complete a well-posed problem, additional interface conditions must be imposed across the in-
terior boundary I'1,. Let us begin by reviewing the interface conditions that have been used previously
to couple various models of fluid and solid composites.

16.2.2.1 Fluid-Solid Contact

The natural transmission conditions at the interface of a free fluid and an impervious elastic
solid consist of the continuity of displacement and of stress [52]. The effective flow through a
rigid microporous and permeable matrix is described by Darcy’s law, g; = —k;d;p', where q
is the filtration velocity or flux of fluid driven by a pressure gradient, and k;; is the conductivity.
In fact, Darcy’s law can be realized as the upscaled limit by averaging or homogenization of a
fine-scale periodic array of a rigid solid and intertwined fluid. See References 58, 2, 27. Similar
results are obtained when the solid is permitted to be elastic, and then various scalings of the
viscosity lead to a viscous solid or to the Biot model of poroelasticity of Eq. (16.1). See References
6,51,53, 16,61, 7, 24, 8, 60.

16.2.2.2 Fluid-Porous Medium

The description of a free fluid in contact with a rigid but porous solid matrix requires a means to
couple the slow flow to the upscaled Darcy filtration. Because a Stokes system is used for the free
fluid, we have two distinct scales of hydrodynamics, and these are represented by two completely
different systems of partial differential equations. Fluid conservation is a natural requirement at
the interface, and other classically assumed conditions such as continuity of pressure or vanishing
tangential velocity of the viscous fluid have been investigated [25, 43], but these issues have been
controversial. See the discussion on p. 157 of Reference 53. In fact, one can even question the
location of the interface, because the porous medium itself is already a mixture of fluid and solid.
Moreover, Beavers and Joseph [10] discovered that fluid in contact with a porous medium flows
faster along the interface than a fluid in contact with a solid surface; there is a substantial slip of
the fluid at the interface with a porous medium. They proposed that the normal derivative of the
tangential component of fluid velocity vy satisfy

0 ”_( )
—Vr = — (V7 —
on' T JK T —4qr
where K is the permeability of the porous medium, and y is the slip rate coefficient. This condition was

developed further in References 49 and 31, and a substantial rigorous analysis of such interface
conditions was given in References 29 and 30. See References 47 and 44 for an excellent
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discussion; References 50, 26, 42, 4, and 3 for numerical work; Reference 48 for dependence on the
slip parameter; and Reference 5 for homogenization results on related problems.

16.2.2.3 Fluid-Elastic Porous Medium

Any model of free fluid in contact with a deformable and porous medium contains the upscaled
filtration velocity in addition to the displacement and stress variations of the porous matrix. These
must be coupled to the Stokes flow, so all of the previous issues are present in the interface conditions.
See References 45 and 46.

We begin with the mass-conservation requirement that the normal fluid flux be continuous across
the interface. For this purpose, we introduce the parameter 8, which represents the surface fraction
of the interface on which the diffusion paths of the structure are sealed. The remaining fraction 1 — 8
is the contact surface along I'|», where the diffusion paths of the porous medium are exposed to the
fluid in the open channel, and so the motion of the structure contributes to the interfacial fluid mass
flux. Thus, the solution is required to satisfy the admissability constraint

(co1 =BV +q) - n=v"-n (16.4a)

for the conservation of fluid mass across the interface. We shall assume that the Darcy flow across
'}, is driven by the difference between the total normal stress of the fluid and the pressure internal
to the porous medium according to

o —p*+p' =aq-n. (16.4b)

The constant o > 0 is the fluid entry resistance. The conservation of momentum requires that the
total stress of the porous medium is balanced by the total stress of the fluid. For the normal component
this means

o, —cop' = co(1 — B) (0 — p*). (16.4c)
and for the tangential component we have
oF =02 (16.4d)

Finally, this common tangential stress is assumed to be proportional to the slip rate according to the
Beavers-Joseph-Saffman condition

o} =yvO(vz —v}). (16.4¢)

We shall show next that the interface conditions (16.4) suffice precisely to couple the Biot system
(16.1) in 21 to the Stokes system (16.2) in €2,.

16.2.3 The Weak Formulation

Our objective is to construct an appropriate variational formulation of the Biot-Stokes system
(16.3) coupled by the interface conditions (16.4). We seek a solution in spaces

Pl eV, pH)el* (), qit)eW, v'()eVy, V() eV,

which are determined by boundary conditions. To focus on the interface conditions, we have chosen
here the simplest classical examples, clamped and drained conditions on the appropriate boundaries,
so the corresponding spaces are given by

V,={veH'(Q)):v=00n0Q; - T}, j=12
Vi={peH(Q):p=00n93Q —Tn}, W=L3, ().
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Those functions of Vi, Vi, or V;, have a well-defined trace on the external boundary and on the
interface I'y,, and those from W have a normal trace, as noted above.

We want an appropriate weak form of the initial-boundary-value problem for the system of

Egs. (16.3) to (16.4). Multiply the momentum equations by test functions w/ € V; and Darcy’s
law by r € W, integrate the spatial derivatives and add to obtain

/ (o1v'-w' + (0! —cop's) :e(w) + Qq -1 — p's:e(r)) dx
Q)
+/ (p2V* - W + (0% — p*8) : e(W?)) dx
Q)
+/ (—o'mW" + o’ W) + (cow' + 1) -np' —w* - np?)dS
INP)

:/ fl-wldx+/ £, - w’dx. (16.5)
Q) Q)

For each triple of test functions satisfying the admissibility constraint of Eq. (16.4a), the interface
integral reduces to

[ (pp'n-w! =o' ) + @) + (0! - pn-w) ds.
12
Moreover, decomposing the stress terms into their normal and tangential components, we obtain
| ((pp' = alywl — ot -wh+a? - wh 4 (o3 + ' = p?)u2) ds.
Iz
and then the interface conditions of Eqs. (16.4b) to (16.4e) yield
[ (w3 = ot = ) + V(% — vh) (v = wh)as
12
= /r (a(q-m) (r-n) +yv/O(v; — vy) (w; — wy))ds.
2
Finally, multiply the fluid conservation equations by test functions ¢! € V;, ¢* € L*(R2,) and

the constitutive equations by t! € L?(Q; £) and 72 € L*(Q; X), integrate over the corresponding
regions, and add to the above to obtain the variational statement

/Q (p1¥' @) - W' + (01 (1) = cop' (1) re(W') + Qq(@) - ¥ — p'(1)5:(r)
+C'6' @)t —e(vW )it + e p' e +8:6(@)g! +cod:e(vV (1)) dx
+/Q (P2V2(1) - W? + (a2(t) — p*(1)8):6(W?) + CPo (1) :T° — e(V2(1)): T°
- Cz/;zpz(t)g W+ PP (D@ + 8:e(VA(1) + cr0ag - VA ()@?) dx

+ /F (¢ (@(®) 1) (¢ 1)+ yVO(V2 (1) — vh () (W3 — wh)) dS

=/ fl(t)-wldx-l—/ fz(t)~w2dx+/ hl(t)goldx+/ hy (1) @? dx. (16.6)
Q Q0 Q2

Q2

Note that we have carefully written the operators on the stress variables as dual operators that contain
an interior differential operator and boundary conditions, whereas the operator on displacement
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variables is the local differential operator. In summary, we define the product space

V=A{lp".r,w th ¢’ w, 1€ Vix WxV x L*(Q, %) x L*(Q) x V,
xL*(, %) (co(l — ,B)wl —|—r) -n=w-non 1"12},

and then the weak formulation of the problem is to find the vector-valued functions
V(i) = [p 0,940, V' (). 0 1), P20,V (D), 0’ D] €V, 1> 0,
such that Eq. (16.6) holds for every [(pl, r,wh, tl, (pz, w2, 2] € V, and we have the initial conditions
p1v'(0) = prvg, c1p'(0) =c1pyinQ, (16.7a)
p2v*(0) = pav5, c2p*(0) = c2pin 2. (16.7b)

Of course, o' (0) is also determined from Eq. (16.3d) and the initial displacement, u'(0).

16.3 The Evolution Dynamics

The equations in the system are to hold in the product space
H = L3 (@) x L*(Q1) x LX(Q1) x L} (Q1, T) x L () x L (@) x L* (2, B),

and the solution will be sought in the space V. Note that we have the continuous inclusions
V < H = H < V. The (explicit) divergence operator § : ¢ is a map of each of W — L*(Q)),
V, — L*(Q)), and V, — L?(Q,), and then the corresponding dual operator —V - § mapping
L2(Q)) — W/, L2(Q;) — Vi, or L2(Q,) — V), respectively, consists of the gradient and a bound-
ary condition. Note that Vi < W < L?(€)). Similar remarks hold for ¢ : V; — L*(Q;, ¥) and
its dual — V- : Lz(Qj, ) > V/j. We have two interface operators in the variational formulation of
Eq. (16.6). These are the normal trace y,(q) = q - n and the tangential trace yr(v) = vr, which
define linear maps y, : W — L*(T1n), yr: V- L2(I'yp), for j =1,2.

16.3.1 The Initial-Value Problem

With the operators so defined, the system has the form
d -
v(t) e V: 7 (Av(t)) + Bv(r) =f@) inH', ¢ >0, (16.8a)

where the matrix of operators and variables are denoted by

¢t 00 0 0 0 0 ()]
000 0 0 0 0 q()
0 0 pp 0 0 0 0 )
A=l0 00 ¢ 0 0 o], vio=|c'0],
0 00 0 ¢ 0 0 P2t
000 0 0 p O v2(1)
000 0 0 0 0 021 ]
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and
0 S:¢e cod € 0 0 0 0
V-8 Q+ylay, 0 0 0 0 0
oV -8 0 vivyQyr -V 0 —vrvvQyr 0
B = 0 0 —e 0 0 0 0
0 0 0 0 0 d:8 4+ commg 0
0 0 ~yryvQyr 0 V.s—amg yiyVQyr -V
0 0 0 0 0 —& c?
The evolution equation (16.8a) is to be solved subject to the initial condition
Av(0) = Avy, (16.8b)

where Avy is determined from Eq. (16.7). Note that A : H — H' is degenerate but symmetric and
nonnegative, and it is easy to see that B : V — V'’ is monotone. Equation (16.8a) is an example
of an implicit evolution equation with degenerate operators as coefficients, sometimes known as a
degenerate Sobolev equation. We recall that Jack Lagnese was a major contributor to the development
of the theory of these abstract Sobolev equations, especially the singular perturbation theory and
dependence of the solution on the operators. See References 32—41.

Because A+ B is H-coercive in our situation, uniqueness for the initial value problem of Eq. (16.8)
is easy to establish. According to the general theory of such equations [54, 17], for existence of a
solution it suffices to establish the range condition Rg(AA + B) D Rg(A) for A > 0. For this, we
consider the resolvent system

v=[p'®),q), v (1), ' (1), p*), v’ (1), 0> ()] € V :

reipl +8:6(q) + cod:e(v') = crhy, (16.9a)
(Q+yey)q+V-8p' =s, (16.9b)

AoVt = Vool + ¢V - 8p! + vy Qyr (v —v?) = pify, (16.9¢)

AClo! —e(vh) =&, (16.9d)

rea(x) 4+ 8:6(V?) + c2(x) 2 (X)8(x) - V2 = c2ha, (16.9¢)

M2 (VP =V 02 + V- 8p” — c2()a(x) PP g+ yryVQrr (V= V) = pofs, (16,9
C?6? —e(v?) = &, (16.9¢)

where the right side of this system is given as [cih1, S, p1f1, &1, c2ha, pof2, €] € H'. Note that
Eq. (16.9) contains the interface conditions of Eq. (16.4).

The means by which we establish the solvability of the resolvent system will depend critically on
how much degeneracy occurs in the operators. For example, in the least degenerate case in which all
the constants ¢y, p1, ¢z, p; are strictly positive, the resolution of Eq. (16.9) is straightforward. In the
mathematically more interesting and practically more relevant situations, some of these coefficients
will vanish. In many of these cases, we can eliminate appropriate variables, thereby obtaining elliptic
terms in the system and then solve the reduced higher-order system. We shall indicate briefly how
one can establish the solvability by means of the mixed formulation of the resolvent system in which
it is regarded as a saddlepoint problem from convex analysis [15].

16.3.2 The Mixed Formulation

Here we shall consider the resolvent system of Eq. (16.9), but instead of writing a single operator
equation in the space V' with 7 unknowns, we shall reorder the variables according to their role in
the physics of the model, not in the geometry of the problem. Thus, we write the resolvent system
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on a product of two spaces so that it is realized as a saddlepoint problem. The first space X consists
of the displacement variables,

X={lqvi,v21 e WxV; xVy: (co(1—=B)V' +q)-n=v>-n},
and the second space Y contains the generalized stress variables,
Y = {[p1, 01, p2, 02] € L2(Q1) x L3R, D) x LA() x L2 (2, D)}
If we define the operators
A: X—>X B:X->Y C: Y=Y

by means of the matrices

Q + )/,;Olyn 0 0
A= 0 oL+ yrvNQvr  —vivNQyr |,
0 —y3vNQyr Ap2 + ¥4y Qyr
§:e cod:e 0 A O 0 0
0 —& 0 0O ' 0 o
B = I} C == )
0 0 8:8 4+ 2028 0 0 Ay O
0 0 —& 0 0 0 c?

then the system of Eq. (16.9) is obtained in the form

Ax— By=f
Bx+Cy=g

for the unknowns x = [q, Vv, V2] € X, ¥y = [p1, 01, p2,02] € Y. This formulation requires a
closed-range condition on the operator B, and it provides a natural and well-established approach
to the numerical approximation of such a problem. In addition, the analysis of this formulation
provides a means to establish the relation with the singular limits such as the incompressible case
¢y = 0 of the Stokes flow and the guasistatic case p; = 0 of consolidation processes. However,
we can work directly with the original formulation of Eq. (16.9) to obtain these limits and the
corresponding existence results. These issues will be developed for nonlinear extensions of these
models in forthcoming works.
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Abstract  The present paper is devoted to our recent results on an aircraft wing model in a subsonic
airflow. The model is governed by a system of two coupled integro-differential equations and a two-
parameter family of boundary conditions modeling the action of the self-straining actuators. The
system of equations of motion is equivalent to a single operator evolution-convolution equation in
the energy space. The Laplace transform of the solution involves the so-called generalized resolvent
operator, which is a finite meromorphic operator—valued function of the spectral parameter defined on
the complex plane with a branchcut along the negative real semiaxis. The main findings in this study
are (a) asymptotic distribution of the poles (called aeroelastic modes) of the generalized resolvent
and (b) the Riesz basis property of the mode shapes.

17.1 Introduction

In the present chapter, we summarize our results obtained for the initial boundary-value problem
arising in modeling the vibrations of aircraft wing in a subsonic air flow. An ultimate goal of an
aircraft wing modeling is to find an approach to flutter control (see Reference 6 and references
therein). Flutter is a physical phenomenon that occurs in a solid elastic structure interacting with
a flow of gas or fluid. It is a structural dynamic instability consisting of violent vibrations of the
solid structure with rapidly increasing amplitude and usually leads either to serious damage of the
structure or to its complete destruction. The physical reason for this phenomenon is that under
special conditions, the energy of the flow is rapidly absorbed by the structure and transformed into
the energy of mechanical vibrations. The most well-known cases of flutter are related to the flutter
in aircraft wings, tails, and control surfaces. Flutter is an in-flight event that happens beyond some
speed-altitude combinations. High-speed aircrafts are most susceptible for flutter, although no speed
regimen is truly immune from flutter.
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Flutter instabilities occur in a variety of different engineering and even biomedical situations.
Namely in aeronautic engineering, flutter of helicopter, propeller, and turbine blades is a serious
problem. It also affects electric transmission lines, high-speed hard disk drives, and long-spanned
suspension bridges. Flutter of cardiac tissue and blood vessel walls is of a special concern to medical
practitioners. Flutter is an extremely complex physical phenomenon whose complete theoretical
explanation is an open problem. At the present moment, there exists only a few models of fluid—
structure interaction involving flutter development for which precise mathematical formulations
are available. We believe that analytical treatment of the flutter problem can provide insights not
available from purely computational or experimental results. It is certainly important for designing
flutter-control mechanisms.

Ideally, a complete picture of a fluid-structure interaction should be described by a system of
partial differential equations, a system that contains both the equations governing the vibrations of
an elastic structure and the hydrodynamic equations governing the motion of gas or fluid flow. The
system of equations of motion should be supplied with appropriate boundary and initial conditions.
The structural and hydrodynamic parts of the system must be coupled in the following sense. The
hydrodynamic equations define a pressure distribution on the elastic structure. This pressure distri-
bution in turn defines the so-called aerodynamic loads, which appear as forcing terms in structural
equations. On the other hand, the parameters of the elastic structure enter the boundary conditions for
the hydrodynamic equations. The above picture is mathematically very complicated, and to make a
particular problem tractable, it is necessary to introduce simplifying assumptions. We have assumed
that the model describes a wing of high-aspect ratio (i.e., the length of a wing is much greater than its
width, though both quantities are finite) in a subsonic, inviscid, incompressible airflow. In this model,
the hydrodynamic equations have been solved explicitly, and aerodynamic loads are represented as
forcing terms in the structural equations as time convolution-type integrals with complicated ker-
nels. Thus, the model is described by a system of integro-differential equations. The very notion of
spectral analysis for such systems is a new mathematical challenge. We treat the system of equations
of motion of the model as a single evolution-convolution equation in the Hilbert state space of the
model. (The integral convolution part of this equation vanishes if a speed of an air stream is equal
to zero, and we obtain the equation of motion for the so-called ground vibrations [7-10, 13].) Our
results on this model include the following [7-14]:

1. We represent the solution of the initial boundary-value problem in the frequency domain in
terms of the generalized resolvent, which is an analytic finite-meromorphic, operator-valued
function of the spectral parameter. We define the aeroelastic modes as the poles of the gen-
eralized resolvent; the corresponding mode shapes are defined in terms of the residues at the
poles.

2. We have found explicit asymptotic formulae for the aeroelastic modes. (To the best of our
knowledge, these are the first such formulae in the literature on aeroelasticity.) The entire set
of aeroelastic modes splits asymptotically into two branches, which are asymptotically close
to the eigenvalues of the structural part of the system [7—12]. The fact that the aeroelastic
modes are asymptotically close to torsional and bending modes was believed to be true for
years. However, no rigorous proof was available in the literature.

3. We have derived the asymptotic formulae for the aeroelastic mode shapes [8, 12].

4. We have shown that the set of the mode shapes forms a nonorthogonal basis (Riesz basis) in
the state space of the system. (The set of the generalized eigenvectors of the structural part of
the system has a similar property [9, 11, 12].)

5. Using the Riesz basis property of the mode shapes, we have presented the solution of the
original problem in the form of expansion with respect to the mode shapes and the
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integral along the negative real semiaxis, which is formally associated with the continuous
spectrum.

Statement of problem. Operator setting in energy space Letusintroduce the following dynamic
variables [1, 2]:

h(x,t)
a(x,t)

X(x,t)={ } —L<x<0,t>0, (17.1)
where h(x, t) is the bending and «(x, ¢) is the torsion angle. The model, which we will investigate,
can be described by the following linear system:

(My — M)X(x, 1) + (Ds —uD)X (x, 1) + (Ky —u’K )X = {? g g] ) (17.2)
2 9
From now on, we will use an “overdot” to denote the differentiation with respect to . We use the
subscripts s and a to distinguish the structural and aerodynamical parameters, respectively. All 2 x 2
matrices in Eq. (17.2) are given by the following formulae:

m S 1 —a
M = |:S I:| , My = (—mp) |:_a (az + 1/8):| ’ (17.3)

where m is the density of the flexible structure (mass per unit length), S is the mass moment, [ is
the moment of inertia, p is the density of air, u is the stream speed, a is the linear parameter of the
structure —1 < a < 1, (a is the relative distance between the elastic axis of a model wing and its
line of center of gravity), and

0 0 0 1 E2 0 0 0
_ — _ ax4 —
DS_[O 0}’ Do = np[—l 0]’ K=" gzl Kemme {0 —1}’

17.4)

where E is the bending stiffness and G is the torsion stiffness. The right-hand side of the system in
Eq. (17.2) can be represented as the following system of two convolution-type integral operations:

1

filx, 1) = —27T,0/ [uCs(t — o) — C5(t — 0)gl(x, 0)do E/ C(t —o)g(x,0)do,
0 0

flx,t) = —271,0/ [1/2C1(t—o)—auCg(t—U)+aC3(t—a)
0

t
+uCy(t — o)+ 1/2Cs(t — 0)1g(x, 0)do = / Cr(t —0)g(x,0)do,
0
glx,t) = ua(x,t) + hix, ) 4+ (1/2 —a)a(x,t). (17.5)
The aerodynamic functions C;, i = 1...5, are defined in the following ways [3]:

e—k/u

u
* KoGJu) + K1 Gufu)’

Cs(1) = / Ci(t — o) (uo — Vu?o? +2uo)do,
0

(1) =/C1(0)d0, Ca(t) = Ca(1) + C5(2),
0

NA>0,

G = / e MC (t)dt =
0

Cs(t) = / Ci(t — o) [(1 + uo)Vu?o? + 2uo — (1 + uo)*]do, (17.6)
0
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where K, and K are the modified Bessel functions [3]. The self-straining control actuator action
can be modeled by the following boundary conditions [1, 2, 7-14]:

EN'(0,1) 4+ Bh'(0,1) =0, h"(0,1) =0, 17.7)
Ga'(0,1) +8a(0,t) =0, B,8 e CTU{oo}, (17.8)

where C is the closed right half-plane. The boundary conditions at x = —L are
h(—=L,t) =h'(—L,t) =a(—L,1)=0. 17.9)

Let the initial state of the system be given as follows:
h(x,0) = ho(x), h(x,0)=h(x), a(x,0)=ay(x), &(x, 0)=ax). (17.10)

We will consider the solution of the problem given by Eq. (17.2) and conditions in Egs. (17.7) to
(17.10) in the energy space H, when the parameters satisfy the following two conditions:

V2G
det m S >0, O<uc< . (17.11)
S I Lymp

The second condition in Eq. (17.11) has clear physical interpretation: it means that the flow speed
must be below the “divergence” or static aeroelastic instability speed for the system. Let 7 be the
set of 4-component vector-valued functions W = (h, i, a, &))" = (¥, ¥, ¥, ¥3)" (T means the
transposition) obtained as a closure of smooth functions satisfying the conditions

Yo(—L) = Yo(—L) = ¥,(—L) =0 17.12)

in the following energy norm:

1 /0 .
N E/L {EIWi)1 + Glyh) 1 + mly () + T ()]
+ S[Y 3 () P (xX) + F3 ()Y, (0)] — 7 pu [P, (x)]* } dx. (17.13)

Under conditions (17.11), the norm of Eq. (17.13) is well defined. In what follows, we need the
notations

m=m+mp, S=S—anp, [=I+np@®+1/8), A=imi-3§. (17.14)

The initial boundary—value problem of Eq. (17.2) and Eqgs. (17.10) to (17.13) can be represented in the
form

W =iLlpV+FV, W= v ¥ ¥, W= Yo (17.15)

Lygs is the following matrix differential operator in H:

0 1 0 0
EI d* 7 pu§ N d* 2 wpul
—Add T A Ta (Gm+”0“ ) -5
Lo = —i (17.16)
0 0 0 1
§ d* 7T purit il 2 7puS
B (6 raae) e
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defined on the domain

D(Lgs) = {WeH: ¥y H*(-L,0), ¥, ¥, € H*(—L,0),y5 € H'(-L, 0); ¥§'(0) = 0;
Y1 (=L) = Yi(=L) = ¥3(=L) = 0; E¥5(0) + B¢ (0) =0, GYy(0) + 895(0) = 0}.

17.17)
F is a linear integral operator in  given by the following formula:
1 0 0 0 0 0 0 0
P 110 [H(C%)—S(C®)] 0 0 01 u (1/2—-0a)
T A0 0 1 0 0 0 0 0
0 0 0 [-S(Cix)+m(Coxl| |0 1 u (1/2—a)
(17.18)

In Eq. (17.18), * stands for the convolution, and the kernels C; and C, are defined in Eq. (17.5).

REMARK 17.1 Equation (17.15) is not an evolution equation. It does not have a dynamics
generator and does not define any semigroup in the standard sense. However, the notion of the
spectral analysis is now well understood. Namely, the aircraft wing model can be described by the
evolution-convolution equation of the form

U(r) =iA\I/(t)+/ F(t — )V (7)dr. (17.19)
0

Here W(-) € 'H, with H being the state space of the system; A (A = Lpgs) is a matrix differential
operator and F(¢) is a matrix-valued function. A formal solution of Eq. (17.19) in the Laplace
representation can be given by the formula

W) = —iA—AFO)] ' — FO)W,, (17.20)

where W is the initial state (i.e., ¥(0) = W) and the symbol " is used to denote the Laplace
transform. It is an extremely nontrivial problem “to calculate” the inverse Laplace transform of
Eqg. (17.19) to have the space-time domain representation of the solution. To do this, it is necessary
to investigate the “generalized resolvent operator”

RO =M —iA —AE)]. (17.21)

In our case, R()1) is an operator-valued meromorphic function on the complex plane with a
branchcut along the negative real semiaxis. The poles of R(A) are called the aeroelastic modes. The
branchcut corresponds to the continuous spectrum. The Laplace transform representation for the
solution of the problem in Eq. (17.15) corresponding to Eq. (17.19) has the form

G =M —iLlps — MG T — F(W)]Wo. (17.22)

To calculate the inverse Laplace transform of W, one has to accomplish the contour integration in
the complex A-plane. In this connection, the properties of the “generalized resolvent operator”

RO = M —iLgs — A (17.23)

are of crucial importance for us. In our work [10—-13], we have shown that the convolution part does
not “destroy” the main characteristics of the discrete spectrum, which is produced by the differential
part of the problem. Namely, we have proven that the aeroelastic modes are asymptotically close
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to the discrete spectrum of the operator i Lgs and have calculated the rate at which the aeroelastic
modes approach that spectrum. Second, we have also proven that there may be only a finite number
of the aeroelastic modes having positive real parts. The latter means that for a given stream speed u,
there exists at most a finite number of unstable aeroelastic mode shapes (eigenfunctions of the
problem). Third, we have shown that the set of the mode shapes forms a Riesz basis in the energy
space, which is crucial for “calculation” of the inverse Laplace transform of the function ¥ from
Eq. (17.19).

17.2 Properties of Matrix Differential and Integral Operators

Now we summarize asymptotic and spectral results obtained in our papers [7-14].

THEOREM 17.1
1. Lpgs is a closed linear operator in 'H, whose resolvent is compact, and therefore the spectrum
is discrete.

2. Operator Lgs is non-Self-adjoint unless ® p=N8§=0. If X >0 and R § >0, then this
operator is dissipative, that is, I(LgsV, V) > 0 for W € D(Lgs). The adjoint operator L
is given by the matrix differential expression of Eq. (17.16) on the domain obtained from
Eq. (17.17) by replacing the parameters B and § with (—B) and (=8), respectively.

3. When Lpgs is dissipative, then it is maximal, that is, it does not admit dissipative extensions.

DEFINITION 17.1 A vector @ in a Hilbert space H is an associate vector of a non—Self-adjoint
operator A of an order m corresponding to an eigenvalue A if ® # 0 and

(A—=2D"® 40 and (A— A" ® = 0. (17.24)

Ifm = 0, then ® is an eigenvector. The set of all associate vectors and eigenvectors together will be
called the set of root vectors [4].

THEOREM 17.2
1. The operator Lgs has a countable set of complex eigenvalues. If

8§+ VGI, (17.25)

then the set of eigenvalues is located in a strip parallel to the real axis.

2. The entire set of eigenvalues asymptotically splits into two different subsets. We call them the
B—branch and the §-branch and denote these branches by {vf},,ez and {Vf,}neZv respectively.
IfR B > 0and N > 0, then each branch is asymptotically close to its own horizontal line in
the closed upper half-plane. If X B > 0 and R § = 0, then both horizontal lines coincide with
the real axis. If R B = N § = 0, then the operator Lgs is self-adjoint, and, thus, its spectrum
is real. The entire set of eigenvalues may have only two points of accumulation: +00 and —oo
in the sense that R vf® —s o0 and |3 vP®| < const as n —> +oo. See formulae in
Eq. (17.26) and Eq. (17.27) below. There can be only a finite number of multiple eigenvalues
of a finite multiplicity each.

3. The following asymptotic representation is valid for the 5-branch of the spectrum as |\n| —
00:

VP = (sgn n)(m?/LH\ EI/A (In| — 1/4)* +k,(w), o =18""+ 187",  (17.26)
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with A being defined in Eq. (17.14). A complex-valued sequence {k,} is bounded above in the
following sense: sup,, ., {lk,(w)|} = C(w), C(w) — 0 as o — 0.

4. The following asymptotic representation is valid for the 5-branch of the spectrum:

j §+~GI
™ L YO o). ] — oo (17.27)
LVI/G  2LVI/G 8 —/GI

Vp =

In representation (17.27), In means the principal value of the logarithm. If B and § stay away
from zero, that is, |B| > By >0 and |8| > 8¢ > 0, then the estimate O(|n|~"/?) in Eq. (17.27)
is uniform with respect to both parameters.

DEFINITION 17.2 Two sequences of vectors {¢,} and {x,} in a Hilbert space H are said to be
biorthogonal if for every m and n, we have (¢,,, X,) o = Smn-

For a given sequence {¢, }, a biorthogonal sequence {y,} exists if and only if {¢,} is minimal
(i.e., each element of the sequence does not belong to the closed linear span of the others). If the
biorthogonal sequence {),} exists and is unique, then the sequence {¢,} is minimal and complete.
The set which is biorthogonal to the root vectors of the main differential operator Lg;s is formed by
the root vectors of the adjoint operator L.

DEFINITION 17.3 A basis in a Hilbert space is a Riesz basis if it is linearly isomorphic to an
orthonormal basis, that is, if it is obtained from an orthonormal basis by means of a bounded and
boundedly invertible operator [4].

THEOREM 17.3
The set of root vectors of the operator Lgs forms a Riesz basis in the energy space 'H.

The Riesz basis property of the root vectors has been proven in [9] based on the Nagy-Foias
[15] functional model for non—Self-adjoint operators. The next statement is one of the main results
obtained in References 11 and 12.

THEOREM 17.4
1. The set of the aeroelastic modes (which are the poles of the generalized resolvent operator)
is countable and does not have accumulation points on the complex plane C. There might be
only a finite number of multiple poles of a finite multiplicity each. There exists a sufficiently
large R > 0 such that all aeroelastic modes, whose distance from the origin is greater than
R, are simple poles of the generalized resolvent. The value of R depends on the speed u of an
airstream, that is, R = R(u).

2. The set of the aeroelastic modes splits asymptotically into two series, which we call the -
branch and the §-branch. Asymptotical distribution of the B- and the §-branches of the aeroelas-
tic modes can be obtained from asymptotical distribution of the spectrum of the operator Lgs.

Namely, if {Af tnez is the B-branch of the aeroelastic modes, then )»5 =i )A»g and the asymptotics
of the set {if ez is given by the right-hand side of the formula in representation (17.26). Simi-
larly, if {)\ﬁ =1 Xi}neZ is the 6-branch of the aeroelastic modes, then the asymptotical distribu-
tion of the set {)A»i ez is given by the right-hand side of the formula in representation (17.27).

Structure and properties of the matrix integral operator Asymptotical information (Theo-
rem 17.4) is not sufficient to derive such “geometric” properties of the mode shapes as minimality,
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completeness, and the Riesz basis property. To address the aforementioned properties, we have to
analyze the integral part of the problem.

LEMMA 17.1
Let § be the Laplace transform of the kernel of the matrix integral operator of Eq. (17.18). The
following formula is valid for §:

0 0 0 0

s 2mpu |0 L) ul  (1/2—a)L))

3(”_—TX 0 0 0 0 , (17.28)
0 NQO) uN®) (A/2—a)NQR)

where

L) = {—‘; + [+ (a+ 1/2)5]m/u)}, NQ) = {’;’ —[S+@+ 1/2>n~1]T<A/u)} :
(17.29)

and T is the Theodorsen function defined by the formula T (z) = K,(2)[Ko(z) + K1(z)]™", Ko and
K, are the modified Bessel functions [3].

The following asymptotic representations hold for the Theodorsen function:

1 1 1
T(z)=14+0(zInz), z—>0; T)==+—+0=], z—> o0, (17.30)
2 16z 72

which are valid on the complex plane with the branchcut along the negative real semi axis (the
branchcut is necessary to make the functions single-valued). Thus, the Theodorsen function is a
bounded analytic function on the complex plane with the aforementioned branchcut. Using rep-
resentations (17.30), we give a new form of the generalized resolvent. Let V be defined by the
formula

Vi) =Tk —1/2; Viz)=0 (;) , as |z| — oo. (17.31)
1+ |z]

Taking into account that z = A/u, we can write A§(1) as the following sum:
AFO) = M+ NG, (17.32)

where the matrices 971 and 91(A) are defined by the formulae

00 0 0 0 0 0 0
o a4 uA (2-wa o At wAG) (12— @A m)
M=15 0 o 0 » MW =15 ) 0 0 :
0 B uB (1/2—a)B 0 BN uB() (1/2—a)Bi(W)
(17.33)

with A, B, A{(A), and B;()) being given by
A= —mpulh T+ (@—-1/2)S], B=npuA~'[S+ (a —1/2)m].
Al = 27 pu ATV + (a+1/2)S1 = —2npu A~V (2) d), (17.34)
Bi(A) = 2mpu ATV (IS + (a + 1/2)i] = 2n puA~'V () db, 7z = AJu.
Therefore, the generalized resolvent of Eq. (17.23) can be written in the form

RO =6"'(0), where &) =il —iLgs — M —NQ). (17.35)
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THEOREM 17.5
1. M is a bounded linear operator in H. The operator Kpgs defined by the formula

Kps = Lps — i M (17.36)

is an unbounded non—Self-adjoint operator in 'H with compact resolvent. This operator has
a purely discrete spectrum. The spectral asymptotics of the operator Kgs coincide with the
spectral asymptotics of the operator Lgs, and, therefore, those asymptotics are presented in
Theorem 17.2. In contrast to the operator Lgs, the operator Kgs is not dissipative for any
boundary control gains. However, Kg; is also a Riesz spectral operator, that is, the set of the
root vectors of Kgs forms a Riesz basis of 'H.

2. N(X) is an analytic matrix-valued function on the complex plane with the branchcut along
the negative real semiaxis. For each A, N(X) is a bounded operator in H with the following
estimate for its norm:

My < CA+ D7, (17.37)

where C is an absolute constant, the precise value of which is immaterial for us.

The main result, which is crucial for the “calculation” of the inverse Laplace transform and
writing the solution of the initial-boundary value problem in the space-time domain representation,
is given in the next statement [14].

THEOREM 17.6
The set of mode shapes forms a Riesz basis in the energy space.

17.3 Analytic Fredholm Operator-Valued Functions in Wing Model

The purpose of the next three sections is to outline the main steps in the proof of Theorem 17.6
(full proof is contained in Reference 14). First, we recall the definitions and general properties of
Fredholm operator—valued functions (see, e.g., Reference 5). Let £(H) be the set of all bounded
operators in a Hilbert space H. We say that 2 : Q2 — £(H) is an operator-valued function defined
for A € Q C C if for each A, 2A(A) is a closed linear operator in H. The resolvent set of 2 is
the set of A €  such that 2()) has a bounded inverse operator. The spectrum > (2() of 2 is the
complement of the resolvent set in Q. If >, [A(A)] is the spectrum of the fixed operator (1), then
A €Y () ifand only if 0 € >, [A(2)]. The point spectrum » (@), is the set of A € €2 such that
Ker 2A(L) # {0}. Such points are called eigenvalues, nontrivial vectors in the kernel are called the
corresponding eigenvectors, and the dimension of the kernel is called the geometric multiplicity. If
the domain of 2((}) is independent of A, and if for each f in this domain the function A > 2A(}) f is
analytic in the usual strong sense, then we can define the chains of and canonical systems of eigen-
and associated vectors as well as a concept of algebraic multiplicity of an eigenvalue 1.

DEFINITION 17.4 A bounded linear operator A in a Hilbert space H is called a Fredholm
operator if its range Im A is closed and the numbers

n(A) =dim Ker{A}, d(A) =dim Ker {A*} (17.38)
are finite. The number ind A = n(A) — d(A) is called the index of A.
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DEFINITION 17.5 Let®A: Q2 +— L£(H) be an analytic operator-valued function. Ay € Q2 is said
to be an eigenvalue of a finite type of A(-) if (a) A(Xg) is a Fredholm operator, (b) A(rg)f = 0
for some nonzero f € H, and (c) A(A) is an invertible operator for all A in some punctured disk
0 < |A — Ag| < € around Ag. In that case ind A(1g) = 0.

THEOREM 17.7 (See Reference 5)

Assume that for some Ay € 2, an analytic function A(-) is a Fredholm operator with ind A(Ay) = 0.
Then there exists € > 0 such that forall ). : 0 < |A — Ao| < €, the operator-valued function A(-) can be
factored as UA(L) = E(A)D(A)F (L), where E(-) and F(-) are Fredholm functions having bounded
inverses at each point of the disk |. — Lo| < €, and D(-) has the form D(A) = Py + (A — ro) P+
(A= 2)2 Py + - 4+ (A — X0)* P, where Py, Py, ... P, are mutually disjoint projections of rank
one; the projection (I — Py) has a finite rank and ky < k, < - -- < k, are positive integers. The sum

mlig; A =k + ko + -+ k, (17.39)

is called the algebraic multiplicity of 2 at X¢. (2((-) has only one normalized eigenvector ¢ corre-
sponding to the eigenvalue \ if and only if the projection (I — Py) is one-dimensional.)

The next result is of a special importance for us [5].

THEOREM 17.8

Let A : Q> £(H) be an analytic Fredholm operator-valued function. If for some ). € <, the
operator A(X) has bounded inverse, then the spectrum » () is discrete, that is, it contains at
most countably many eigenvalues with no accumulation points in S2; each eigenvalue has a finite
algebraic multiplicity. Furthermore, ) — [A(1)]7" is a meromorphic function on Q whose poles are
the eigenvalues of . The principal part of the Laurent expansion around each pole has only finitely
many nonzero terms, the coefficients in these terms being of finite rank operators.

To formulate the generalization of the Rouche’s theorem to the analytic operator-valued functions,
we need the following definitions.

DEFINITION 17.6
1. A Cauchy domain is a disjoint union in C of a finite number of non-empty open connected
sets Ay, Ay, ..., Ay, suchthat A; N A; = {0}, i # j, and for each j, the boundary of the set

A consists of a finite number of nonintersecting closed rectifiable Jordan curves, which are
oriented in such a way that A ; belongs to the inner domains of the curves.

2. T is called a Cauchy contour if I is the oriented boundary of a bounded Cauchy domain.

3. Let A be a Cauchy domain with A C Q and let 2 be a bounded operator-valued analytic
function of A, . € Q. Then U is said to be normal with respect fo ', T := 9 A, if A(X) has a
bounded inverse for A € T and A(A) is a Fredholm operator for A € A.

The following generalization of the Rouche’s theorem holds [5].

THEOREM 17.9
1. Let W(-) and Z(-) : Q +— L£(H) be analytic operator-valued functions, and let W be normal
with respect to a contour I'. If

IZOVWMIT ' <1, rel, (17.40)
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then the operator-valued function
URr)=Z)+WQR) (17.41)
is also normal with respect to I" and
m[I'; U] =m[I'; W()I, (17.42)

where m[I'; U ()] and m[T"; W ()] are algebraic multiplicities of U and W relative to T, that
is,

m[C; U =m[A; UOT+m[A; UG+ - - +m[r,; U],

R R N (17.43)
m[I; W)l =mlr; WOl +mlas WO+ -+ -+ mlrg; WO,

where {)»j}j-’:] and {)A»j}_';:] are the eigenvalues of finite types of U and W inside T.

2. If “tr” denotes the trace of the operator, and the multiplicities of the eigenvalues are taken
into account, then the following formula for total multiplicity holds:

m[T;AC)] = tr {L %Ql/(k)[m(k)]ldk} . (17.44)
2mi

DEFINITION 17.7  An operator-valued function G is finitely meromorphic at Ay if G has a
pole at Ay and the coefficients of the principal part of its Laurent expansion at \y are finite-rank
operators, that is, in a punctured neighborhood of A, the following expansion is valid: G(A) =
Zfo:_q (A —10)"G,, which converges in the operator normon £(H). G_y, ..., G_, are finite-rank
operators; EG(A) = Z;:l_q (A — 20)"'Gy, & # Ao, is the principal part of G at hy. Thus, EG is
analytic on C\ {Ao}, and its values are finite-rank operators.

In what follows, to be able to use the theory of analytic Fredholm operator-valued functions, we
have to replace the operator-valued functions &(4) and (A\] — iKpgs), which are unbounded, with
some Fredholm operator-valued functions, which have to be bounded. Let Kgs = iXCgs and let W
and Z : Q — L£(H) defined by

W) =1-2Kg, ZO)=1-1Kg — MWKy, (17.45)
In the next statement, we establish the relationship between the spectral characteristics of the

operators Kgs and G(1) and the operator-valued function W(X) and Z(A) (see Reference 14).

THEOREM 17.10
1. Ao is an eigenvalue of Z(X), and g is the corresponding eigenvector if and only if Ay is an
aeroelastic mode and ¢ = K/;(slg is the corresponding mode shape.

2. The spectrum of the operator-valued function W (A) coincides with the spectrum of the operator
Kgs, and the corresponding root spaces are identical.

17.4 Minimality and Normalization of Adjoint Mode Shapes

Recall that the eigenvectors of Z(}) are connected to the mode shape through the relation ®#© =
K @@, where ®£© is the eigenvector of Z(1) and ®§? is the mode shape. Now let us take,
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for example, the §-branch simple aeroelastic mode. The adjoint operator-valued function [Z (1)]* has
its eigenvalue at the point )_\i, (.e., Z*()_\fl)lilﬁ = 0). The operator-valued function [Z(A)]~! admit
the following representation when A € U (A%):

[(ZW)]™! = (B2 + H). (17.46)

r—A0
Recall that U(A%) is an open neighborhood of the point A such that for all A € U(X%), A # A°,

Z ()~ ! exists. In Eq. (17.46), H (1) is a holomorphic operator-valued function in U (kﬁ). Combining
the representation in Eq. (17.46) with Theorem 17.9, we obtain the following result.

THEOREM 17.11 (Normalization condition [14])
Let

S ST A NI WV LT (1747

be the set of aeroelastic modes, where {ii e, U {):,i }e_, are the aeroelastic modes corresponding
to multiple poles of the generalized resolvent and {Az}nez U {)\ﬁ}mez are the aeroelastic modes
corresponding to the simple poles of the generalized resolvent. Let {&)2 ez U {CTDE1 Ymez be the set
of eigenvectors of the function Z(\) corresponding to the set {)\i}nEZ U {)"E,}mEZ; and let {‘I’S}nez U
{@2 Ymez be the corresponding set of the eigenvectors of the adjoint operator-valued function [ Z (1) ]*.
Then the following normalization conditions hold:

(Z (W)@, U =1, (Z(M)®L,¥)=1, neZ mek, (17.48)

where “prime” denotes the derivative with respect to A.

THEOREM 17.12 (Minimality [12])
The set of aeroelastic mode shapes is minimal in H.

To prove this result, we use the notion of the Riesz integral [4, 5]. Let I be a simple rectifiable
contour, which encloses some region G C C and lies entirely within a resolvent set of Z(}). Thus,
the inverse Z (1)~ is also an analytic operator-valued function on I'. Assuming a positive orientation
of I with respect to the region Gr, let us form an integral

PBr = _i, %[z(x)]”z’(x) dx. (17.49)
2mi Jr

Pr is the projection (‘3312- = Pr). Let | and A, be two different modes and I'; and ', be two
boundaries for the domains G| and G, containing A; and X, respectively. The following orthogonality
relation holds: Br Br, = Pr,Pr, = 0.

Now we briefly outline the proof. If A is not an aeroelastic mode, then R (1) is a compact operator
in ‘H. Each aeroelastic mode can be surrounded by a small circle that does not contain other modes.
Let us assume that the entire set of aeroelastic modes is not minimal, that is, there exists a sequence
{cn}nez of complex numbers such that X,czc, P, = 0. Clearly, there exists ¢,, # 0, such that
@, =D nez Cu/cm®Pn. Let us apply the Riesz projection - to both parts of the latter equation.

n#m
We have

PBr, P =D _ cafcnPr, Pu =Y _ ca/cnPr, Br, Pn =0, (17.50)
niZ niZ

which yields the proof.
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17.5 Riesz Basis Property of Mode Shapes

First we describe the properties of the 8-branch mode shapes.

THEOREM 17.13 (Riesz basis property of B-branch mode shapes [14])
The B-branch of the mode shapes {®F},cz, forms a Riesz basis in its closed linear span in 'H.

The proof of this theorem uses the facts that (a) the B-branch root vectors form a minimal set in
‘H and (b) that the B-branch mode shapes {CDE Jnez are quadratically close to the B-branch of the
eigenfunctions {(p,‘f},,ez of the operator g, that is, E,,eZHCDf — (p,‘f I> < oo.

Refined asymptotic estimate for aeroelastic modes From Statement (2) of Theorem 17.4 and
the formula of Eq. (17.27), we can conclude that |u3 — 12| = O(|n|="/?) as |n| — ooc. The latter
result is probably the best that can be obtained based on the techniques of the asymptotic analysis.
However, it is not enough for our goal for proving the Riesz basis of the mode shapes. Using the
techniques of operator theory and of complex analysis, we can refine those formulae.

THEOREM 17.14

For the §-branch aeroelastic modes, the following asymptotic estimate is valid when |n| — oo:
b =1 < Cln™", (17.51)

with {u®} being the §-branch of the eigenvalues of the operator Kgs. The precise value of the constant
C in Eq. (17.51) is immaterial for us.

Comments to Proof As follows from the asymptotic formulae for the spectrum of the operator
Kjs, there could be the following cases: either inf,, ez |1) — uf | > 0orinf, ez |nd —ubf| =0.
In the first case, we would say that the 6- and B-branches are separated; in the second case, the
branches are not separated. Clearly, in the second case, there exist two subsequences of the 8- and
the 8-branches of the operator Kgs such that dist {Mfw uﬁk} — 0 as k — oo. In our proof [14], we
deal with the second case, which is technically much more difficult than the first one, and at the end
we briefly address the proof for the first case.

Quadratic closeness of mode shapes and eigenfunctions of operator Kgs We now formulate the
statement that is crucial for the proof of the main result—Theorem 17.6. Namely, we show that the
set of the mode shapes is quadratically close to the set of the eigenfunctions of the operator Kgs.

THEOREM 17.15
If{A,} ,IlV:l is the set of multiple modes, then the entire set of the aeroelastic modes can be represented
in the form

A=RAUANUA  A=(u0,, A ={00),,. AP ={0f) (17.52)

neZ’

The in the sets, AP and A® correspond to the simple roots of the generalized resolvent operator. Let
the set of the eigenvalues of the operator Kgs be represented in the following way:

U=UuUuU’;  U={u_,. U ={u)}, . U ={ul}, . (17.53)
The numeration in Eq. (17.53) has been done in such a way that

W —uil=ca+nD", M —pfl<ca+inp. (17.54)
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Then the sets of the corresponding mode shapes and eigenvectors of the operator Kgs are quadrati-
cally close, that is,

[0t =il < oo X [0 =l < o (17:59

nez nez

REMARK 17.2  We notice that though the set A contains the aeroelastic modes corresponding
to the multiple roots of the generalized resolvent operator, the same may not be true for the set U.
Namely, the set Z/ may contain both multiple and simple eigenvalues of Kgs. It may also happen
that several multiple eigenvalues should be added to the 8- or -branch. In the latter case, a multiple
eigenvalue should be repeated as many times as its multiplicity. The splitting of Eq. (17.53) has to
be done in such a way that relations of Eq. (17.55) hold.

Riesz basis property of the mode shapes follows from the facts that the estimate of Eq. (5.5)
holds, and the set of the generalized mode shapes is minimal in the space H. Those two facts yield
the Riesz basis property through the application of the Bari’s theorem.
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Abstract  We prove new properties for the linear isotropic elasticity system and for thickness
minimization problems. We also present very recent results concerning shape optimization problems
for three-dimensional curved rods and for shells. The questions discussed in this paper are related to
the control variational method and to control into coefficient problems.

18.1 Introduction

The analysis and the computation of various optimal mechanical structures has a long history and
many applications. We quote the recent books by Bendsoe [3], Cherkaev [6], Allaire [1], Zolesio
and Delfour [19], where such topics are studied from various points of view and where numerous
references may be found.

In this chapter, we shall consider structures like plates, curved rods, and shells under low regularity
assumptions with respect to their geometry. In the first section we analyze the application of the control
variational method, introduced by the authors [11, 15, 16, 18] to the general linear elasticity system
and to linear elastic plates. Variational inequalities are also considered. It turns out that the approach
is advantageous from the numerical point of view because the solution is reduced to sequential
applications of Laplace’s equation. In Section 18.2, we discuss thickness minimization problems for
plates. The last section contains a presentation of very recent results in shape optimization problems
for curved rods and shells, obtained by the authors.

18.2 The Linear Elasticity System

We consider in Q C IR? the weak formulation of the isotropic linear elasticity system,

/[Aem,(u)eq,,(v)+2,ue,~j(u)e,~j(v)]dx = / fividx, (18.1)
Q Q

= (U, uz,u3) € V(Q), Wv=1,v,v3) € V(Q) ={veH  Q vl=0)
!'Supported by the DFG Research Center “Mathematics for key technologies” (FZT 86) in Berlin.
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Above, it is assumed that the smooth boundary of 2, 92 = ') U "}, consists of two nonoverlapping
open parts and Eq. (18.1) corresponds to homogeneous mixed boundary conditions, imposed for
simplicity. The constants A > 0, i > 0 are the Lamé coefficients, e;; = %(%’ + g';’ ), i, j=1,3,
the summation convention is used, and f = (fi, f2, f3) gives the body forces. The existence of a
unique solution u = (uy, uz, u3) € V(2) for Eq. (18.1) is well known see Ciarlet [7, 8]. We prove

here that Eq. (18.1) admits an advantageous treatment via control theory. To this end, we consider

the following problem:
. 1 . aul 2 auz 2
MIH{E/Q {MWﬁeg + Aldiv )] + <8—x1> + (3—)62

n ous 2 42 duy oun n ou; ous n duy ous J (18.2)
— — 0t — — + — — X7, .
8x3 H 8x2 8x1 8)63 8x1 8x3 8x2

subject to w € L?(2)? and to

1
/Vu:Vvdx:/w:Vvdx+—/f~vdx, Vv € V(Q), (18.3)
Q Q nJ

where Vu is the Jacobian of u and

3

AV \V Z 8u,~ 8Vl‘
u: vy = .
ij a)Cj

ij=I1

The relation in Eq. (18.3) is just the weak formulation of the system of the three decoupled Poisson
equations

1
—Au = —divw + — f, in Q, (18.4)
n

with homogeneous mixed boundary conditions. The divergence operator in Eq. (18.4) is applied to
the rows of the 3 x 3 “matrix” w € L?(Q)°.

We study briefly the problem of Egs. (18.2) and (18.3), and we show that it provides exactly the
solution of Eq. (18.1). The two problems are in fact equivalent.

PROPOSITION 18.1
Assume that [u*, w*] € V() x L2(Q)° is an optimal pair for the problem in Egs. (18.2) and (18.3).
Then it holds

Ouj 921 | Bu 0z | Qw3 Bz | Buj 02

e Adiv (u*)di —
/Q |:MW 4 + v (u ) v (Z) + H <8X1 8)61 3)(2 8X2 8)(3 8)(3 8)62 8)(1

9z duy | dujdzy | duidzy | duidzy | oujd
SR RIS T, PRI, ”312)}dx=0, (18.5)

87)62 8x1 8x3 8x1 87x1 8x3 87)(33 8x2 37)(32 8)(?3

forany z € V() and for g € L*(Q)° withq = Vz.

PROOF This is the usual Euler equation associated with Eqs. (18.2) and (18.3). As the control
problem is unconstrained, we can take arbitrary variations of the form u* 4 sz, s € IR, around u*,
which correspond to variations w* + sg around the optimal control w*, because z is the solution of
the “equation in variations” corresponding to g:

/Vz:Vvdx:/q:Vvdx, Yv € V(Q).
Q Q
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One then writes that the cost corresponding to w* is lower than the cost corresponding to w* + sq,
then subtracts, divides by s (for s > 0 or s < 0), and takes the limit s — 0 to obtain the result.

REMARK The relation in Eq. (18.5) is a characterization of optimality. If w is any control, then
w = q + [ (unique orthogonal decomposition) where g has the form in Eq. (18.5). Then Eq. (18.3)
shows that the state is independent of /, whereas ¢ also provides a lower cost than w = g + [. The
optimal pair, if it exists, is unique, by the strict convexity of Eq. (18.2).

Next, we define the adjoint system for p € V (£2):

N duj 0z~ dul 0zp
Vp:Vz = Adivw)divi))+pu | ——+ ——
Q Q dx; 0x; 0xy 0xp

dui dz3  utdzy  Oui oz dul dzz | dud 9z
8x3 8)63 3)62 8x1 8x1 3)62 8x3 8x1 8x1 8x3

duz 9 du% 9
G0 L IBT2 Y gy =0, Vze V(Q). (18.6)
8x3 8)62 axz 8x3

Existence and uniqueness of the solution p € V(2) are obvious.

PROPOSITION 18.2
The optimality conditions for the problem in Egs. (18.2) and (18.3) are given by Egs. (18.3) and
(18.6) and the Pontryagin maximum principle:

/(u,w* +Vp):Vzdx =0, VzeV(Q). (18.7)
Q

Moreover, p = uh — pu* in Q with h defined in Eq. (18.8) below.

PROOF By Eq. (18.6) and Eq. (18.5), we get

O:/[uw*:q—i—Vp:Vz]dx:/[,uw*:q—i—Vp:q]dx,
Q Q

which is exactly the relation in Eq. (18.7), as ¢ = Vz. Notice that, by virtue of Eq. (18.3) and
Eq. (18.7), we have

1
/Vu*:Vzdx:/w*:Vzdx+—/f-zdx
Q Q "Ja

:—& {/QVp:Vzdx—/Qf'zdx].

That is, if we denote by & € V(£2) the (weak) solution to the problem:

1
/ Vh:Vzdx = —/ f-zdx, VzeV(Q), (18.8)
Q mJa

then we obtain
1
/Vu*:Vzdx: ——/ Vp:Vzdx+/ Vh:Vzdx, VzeV(Q).
Q nJjo Q

As u*, p,h satisfy the same boundary conditions, the unique solvability of Laplace’s problem
concludes the proof. [
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Again, by Eq. (18.3), and by the definition of ¢ in Proposition 18.1, we can write

//Lw*:qu=u/w*:Vzdx=u/Vu*:Vzdx—/f-zdx, Vz € V().
Q Q Q Q
By replacing this in Eq. (18.5), we have

qut dzy  dul oz
/ WV 2 Vzdx + o div @) div (z) + p o S50 9 09
Q 0x; 0x; 0xy 0xo

ouy 0zz  Ouy dzo  Ouy dzy  Ouf dzz  duj 9z

B_X3 0x3 0xy 0xy 0x; 0xo  0x3z 0x dx1 0x3

ok 9z out 9
L Ous Bz | ouj 9z dx:/f.zdx, Ve V(Q). (18.9)
3)(3 8x2 3)(2 3)(3 Q

Regrouping the terms in Eq. (18.9) conveniently, we have thus proved:

COROLLARY 18.1
u* € V(R2) is the unique solution to Eq. (18.1).

REMARK The relations in Egs. (18.3), (18.6), and (18.7) provide a nonstandard decomposition
of Eq. (18.1).

REMARK Corollary 18.1 provides a simple convenient method to solve Eq. (18.1) via Egs. (18.2)
and (18.3). In the setting of this control problem, we have to solve the state system of Eq. (18.3) and
the adjoint system of Eq. (18.6) (both associated with the Laplace operator). Then, the gradient of
the cost functional may be computed by Proposition 18.2, and gradient methods may be used for the
numerical approximation. Notice also that the existence in Eqgs. (18.2) and (18.3) follows from the
result for Eq. (18.1), by Proposition 18.1 and Corollary 18.1.

Let us now consider the example of a linear elastic plate (2 C IR*!) submitted to unilateral
restrictions:

a(y,v):/e3[y,“v,11+ry,11v,22
Q

(18.10)
+Ty2vi +yove +2(1 —1)ynvinldx,
Yy € Hj (), Vv € HJ(Q).
a(y,y—v)f/f(y—v)dx, yek, Wwek, (18.11)
Q
where, for y € H*(R), Vij = % i,j=1,2.

Here K C HOZ(Q) is a non-empty closed and convex set. The scalar functions y € HOZ(SZ),
e e L®(Q),, f € L*(Q), represent, respectively, the deflection, the positive thickness, and the load
of the plate, whereas 0 < 7 < % is the Poisson coefficient (see Duvaut and Lions [9, Chap. 4]). We

replace Egs. (18.10) and (18.11) by the following optimal control problem:

1
Min{i/ e wr+2(1 —1)y3, +2(r — Dynyz) dx} (18.12)
Q
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subject to the state equation and constraints

Ay=w+e_3g in 2, (18.13)
y=0 on 9%, (18.14)
y e K. (18.15)

Above, g € H*(Q2) N Hy () is the solution to the Poisson problem with Ag = f in . We shall
prove that the solution of Eq. (18.11) may be obtained via the control variational method given by
Egs. (18.12) to (18.15). Notice the differences between Eq. (18.13) and Eq. (18.3) that show the
flexibility of our approach. It is also clear that a numerical solution of Egs. (18.12) to (18.15) may
be obtained by using first-order finite elements, which provides a simple way for the solution of
Eq. (18.11).

Any pair [y, w], y € K C H}(R2),w = Ay — e 3g is admissible for the problem of Egs. (18.12)
to (18.15).

In this special situation, one can prove directly the existence of optimal pairs:

PROPOSITION 18.3
The problem of Egs. (18.12) to (18.15) has a unique optimal pair [y*, w*].

PROOF Let[y", w,] be a minimizing sequence for Eq. (18.12). Then yf'n + ¥ =wh + e 3g,
and the cost functional is bounded from above:

c> / w4201 =) (y) + 2 = D[Ywe + ey — (1) Ydx.  (18.16)
Q

AsO <1< %, the relation of Eq. (18.16) shows that {w,}, {y"},}, {y"};} are bounded in L?*(R), and
Eq. (18.13) yields that also {y"),} is bounded in L?(Q). That is, {y"} is bounded in HOZ(Q). One can
take weakly convergent subsequences y" — y*,0, w, — w™* in Hoz(SZ), L*(R), respectively, pass
to the limit in Egs. (18.13) to (18.15) as K is weakly closed, and end the proof by the weak lower
semicontinuity of the cost functional of Eq. (18.12). Uniqueness is a clear consequence of the strict
convexity of Eq. (18.12). I

REMARK Notice that, in this proof, & C IR? plays an essential role.

The characterization of [y*, w*] via the Euler (in)equation has to take the state constraints into
account. We perform admissible variations of the form y* + s(z — y*), w* + s(I — w¥), s €
[0,1],Vz € K, = Az — e g € L*(RQ) to obtain that

0 < / Wl —w*) +2(1 — 1)y (202 — V)
Q

+2(r — 1)[)’,*11(2,22 - )’,*22) + y,*zz(Z,ll - )’,*11)]} dx, (18.17)

for any z € K.
Using the fact that w* = Ay* —e™3g,l = Az — e~?g, a convenient grouping of the terms in
Eq. (18.17) and the partial integration

/ (A7 — AyHe3gdx = / fz—y"dx
Q Q

yield:

COROLLARY 18.2
y* e HOZ(Q) is the unique solution to Egs. (18.10) and (18.11).



264 Optimal Design of Mechanical Structures

REMARK It is possible to compute directional derivatives and to write necessary conditions
as in the previous case. Other boundary conditions may be studied as well, for instance partially
clamped plates. Then, another artificial control has to be introduced in Eq. (18.14), which becomes
y=vE€ H32(3Q),v = 0 on the “clamped” part of 92. A weak penalization 8|V|§_13/2(BQ), e >0,
has to be added to Eq. (18.12). The analysis involves a limiting process for ¢ — 0, and it is more
technical. Finally, let us underline that the cost functionals of Eq. (18.2) or Eq. (18.12) represent the
usual energy (up to a constant), after the substitution of the control by the state.

18.3 Thickness Optimization of Plates with Unilateral Conditions
We study the optimal design problem
Min{J(e,y), e € E.}, (18.18)

subject to Eq. (18.10) and Eq. (18.11), and with J : L*°(2) x HOZ(Q) — IR, alower semicontinuous
functional;

E, = {e EL®(Q); O<a<e<pB ae Q lelwi(g < y}. (18.19)

Here, o, B, y, t > 2 are some given positive real numbers. One can also include other constraints in
the definition of E,;. For instance, the constant volume constraint

/ edx = const
Q

may be considered. Concerning the possible state constraints, as Q C IR?, the solution y of
Eq. (18.11) belongs to C(£2), and one example of interest is given by the point-wise state constraint

y(x0) = =8, (18.20)

with xo € Q and § > 0 conveniently fixed.

An important case covered by Egs. (18.18) to (18.20) is the minimization of the volume (thickness)
of the plate such that the deflection y remains above a given tolerance —4 (in one or in any point
in ), for a prescribed load f € L?(2). This is a natural safety requirement.

In the sequel, we shall denote by a(e, y, v) the functional of Eq. (18.10), and we assume 0 € /C,
in order to simplify the writing.

PROPOSITION 18.4
Let e, — e in L*™°(2) strongly, and let y", y denote the corresponding solutions to Eq. (18.11).
Then, y" — y strongly in H3 ().

PROOF By Corollary 18.2 and Eqgs. (18.12) and (18.13), we get

/ ei (e;6g2) dx > / ei{wﬁ +2( — 1’)(y’”12)2 +2(r — l)yflllyf’22}dx, (18.21)
Q Q

obtained by the admissible choice 7' = 0, w,, = —en_3g. Then Eq. (18.19) and Eq. (18.21) show
that, for any n:

/ {wr+2(1— r)(y’fz)z +2(r — Dyfyh pdx <c.
Q
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Arguing again as in Eq. (18.16), we see that {w,}, {y"} are bounded in L?(2) and HOZ(Q), respec-
tively. Denoting by § € K the weak limit of y" in Hg(S2), on a subsequence, we can use the form
of Egs. (18.10) and (18.11) of the variational inequality to see that # = y, by the weak lower semi-
continuity of quadratic forms. By summing a(e,, y", y" — y™) and a(e,,, y™, y" — y") according to
Eq. (18.11) and to the uniform (in e) coercivity of a(e, y, v) on H02(Q), we obtain, for some ¢ > 0:

cly” — y’”l?,g(g) <a(en, y", y" = y") —aleq, y", y" = y").

Using Eq. (18.10), and the uniform convergence of {e,}, a short computation gives the strong con-
vergence in Hoz(Q) for {y"}, and the proof is finished.

COROLLARY 18.3
The optimization problem of Eqgs. (18.18) to (18.20) has at least one optimal solution e* € E 4 if it
has admissible elements.

This is a consequence of the compact embedding of W' () in C(£2), ¢ > 2, by the Sobolev theorem
and of Proposition 18.3.

REMARK Corollary 18.3 is a partial extension of results obtained by Hlavacek et al. [10],
Bendsoe [3], and Sprekels and Tiba [14]. If Eq. (18.11) is the obstacle problem, Sokolowski and
Rao [13] have studied its sensitivity with respect to variations around e*.

In the present more general setting, we prove a weaker differentiability-type property. We fix some

b € L*™(R), and we denote by y* the solution of Eq. (18.11) associated with e + Ab, A € IR. By
Proposition 18.4, y* — y strongly in Hg(2) as A — 0. Denote by v* = *=> € Hj ().

PROPOSITION 18.5
(v*} is bounded in HOZ(Q). If ¥ is a limit point of {v*}, then it satisfies:

ale,y,v) = / £ dx, (18.22)
Q

0=>ale, 7,9 —1) +/ 3Ly (01 — L) + Ty (o — Lo) + ty20 (@11 — L11)
Q

+ 200 —12)+2(1 =)y 1@ —1L)ldx, VieZ, (18.23)

with Z C H3 () a closed convex nonvoid set defined in the proof.
PROOF By adding a(e, y, y — y*) and a(e + Ab, y*, y* — y) and by Eq. (18.11), we get

0> ale, yk -, yk -+ / (3e2b + 3reb* + A2b3) [yf‘ll (yﬁl — y,n)
Q
+ Ty,)\ll (y,kzz - y.zz) + Ty,kzz (y,)\n - y,11) + )’,Azz (y,/\22 - )’,22)

+2(1 = )y, (2 — ya2)]dx. (18.24)

Dividing by A2 in Eq. (18.24), and using the coercivity of a(e, -, -) and the convergence of y*, we
find that {v*} is bounded in HZ(S2). Let § be a limit point of {v*}, on some subsequence. Passing to
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the limit A N\ 0 in
ale,y, —v*) < —/ fvtdx,
Q

a(e + Ab, yk,vk) < / fv)‘dx,
Q

we get Eq. (18.22).

Consider now test functions [* € Z; = [1(K — y) N 1(y* — K)] C H§(), A > 0. Notice that
Z, is a nonvoid closed convex setand 0 € Z,,v* € Z,. IfI* € Z,, theny + Al € K, y* —Al* e K,
A > 0. We use these test functions in Eq. (18.11) to obtain:

ate,y,y =y +a*) < —/Qf(y -y + MM dx,
a(e +Ab, y*, vy —y — Al*) < /Qf(y)\ —y =AMy dx.
Adding these inequalities and dividing by A%, we have
0> a(e, v, v* —1") + /Q(3e2b +3xeb® + A7) [y, (v, — %)
7y (Vo = ) + Ty (v = 15n) + 95 (Vi) — 0)
+2(1 = )y, (Vi — ) ]dx, VI* € Z;. (18.25)

If A, \( O1is chosen such that v, — ¥ weakly in H02(§2), we denote by Z = lim inf, ,0Z,, ={p €
HOZ(Q); Ap,, €Z,,, p,, = pin HOZ(Q)}. This is a nonvoid closed convex subset of HOZ(SZ). Passing
to the limit in Eq. (18.25) gives Eq. (18.23), which ends the proof. I

REMARK  The dependence of Z and of § on the way we choose a convergent subsequence of
{v*} shows that they may be not uniquely determined.

18.4 Curved Rods and Shells

For the three-dimensional curved rods, we relax the usual regularity hypotheses on the parametriza-
tion, of type W>>(0, L), by avoiding the use of the classical Frenet or Darboux frames (see
Cartan [5]). A new local system of axes valid for C 110, L] or W>%°(0, L) curves was introduced in
Ignat et al. [12]. As here we are mainly interested in optimization questions, we perform a direct
parametrization of the tangent vector,

£(-) = (sint(-)cosy(-), sint(-)siny(-), cost(-)). (18.26)

The curve is then parametrized by
X3
0(x3) = / f(s)ds, x3 € [0, L]. (18.27)
0

Notice that in this way a unit speed curve 8 in IR? with fixed length L > 0 is automatically generated.
Moreover, the local frame can be obtained by algebraic means,

71 = (cos T cos ¥, cos T sin Y, — sin 7)), (18.28)

b = (—siny, cosy, 0). (18.29)
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The mappings 7, ¥ € C'[0, L] give the real parametrization. If @ (x3) C IR? is a bounded domain,
not necessarily simply connected, we define the open set

Q= J lo@) x ()] c R (18.30)
x3€10,L[
The curved rod € associated to @ is then obtained by the transformation
X = (x1,x2,x3) € Q> FX =X = (X1, X2, X3)

= 0(x3) + x17(x3) + x2b € Q, Vi e Q. (18.31)

The Jacobian J of the transformation F satisfies det J (X) > ¢ > 0, VX € Q, if the sets w (x3) are all
contained in a sufficiently small disk in IR?. In Ciarlet [8] it is proved that F is one-to-one and that
Q is well defined.

We make the geometrical assumption that the displacement has the following form for ¥ € :

(&) = p(x3) + 0 N(x3) + 1B (x3), %= F '(%). (18.32)

The unknowns are p, N, B € Hy (0, L)*, and Eq. (18.32) enters the category of polynomial models.
Comparing with the shell model considered later in this section, we may say that Eq. (18.32) gives
a generalized Naghdi model for curved rods. By introducing Eq. (18.32) into the elasticity system,
we get the following variational equation (here (h;;) = J ~land X, fi are the Lamé coefficients) for
p, N, B:

3

E S NG (o) + B el 3) + () + 1)

@i j=1

+ 2B/ (x3) 3 ()][Mj (x3)h1 (%) + D (x3)ha; (%) + (14 (x3) + x1 M (x3)

+ %2 D (x3)h3;(¥)]| det J (¥)| dX + /1/ Z{Ni(X3)h1j(5€) + Bi(x3)h2; (%)

i<j
+ [0} (x3) + x1 N (x3) + x2B](x3)1h3; (X) + N;j(x3)h1; (%) + Bj(x3)h2i (¥)
+ [0} (x3) + x1 N (x3) + x2 B, (x3)1h3; ) HM; (x3)h1 (%) + Di(x3)h2 ()

+ [ (x3) + x1 M (x3) + x2 D} (x3)1h3; (%) + M;(x3)h1; (%) + D;(x3)ho; (X)
3
+ [(1; (x3) + x1 M (x3) + x2 D, (x3)1h3;(%)}| det J (%] dX + 211/ Z{Ni(xs)hu()?)
Qi

+ Bi(x3)h2i (X) + [p; (x3) + x1 N/ (x3) + x2B] (x3)1h3; (%)}

[M; (x3)h1; (X)+ Di(x3)hoi (%) + () (x3)+ x1 M; (x3)+ x2 D (x3)h3; (X)]| det J (¥)| dx

w

3 3 3
=3 [ @ +x1Mie) +xaDilden s @z + Y03 [ g
=1 ij=11=1

1=

[p1(x3) + x1 My (x3) + X2 Dy (x3) 1] det J (X)]4/ vigHv; dr. (18.33)

Above, ji, M, D € H} (0, L)? are test functions, (v;) is the normal vector to 92, (g"/) = J =1 (JT)~1,
and f € L?(Q)3, g € L*(9R2)? are the acting forces.
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The coercivity of the bilinear form is established under the assumption that @ (x3) D w, Vx3 €

[0, L], and
O=/x1 dX] d.XZZ/deX] dXQZ/xl)Czdxl d)Cz.

The argument in Ignat et al. [12] is a direct one. It is based on the algebraic identity

1 3
3 [(z1h3 + 22h31)” + (22h33 + 23h32)” + (21has + 23h31)*] + 3 (z21h3) + 23h3, + 23h3)
1>

=3 (3 +25+23) (h§1 + hi, + h%:;) + % (z1h31 + 22h3)* + % (z1h31 + 23h33)*
+ % (22h32 + z3h33)%.
A general formulation of optimization problems associated with curved rods is (see Eq. [18.32]):
I\T/{li/fn{l'l(f, ¥) = j@, 9} (18.34)

subject to Eq. (18.33) and to constraints 6 € K C C?(0, L)?, bounded closed subset. A typical
example for Eq. (18.34) is the quadratic case, for instance j (0, §) = E?:] | pi |2Hl ©.0) (minimization
of the displacement of the line of centroids). Notice that our construction eliminates degenerate cases
like rods of length zero. By imposing the constraint 0 < t(x3) < % —¢&,x3 € [0, L], self-intersecting

curves are also eliminated. The partial periodicity constraint

L L
/ lldX3=/ tdx; =0
0 0

can be used for the optimization of spirals, etc.

THEOREM 18.1

If the set of admissible {t, ¥} is compact in C'[0, L1, and if j : C*[0, L]® x HJ (0, L)’ — IR is
lower semicontinuous, then the problem of Egs. (18.34) and (18.33) admits at least one optimal
curved rod 6*.

In Arndutu et al. [2] it is also proved that the mapping {7, 6} — y is Gateaux differentiable from
C'[0, L1? to HO1 (0, L)°, and the directional derivative for the cost of Eq. (18.34) are computed
together with the first-order optimality conditions. Many numerical examples may be found in Ignat
et al. [12] and in Arndutu et al. [2]. Some of them have a clear physical meaning, which may be
interpreted as a validation of the model.

In the case of shells, we consider an open bounded set @ C IR?, not necessarily simply connected
and ¢ > 0, “small.” We denote by 2 = w x ] —¢, ¢[ and by pro— IR a C*(&) mapping whose
graph represents the middle surface of the shell. The shell €2 is obtained via the transformation
F:Q— Q, F(xi,x2,x3) = (x1, %2, p(x1, X2)) + X371 (X1, X2, x3) where 7 is the normal vector:

1
'=(n1,n2,n3)=4( p1, —p2, 1)
Vi+pi+p

and where p;, p, are the partial derivatives of p. The shell is assumed to be partially clamped
along I'y = F(T'y), with 'y = yox] —e¢, ¢[ and yy C dw being some open part. The displacement
aevE)={eH Q)3 P|p, = 0} is supposed to be of the form

a(R) = @(x1, x2) + X37(x1, ¥2),  (x1, %2, x3) = F7'(®).
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The unknowns it, 7 € V(w) = {§ € H' (w)*; vly, = 0} represent the displacement of the middle
surface of the shell, respectively, the modification of the normal vector. This is allowed to change
the length as well (that is, the elastic material can dilate or contract), which is a generalization of the
classical Naghdi model studied, for instance, by Blouza [4] under similar regularity conditions. For &
“small,” we getdet J(X) > ¢ >0, J = V F, which justifies the above construction. If we denote by
[hi;(¥)] = J(X)~", the same approach as for the curved rods, based on the linear elasticity system,
generates the following boundary value problem:

3 du; or; ou; ar;
) l — ) hy; l — ) hy ih3i
/&;{Z |:<8)C] + 8)C1> ! +(8X2+XS 8X2> 2t 3:|}

3
oo T it Gt by tejhs| o [det (X)) d
X E:Kaxl + X3 ™ 1j+ ™ + x3 oxy ) 12 +0jhs;| ¢ |detJ(%)|dx

+2~/i LT W LT L VRN
X3 — i X i rins;
1% o 9%, 38x1 li P 28 2i 3i

i=1

I doi s 90i
x( + 23 >h1, (BXZ . )hzz+th3z]|detj(x)|dx+,u/Z

|: 8)61 8x1 i<]
ou; ar; ou; ar; ou i or;
d — \hy; i h h — hi;
{[<8x1 s 3)61) 1J+(3 6 0x2 ) 2j it o+ (axl e 7 oy ) i
du, or; i 90 Ok d0i
et I b h AL A 2 RIS
+<8x2 +X3 8)62) = ~|—l’1 3l:| |:<8 X1 +X3 8x1 1 + 8)62 +XS 3)(?2 2

o 00 0 00
voihy 4 (Y 4y 20 hy o (24 %% by 4k | b | detd (7)) dE
X1 X1 dxo 8x2

/ Z filu + x3gp)| det J (%) dx

/ Z Z 21 + x301)] det J ()| vi (%) (F)v; (%) d. (18.35)

QI‘Olltjl

Here, the notations are similar to Eq. (18.33). To prove the existence and the uniqueness of the
solution (&1, 7) € V(w)? in Eq. (18.35), we have established the coercivity of the bilinear form by
applying Korn’s inequality (see Sprekels and Tiba [17]). Moreover, in Arndutu et al. [2], by using
an extension technique to H'(IR?), it is shown that this coercivity constant is independent of the
geometry (of p) in some given classes. We associate with Eq. (18.35) the shape optimization problem

Min {I1(p) = j (¥, p)} (18.30)
pek

with y = (@, 7) € H'(w)® and K C C*(@) closed. The mapping j : H'(®)® x C*(®) — IR is of
general type. Some well-known examples of cost functionals and of constraints X are:

- 2 2 2
Jj(.p) = |u1|1-11(w) + |”2|H1(w) + |u3|1-11(w)

(minimization of the displacement of the middle surface of the shell), respectively,

/\/1 + p? + p3 dx; dx; < const

(area limitation for the shell).
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THEOREM 18.2
IfIC C C*(@) is compact and j : H' (0)® x C*(®) — IR is lower semicontinuous, then the shape-
optimization problem of Eq. (18.35) and Eq. (18.36) has at least one optimal solution.

REMARK It is possible to compute directional derivatives of the mapping p — y and to write
optimality conditions (see Arndutu et al. [2]). However, numerical experiments seem very difficult
to perform as the coercivity constant is of the order &, which shows the lack of stability properties
in the computations.
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Abstract  We provide four proofs that the semilinear wave equation with globally Lipschitz
nonlinear term is exactly controllable on the finite energy space HFIO (2) x L,(£2) within the class of
L,[0, T; Ly(I";)]-boundary controls exercised in the Neumann boundary conditions, whenever the
corresponding linear equation satisfies the same property; and on the same time interval. One proof
is based on the global inversion approach applied to the original, controlled problem, which was
proposed by Lasiecka and Triggiani [29]. In contrast, the other three proofs are based, on a uniform
continuous observability inequality of the dual uncontrolled problem. Precise links are exhibited and
exploited among these four approaches. All proofs are essentially operator-theoretic with a partial
differential equation (PDE) interpretation. A common thread of the four proofs is an analysis of
suitable families of collectively compact operators, which then admit uniform inversions in the style
of Reference 29. This way, compactness and uniqueness arguments are entirely dispensed with.

19.1 Controlled Dynamics: Wave Equation with Neumann Control

Let €2 be an open-bounded domain of R”, n > 2, with sufficiently smooth boundary I' = 'y U Ty,
IoNTy =@, Ty # . In Q we consider the following semilinear problem for the wave equation in
the solution w (¢, x), with Neumann-boundary control u based on X;:

Wi = Aw + F(w) in(0,T]xQ=0; (19.1.1a)
W(Ov ) :W()th(ov ) =W in Q, (1911b)
ad
wis, =0, 2| =4 in(0.T]xT; =%, i=0,1. (19.1.1c)
v |y,

Here v(x) is the unit outward normal on x € I". The standing assumption on the nonlinearity f is a
global Lipschitz condition [Reference 44, p. 108] as follows:

f : R — Risan absolutely continuous function with
first derivative a.e., which is uniformly bounded on R: (19.1.2)

| f'(r)| <const. ae., reR.

REMARK 19.1.1 To streamline the treatment, we shall also assume throughout the paper that
f(0) = 0, in order not to be bothered by what are essentially benign terms in the analysis. This
assumption of convenience f(0) = 0 will be maintained throughout this paper unless otherwise
noted.

19.1.1 Exact Controllability

Under some geometric conditions and for all 7 > some universal 7y > 0, the linear problem
Eq. (19.1.1) with f = 0 is exactly controllable over [0, T'], on the state space HllO(Q) x L,(S2),
within the class of controlsu € L, (0, T'; L,(I'y)) [4,22,39,27,49-51], etc. The most general results
are in Reference 4: one such set of specific conditions is given in Eq. (19.3.6) and (19.3.7) below,
for sake of concreteness. The result below extends the same (global) exact controllability property
to the semilinear problem of Eq. (19.1.1) subject to Eq. (19.1.2), over the same time interval.
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THEOREM 19.1.1

Let T > 0 be a time for which exact controllability of the linear problem with f = 0 holds true in
the state space Hllo(Q) X Lo (2) within the class of L,(0, T; Lo(I'1))-controls u. Let f satisfy the
assumption of Eq. (19.1.2). Then, a similar exact controllability result holds true for the original
problem Eq. (19.1.1) for the same time T: for any pair {wgy, w1} € Hllo(Q) x Ly (S2) of initial
conditions, and any pair {Wo, W} € HllO(Q) X L, (R2) of target states, there exists a suitable control
function u € Ly(0,T; Ly(I'y)) such that the corresponding solution {w,w,} of the problem in
Eq. (19.1.1) satisfies {w(T, -), w,(T, -)} = {Wo, W1 }.

19.1.2 Literature

We confine our discussion to second-order hyperbolic equations, in fact for dim €2 > 2. For dim
Q = 1, we refer to Reference 6. Theorem 19.1.1 above is new.

In the case of Dirichlet boundary control: w|y, = 0, w|x, = u, exact controllability of the semi-
linear wave equation of Eq. (19.1.1a) under the same assumption of Eq. (19.1.2) on the nonlinearity
was given in Reference 29 in the state space HOl (2) x L,(£2) within the class of HO‘ 0, T; L,(T"y))-
controls and in the state space L,(2) x H~'(2) within the class of L,(0, T; Lo(I"))-controls.
Hence, by interpolation, in the state space Hg’ (Q) x H~1(Q),0 < y<l,y # % (resp., in the state
space HOIO/Z(Q) X [HOI({Z(Q)]/ fory = %) within the class of H&' (0, T; Ly(I"y))-controls (resp., within
the class of Hol({z(O, T; L,(I'1))-controls, for y = %). These topological settings are optimal [26, 24,
32, 39, 34], (Reference 34, Section 10.5). The paper in Reference 29 was prompted by Zuazua [61]
who used a Schauder fixed-point theorem approach (the approach of using a fixed-point theorem is a
well-established strategy that goes back to the mid-1960s [11] in the case of finite-dimensional sys-
tems). This way, however, Zuazua [61] obtains the above exact controllability results with Dirichlet
boundary control but only in the range 0 < y < 1 and under an a priori assumption of a unique-
ness result, for which Ruiz [45] could provide verification only with control applied on the entire
boundary. Since then, appropriate uniqueness results have become available also in the case where
the control is applied on a suitable portion of the boundary [20, 38, 60]. The limit cases y = 0 and
y = 1—the most interesting ones—are explicitly excluded from Reference 61, as the requirement
0 < y < 1 is essential to its treatment. The case y = 0 is excluded for lack of compactness in
the Schauder fixed-point argument. The case y = 1 is excluded because not enough information is
available in passing to the limit in the compactness-uniqueness argument [see Reference 61, Remark
2.6, p. 375]. The same restriction 0 < y < 1, this time without the additional uniqueness assump-
tion, is present in the result of Zhang [Reference 60, Theorem 4.2, p. 831] for a more general wave
model, as this work invokes on this point Zuazua [61]. In contrast, the approach of Lasiecka and
Triggiani [29] is based on a global inversion theorem, as carried out for an abstract equation under
assumptions that are intended to capture dynamical properties of hyperbolic and hyperbolic-like
partial differential equation (PDE) problems (waves, plates, etc.). The aforementioned results for
semilinear wave equations with Dirichlet controls are then obtained in Reference 29 by specializing
the abstract results. The global inversion theorem continues to be the carrier of the analysis of the
present paper with Neumann boundary control as well, at least in its Part I. Moreover, Parts II, III,
IV—which deal with the dual uncontrolled linearized problem—either proceed through an approach
dual to Part I or else eventually fall into Part I. We also refer to [8].

19.1.3 Orientation

As explained above, the (global) exact controllability of the problem in Eq. (19.1.1) with Neumann-
boundary control is studied in Part I of this chapter (Sections 19.2-19.4) by virtue of the global
inversion approach of Reference 29, here revisited to fit present circumstances. Proposition 19.4.1(a)
below provides an operator-theoretic characterization for the solution of the (global) exact control-
lability problem of the system in Eq. (19.1.1) in terms of the global inversion (homeomorphism) of
the map: © — [u + Ar(u)]. A sufficient condition for this to occur is that the Frechet derivative
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[I + A’ (u)] of this map has the inverse, which is uniformly bounded in u,
Il + A%(M)]71||L([N(£T)]L) <const., Vu € [N(Lp)]* . (19.1.3)

This result is contained in Eq. (19.4.18b) of Proposition 19.4.1(b), indeed, in its version Eq. (19.4.64)
of Lemma 19.4.6. On the other hand, Proposition 19.4.3, Eq. (19.4.39a) yields that the operator
[ + A% (u)] coincides with the operator M7[y,] modulo, an (algebraic) isomorphism as a factor.
Here, Mr[y,] is the map &t — z(T) = Mry[y,]i in Egs. (19.3.15) and (19.4.33), with u as
a parameter, where z is the solution of the corresponding linearized problem with I.C. zg = 0;
see Eq. (19.2.18), whose PDE version is given by Eq. (19.2.37). Thus, the uniform bounded inversion
[I+ A’T(u)]’1 is, in turn, equivalent to the condition that the adjoint operator M.[y, ] be bounded
below uniformly in u, as in Eq. (19.5.5), see Proposition 19.5.1. The latter condition is then ultimately
verified as a continuous observability inequality of the linearized problem, uniformly with respect
to the potential q(t,x) € L (Q) in a given ball, where, in the relevant case, g = f'[w(z, x)].
This inequality of Eq. (19.5.10) for the dual uncontrolled ¢-problem in Eq. (19.3.9) = Eq. (19.6.3)
actually proved as inequality of Eq. (19.A.21) of Theorem 19.A.3 in Appendix 19.A. Two different
strategies are then pursued here to establish (global) exact controllability of Eq. (19.1.1), with the
second strategy receiving three different implementations.

In Part I, Sections 19.2 to 19.4, following Reference 29, extract some key properties of the
linearization system. A first group of properties consists of structural properties of the operators
defining the linearization system: they are labeled here (P.1) = Eq. (19.2.14), (P.2) = Eq. (19.2.27),
and (P.3) = Eq. (19.2.34). A second group of properties consists of control-theoretic properties
labeled in Section 19.3 as (C.1), exact controllability of the linear problem, and (C.2), an approximate
controllability property of the linearized system. Following the strategy of Reference 29, it is here
shown in Part I that, cumulatively, properties (P.1), (P.2), (P.3), (C.1), and (C.2) imply the desired
uniform bound Eq. (19.1.3) = Eq. (19.4.64), whereby then exact controllability of the semilinear
system Eq. (19.1.1) is established via a global inversion theorem, as stated in Theorem 19.1.1. Part I
deals entirely with the original controlled problem.

A second strategy centers on establishing the uniform continuous observability inequality (COI)
of Eq. (19.5.5) of the linearized problem, involving M.[¢], uniformly in the potential ¢ € L (Q)
in a fixed finite ball. To this end, three different implementations may be pursued (see Section 19.5).

The first such implementation makes up Part II (Sections 19.6 and 19.7). Unlike Part I, it deals
entirely this time with the dual uncontrolled problem in Eq. (19.3.9) = Eq. (19.6.3) and seeks to
prove directly the uniform COI of Eq. (19.5.11) of the linearized problem by the operator-theoretic
properties of Lemmas 19.4.4 and 19.4.5 established in Part I.

A second implementation—pursued in Part III (Section 19.8)—consists again in showing the
uniform COI of Eq. (19.5.5) or Eq. (19.5.10), however, this time by seeking to prove the equivalent
inequality of Eq. (19.8.4) = Eq. (19.8.7) on traces or their operator representations. But, again, it
does so not directly but by proving, in turn, an equivalent inequality of Eq. (19.8.8) (equivalence
via an isomorphism), which is precisely the operator-theoretic inequality of Eq. (19.8.9), in turn,
established via Lemmas 19.4.4 and 19.4.5 of Part I.

A third implementation of the second strategy makes up Part IV (Section 19.9); this also deals
entirely with the dual uncontrolled problem and seeks likewise to establish the uniform COI of
Eq. (19.5.5) or Eq. (19.5.10). However, unlike Part III, it achieves this goal by proving the trace
inequality (or its operator reformulation) of Eq. (19.8.4) = Eq. (19.8.7) this time directly, not its
equivalent (via an isomorphism) version Eq. (19.8.8). Indeed, there are some advantages in pursuing
this route. One still falls in the “collectively compact family of operators” mode that characterizes
this entire paper (following Reference 29) and consequent application of its basic theory [1]. How-
ever, now only the counterpart of Lemma 19.4.4 is needed. The counterpart of Lemma 19.4.5 is
entirely dispensed with on this Part IV. In short, Part IV requires only one uniform inversion (as in
Lemma 19.4.4), not two uniform inversions (as in Lemma 19.4.5). This way, it provides an alternative
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proof of Theorem 19.1.1. Figure 19.5.1 in Section 19.5 illustrates graphically the four different paths
of the four proofs.

The chapter closes by presenting, in Section 19.10, some comparison comments, also in light of
a generalization of the Dirichlet-boundary control case with L,(X)-control (case y = 0) for a far
more general model than in past literature, based on the extension in the Riemannian setting [59], of
prior sharp results in References 20, 38, and 60 in the Euclidean setting.

Some essential but more standard background material is collected, sometimes for completeness,
in Appendices A to C.

Part I: Proof of Theorem 19.1.1 by the Abstract Global Inversion
Approach of Reference 29 via the Controlled Problem

19.2 Abstract Formulation of Equation (19.1.1) and Corresponding
Structural Properties

Abstract Model

Equation (19.1.1) can be cast into the following abstract equation with y(¢) = [w (), w,(?)]:
y=Ay+ F(y)+Buc[DAM)], y0)=yeY (19.2.1)

to be interpreted as specified below, where the relevant spaces and operators are identified.
1. First, let A : L,(2) D D(A) — L,(R2) be the positive, self-adjoint operator defined by
Ah = —Ah, D(A) = {h € HX(Q), hlr, = %hﬁ = 0}. Then, —.A generates a strongly

continuous (s.c.) cosine operator C(t) on L,(€2) with ‘sine’-operator S(t) = fol C(t)dr.
With y(t) = [w(z), w:(?)], the operator A in the model Eq. (19.2.1) is given by

1

A=| 4 o] o =D x D). DY) = @ = th € 1@, = 0

-A 0
(19.2.2)
Then, A generates the unitary s.c. group e4’ given by
A = [—Aggi gg” ICO eizaer + [[AF SO 1, gy < cOBSL. (19.2.3)
on either of the spaces
H=D(A?) x Ly(Q) or Y = Ly(Q) x [D(A?)]’, (19.2.4)

which are topologically equivalent to Hp! () x L»(€2) and L»(2) x [Hp ()], respectively,
where [ ]’ denotes duality with respect to L,(£2) as a pivot space.

2. Next, let N be the Neumann map (harmonic extension of boundary data) defined by

oh
Ng:h<:>{Ah=OinQ; hlr, =0, 3
v

—gb (19.2.5a)
r

N : continuous Ly(I') — H?>(2) C H> () =D(Ai™¢), Ve>0 (19.2.5b)
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[40, 34]. Then, with U = L,(T";), the operator B in the model in Eq. (19.2.1) is

o 0 1 . —Nu -1 3
Bu_{ANu} A Bu-{ 0 }, AT B e L(U; H), (19.2.6)

where A in ANu is actually the isomorphic extension, say, L,(2) — [D(A)]’ of the original
operator A defined above in Eq. (19.2.2).

3. Finally, the nonlinear operator F in the model in Eq. (19.2.1) and its Frechet derivative F'[n] €
L(Y) at the point € Y are given by

0 S 0 B
For= {f(m(-))}’ Flno) = {f’(m«))yl(-)}’ FO =0, (19.27)

y = [y,»l € Y,n = [m,n] € Y, with f the function in Eq. (19.1.1a). Because of
assumption in Eq. (19.1.2) on f, we have that F is a continuous operator on H or on Y, and,
moreover, that

| F'InlllLe + | F'InlllLyy < const., uniformly in 5 € Y, (19.2.8)

whereas F(0) = 0 is a consequence of f(0) = 0, Remark 19.1.1.

Additional properties Instead of the differential version of Eq. (19.2.1) on, say, [D(A*)]', duality
with respect to H as a pivot space, we consider its variation of parameter version

y(t) = eyo+ (Lu)(t) + (REy)(®), y(t) = [w(), w()]; (19.2.9)
y(T) = e*"yo+ Lru+ RrFy. (19.2.10)

Regarding the operators £ and £ The following critical regularity property of the problem in
Eq. (19.1.1) with f = 0 and {wg, w1} = 0 is known

A/ St —1t)Nu(r)dr
0

[ W p=o(t) (19.2.11a)

= — ' A(t—1) _
(Wr)fzo(l):| = (Lu)(®) —/0 e Bu(t)dt =

.A/ C(t — t)Nu(r)dr
0

: continuous Ly(0, T'; Lo(I')) — C([0, T'T; Hp, (€2) x H* ' (Q)) (19.2.11b)
:closed L,(0, T; L,(T'y)) D D(L) — L,(0,T; H), (19.2.11c¢)

o = % for Q a parallelepiped, o = % for a general smooth bounded domain [28, 32, 53]. The
corresponding result with o > % is false for dim €2 > 2 [28]. For the formulas in Eq. (19.2.11a),
see References 57, 26, 32, and 34. Moreover, we have

HE(Q) =D(A?), H'(Q) = [H @] =[H'™@] = [D(A"*7?)]", (19.2.12)

because H”(Q) = H} (Q),0 < p < 1 [40]. Thus

wr=0(T) | _ _ . ~ . « -1
|:(Wt)f=0(T):| = Lyu = (Lu)(T): continuous L,(0, T; Lr(T"y)) — HFO(Q) x Hp, (Q),
(19.2.13a)
closed L»(0, T Lo(I')) D D(Lr) — H. (19.2.13b)

When viewing Lr as a closed operator as in Eq. (19.2.13b), we shall consider D(Lr) as a Hilbert
space endowed with the graph norm.
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For the analysis of the semilinear exact controllability problem to be carried out in Section 19.4,
the following property—identified as (P.1)—plays a critical role:
(P.1) (key property of L)

£ compact Ly(0, T; La(T1)) = & = La(0, T; ¥); ¥ = Ly(Q) x [D(AZ)]. (19.2.14)

The property in Eq. (19.2.14) is obtained by application of Aubin’s lemma [2], which requires (the
weaker version, L; in time of) Eq. (19.2.11b), as well as

d A/ C@t —1)Nu(r)dr

(—.Cu) (1) = (19.2.15a)
dt {Nu(t) . A/ S(t — T)Nu(r) dt

. continuous L,(0, T; L,(I"y)) — L,(0, T; H“’I(Q) X (D(A%))’), (19.2.15b)

along with compactness in space, from H%(Q) x H* 1(Q) — Y.

Regarding the operators R, Ry We recall from Eq. (19.2.4) that H = D(A%) x L,(2) and
Y = L,(Q) x [D(A?)]'. Then

t

(Rg)(t) = / eV g(t)dr : continuous L;(0, T;Y) — C([0,T];Y); (19.2.16a)
0

continuous L(0, T; H) — C([0,T]; H). (19.2.16b)

Rrg = (Rg)(T) : continuous L1(0,T;Y) — 7, (19.2.17a)
continuous L(0, T; H) — H. (19.2.17b)

The linearized problem The linearized problem corresponding to Eq. (19.2.1) is given by

z=Az+F'[nlz+Bu, z00)=z0€ H,neY; (19.2.18)
2(t) = eMzo + (Lu) () + (Klnl2)(1); (19.2.19)
2T) = e zo+ Lru+ Krlnlz (19.2.20)

(its PDE version will be given in Eq. [19.2.37] below), with £, L7 defined in Eq. (19.2.11) and
(19.2.13). Moreover, K[n]g anld Krlnlg, are defined as follows for n = [n, 2], ¢ = {g1, &2} €
Er = L{0,T; Ly(RQ) x [D(A2)]'}, via Egs. (19.2.7), (19.2.3), and (19.2.16):

Kinl=RF'[nl; (Knlg)(t) = / AT F In(o)]g () dt (19.2.21)
0
/t 0 /OS(t — 1) f (m()gi(v)dr
= [ AU [ } dr = (19.2.22a)
Fm@)gi(r) !
° e / Clt— 0 f (1 (D) g1 (7) dr
0
: continuous &7 = L,(0,T;Y) — C([0,T]; H) C &r. (19.2.22b)

Recalling H = D(A%) x L,(£2), we obtain via also (19.1.2) used in (19.2.22),

IKIngle, < VTIKMIglcqorim < Cligillio.rm@) < Cligle
uniformly inn € &7 = Ly(0, T; L2(R) x [D(A%)]/);
(19.2.23)
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Krlnl = RrF'[n]: continuous & — H, uniformly in n € Er. (19.2.24a)
T T 0

K = AT=D E'In(1)]g(t) dt = / A<T’>{ , }d . (19.2.24b

rlnlg /0 e [n(®)]g(r)dt ; e ()81 () t. )

Similarly, from Eq. (19.2.22),

d / Ct—v)f' (m@ENgi(r)dr
(E’C mg) 0 = 0 r L (19.225)
fm@®)gi(t) — A/o St —1) f'(m(x)gi(r)2dt

d
H%’C[ﬂ]g < CllgillL,0.1;.@) < Cligle,,

La(O.T: Ly x[D(AD)])
uniformly in n € & = L1(0, T; Ly(R) x [D(A%)]/).

(19.2.26)

Again via Aubin’s Lemma [2], which uses Eq. (19.2.23) and (19.2.26), we obtain the following

property of C[n] = R F’[n], which plays a critical role in the subsequent analysis of the semilinear

exact controllability problem in Section 19.4.

(P.2) (key property of K[n] = RF'[n])

With Y = L,(R2) x [D(A%)]’, not only do we have that

K[n] = RF'[n] : compact Er — Er, foreachnfixed € &y = Ly(0, T; Y), (19.2.27)

but, in addition, we have that

(a)

Er = Ly(0, T; Y): that is Reference 1, p. 4, the set union Unefr Kln] (19.2.28)

{the family of operators {K[n]},ecs, is collectively compact on the space
(unit ball of £7) is a precompact set in Er,

where the union of the image of the unit ball of £7 under the operator K[5] is taken over
all n € &r. The validity of the property in Eq. (19.2.28) is, of course, because estimates of
Eq. (19.2.23) and (19.2.26) are uniforminn € Ey.

Moreover, K[n] satisfies the following additional property.

(b) For any sequence n, € &7 = L(0,T;Y),Y = L,(Q2) x ['D(_A%)]/, we can extract a subse-
quence 7,, such that

Klnn) = RF'[n,,] = K = RF, strongly in &7 = L,(0, T; Y), (19.2.29a)

(K%)(t) = (RFog)(t) = / A Fy(t)g(t)dr  (19.2.29b)
0

_ ' A(t—1) 0
- /0 e [fo(r)gl(r)]dt’ (19.2.29¢)

for a suitable operator Fy € L(Y), possibly depending on the subsequence. The proof of the
property in Eq. (19.2.29) follows as in Reference 29, Proposition 3.3(b), p. 129. In short,
given 1, € &r, the assumption of Eq. (19.1.2) yields | f'(1,.1)| < const., uniformly in n, so
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that by Alaoglou’s Theorem one can extract a subsequence 1,1 € L2(0, T; L,(€2)) such that
S (u, 1) — some fy in L>°(R)-weak star. One then defines

0
Fov = [f0(~)y1]’ IFoylly = foCOVill p 3, = cllfoC)iliLae

< clyille.@ < cllylly. (19.2.30)
Then, one obtains that
1 1
Lo T .
[/(l)z 2 1 Kl — [f(l) A RFyweaklyin &y = L,(0,T;Y), (19.2.31)
as well as
dKlnn, dRF, .
;t? d ; % weakly in & = L(0, T; Y). (19.2.32)

Then, as a consequence of the weak converge of Eq. (19.2.31) (that takes care of the “space”-
coordinates) and of Eq. (19.2.32) (that takes care of the “time”-coordinate), as well as of the
compactness of A~ on L,(S2), we deduce that the strong convergence of Eq. (19.2.29) holds
true, as desired, and property (P.2)(b) is established.

Consequence of (P.2)(a) and (b) As a consequence of the collectively compact property of
Eq. (19.2.28) and of the strong convergence of Eq. (19.2.29), it then follows [A1, p. 5] that

K is compact on Er; 1K1l &y < const., uniformly inn € &7 = L2(0,T; Y). (19.2.33)

There is one more property this time for the operator Kr[n] = Ry F’[n] that will be needed in the
analysis of the exact controllability property of the semilinear model of Eqs. (19.2.1) or (19.1.1):

(P.3) (key property of KCr[n] = RrF'[n]) Foreachn € & = L,(0,T;Y) fixed, where ¥ =
L>(RQ) x [D(A2)], we have

Kr(nl = RrF'[n] : continuous &7 = L,(0,T;Y) — H = D(A%) x Lo(2) (19.2.34)

as already noted in Egs. (19.2.23) and (19.2.24) and, moreover, given any sequence 7,, € 7, we can
extract a subsequence 7,,, such that the following weak convergence takes place:

_ / 0 —
{ICT[nnk] = RrF'[n,] — some K7 = Ry Fy, (19.2.352)

weakly from & = L(0, T; Y) — H = D(A?) x L(),

0

T T
KVg = RrF =/ AT=D Fy (g (1 dtz/ *“T‘”{
78 rFog | e o(H)g(®) ; e Fo()1(0)

}dr, (19.2.35b)

for some operator Fy € L(Y), possibly depending on the subsequence, which can be taken to be the
same that arises in Eq. (19.2.29).

The validity of the property of Eq. (19.2.35) follows through an argument similar to that yielding
property (P.2)(b) = Eq. (19.2.29); see details in Refercence 29, Proposition 3.4, p. 131.

Consequence of (P.3) As aconsequence of the properties of Egs. (19.2.35) and (19.2.8), the latter
being a consequence of the standing assumption of Eq. (19.1.2) on f, we obtain

x|l L. 1y < const., uniformly in n € Er. (19.2.36)
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In PDE terms, the linearized z-problem of Eq. (19.2.18) is given by

G = A+ f'Im()I¢ in(0,TIx Q= Q; (19.2.37a)
Cls, = 05 3£ =u in(0,TIxIh=%;,i=0,1, (19.2.37c)
|y,

20 = {%, 81} € H, where n; € L,(0,T; Ly(2)). Its dual version is precisely the ¢-problem
in Egs. (19.3.9a—) below with potential g(¢,x) = f'(n1(+)), eventually ¢(z, x) = f'(w(z, x)),
therefore satisfying the assumption of only Eq. (19.3.10) below: ¢ € Lo (Q).

19.3 Control-Theoretic Properties

In this subsection we collect control-theoretic properties enjoyed by the system in Eq. (19.1.1) (or
Eq. (19.2.1)), to be used in the subsequent analysis of the semilinear exact controllability property in
Section 19.4. (1) exact controllability on Hrlo(Q) x L,(S2) of the linear problem of Egs. (19.1.1) or
(19.2.1), with f = 0; and (2) an approximate controllability property of the corresponding linearized
abstract problem of Eq. (19.2.18), rewritten in PDE terms in Eq. (19.2.37).

Preliminaries

However, before doing so, we need to address the issue that, in the present Neumann-boundary
control case, a pathological feature arises (that has no counterpart in the corresponding Dirichlet-
boundary control case), namely, the space H = Hllo(Q) X L,(€2) of finite energy where exact
controllability is sought is much smoother (for dim © > 2) than the space H*(2) x H*~'(Q),
o= % or 2, of optimal regularity of the boundary control — solution operator £ (see Eq. (19.2.11b))
or corresponding operator Ly (see Eq. (19.2.13a)). In other words, L7 is not continuous from
Ly(0,T; L,(T'y)) to H = Hrlo(SZ) x L,(£2), where HFIO(Q) = D(.A%). However, L is closed as an
operator (see Eq. (19.2.11a)):

t
(Lu)(t) = A/ A" DA ' Bu(t)dr, AT'B € L(U; H) (19.3.1a)
0

: L0, T;U) DD(L) — C(0,T]; H = D(A%) X Ly(2)) closed. (19.3.1b)
This is so, because A is closedon H, A~' € L(H), and the integral term in Eq. (19.3.1a) is bounded

from L,(0, T; U) to C([0, T]; H); Reference 19, p. 164. In addition, we have with reference to
Eq. (19.2.11a)

. A/ S(t —t)Nu(r)dr
] — (cu)(z)z/ A0 Bu(r) dr = ‘ (19.3.22)
0 1

|: WfEO(t)
.A/ C(t — t)Nu(r)dr
0

W) p=0(t)

. continuous H' (0, T; L,(I'y)) — C([0, T1; H); (19.3.2b)

H = D(.A%) x L,(R2). To see Eq. (19.3.2b), one integrates by parts in ¢ each component in
Eq. (19.3.2a) and invokes Eq. (19.2.11b) or else invokes Reference 30. Similarly, we have that
(see Eq. (19.2.13b))

Lru= (Lu)(T) : Ly(0,T; La(T1)) D D(Lr) — H = D(A?) x Ly(Q) is closed;  (19.3.3)
: H'(0, T: Ly(T';)) — H is continuous. (19.34)
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(C.1) Exact Controllability of the Linear Problem in Eq. (19.1.1) (f = 0), on the Space
H = H{ () X L(£2), within the Class of L,(0, T; L»(T';))-Neumann Boundary
Controls for T > T

This is the property for the closed operator L7 that
L7 1 Ly(0,T; Ly(I'y)) D D(Ly) is surjective M H= D(.A%) X Ly(2). (19.3.5a)
Equivalently, (see Reference 56, p. 235) its corresponding (Hilbert) adjoint is bounded below
I£5 21 y0.7:20y = Crllkllg. h € H. (19.3.5b)

It is well known that such property for the problem in Eq. (19.1.1) with f = 0 holds true under some
geometric conditions and for all 7' sufficiently large [4, 27, 39, 49-51].

One Setting of Geometric Conditions For the sake of concreteness we shall make reference to
one such setting even though it is not the most general one, which is in Reference 4. Letd : Q = R*
be a C3—strictly convex function and let 2(x) = Vd(x) be the corresponding conservative vector
field, so that, if H,(x) and J,(x) denote, respectively, the Hessian matrix of d and Jacobian matrix
of A, then it holds that

Hi(x)=J(x) >2p >0, VxeQ, (19.3.6)
for some constant p > 0. Assume further that
h(x)-v(x) <0 onTy, v(x)= outward unit normal. (19.3.7)

Define

To=2 , p asin Eq. (19.3.6). (19.3.8)

{maxxeﬁ d(x) ] :
Then, exact controllability of the linear problem of Eq. (19.1.1) with f = 0 is guaranteed to hold

true on H = HllO(Q) X L, (2) within the class of L,[0, T'; L,(I'1)] controls, under the geometric
conditions of Egs. (19.3.6) and (19.3.7), for all T > T, [33, 36, 37].

(C.2) Approximate Controllability (Unique Continuation) of the Linearized System
of Eq. (19.2.18) or Its PDE-Version Eq. (19.2.37) and Its Limit Version Involving
the Limits in Eqgs. (19.2.29) and (19.2.35)

We consider the following homogeneous backward problem:

by = Ap+qt,x)p  in(0,T]xQ=0: (19.3.92)

o1, ) = ¢o,¢(T, -)=¢1 inQ; (19.3.9b)

s, = 22| =0 in(0.T]xT; =%, (19.3.9¢)
|y,

under the standing assumption that

{0, p1} € Y = Lr(Q) x [D(A%)}’; q(t,x) € Loo(Q). (19.3.10)

We begin by recalling a relevant regularity result.
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THEOREM 19.3.1
With reference to the ¢-problem of Eq. (19.3.9), with q as in Eq. (19.3.10), we have

{$o, d1} € Lr(RQ) x [D(A%)]’ = {¢. ¢} € C([0, T1; Lo(Q) x [D(A%)]’) (19.3.11a)
continuously. More precisely,

2 . < Cr(l +eMT 2 . . (193.11b
1D vty = CrA+ T Ialia@)lgo. 8017 o )

One may provide several standard proofs of Eq. (19.3.11a): by fixed point (contraction) by the
evolution operator U (¢, s) as in Appendix 19.B below, etc. In Appendix 19.C, Theorem 19.C.1, we
provide, for completeness, a proof that has the advantage of showing the dependence upon g of the
constant of continuity, as in Eq. (19.3.11b).

Unique Continuation Property We now pass to the relevant unique continuation result, or (by
duality) approximate controllability.

THEOREM 19.3.2 1
Consider the problem in Egs. (19.3.9a-b) with {¢g, 1} € Y = L,(Q) x [D(A2)] and B.C.
0
pls=0, 221 —o (19.3.12)
av ol

in place of Eq. (19.3.9¢). Assume the geometric conditions of Egs. (19.3.6) and (19.3.7), and let
T > Ty as defined in Eq. (19.3.8). Then, in fact, ¢g = ¢ = 0.

PROOF OF THEOREM 19.3.2  [see Reference 29; p. 133-134].

Step 1.  First, under the weaker B.C. Eq. (19.3.9c), Theorem 19.3.1 provides the a-priori regularity
of Eq. (19.3.11a) for {¢, ¢;} € C([0, T]; Lo(2) x [D(A%)]/). Using this information, we next boost
the regularity using the full strength of the over determined B.C. of Eq. (19.3.12) and obtain that, for
T > Ty, we have

00 > 181} o7z = Cr(T = Tl(@.$I2 1 o (193.13)

In view of Eq. (19.3.13), we actually have that the corresponding solution satisfies

1

{¢o, ¢1} € D(AZ) x Lr(Q), hence {p, ¢} € C([0, T]; D(A%) x L(R)), (19.3.14)

as it follows by multiplying Eq. (19.3.9) by ¢, and using the Gronwall inequality (as in Eq. (19.C.11)
below). The inequality of Eq. (19.3.13) for T > Tj (defined in Eq. (19.3.8)) is already in the lit-
erature. In fact, one invokes Reference 33, Theorem 2.1.2, Eq. (2.1.10a), p. 222, or Reference 36,
Theorem 3.4, Eq. (3.15), p. 30 (with forcing term = 0), combined with the inequality of
Reference 33, (2.4.3), p. 237 or Reference 36, (5.2.1), p. 46, yielding the boundary terms BT |5 =

! Js, € (g—‘f)2 h - vdXy < 0 under the B.C. of Eq. (19.3.12), with ¢ as in this Reference.

Step 2. With the regularity boosted to the Hllo (2) x L, (2)-level as stated in Eq. (19.3.14), we can
now invoke available uniqueness theorem [38, 60, 59]. Indeed, this uniqueness result follows as a very
special case of inequality of Eq. (19.10.12) below in a Riemannian setting, taken from Reference 59,
and previously available in the Euclidean setting [20, 38, 60]. However, References 45, 16, and 17
do not apply, as they require I'y = . In this connection, we quote also [3, 12-15].
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Approximate Controllability of a (-Problem The above treatment casts property Eq. (19.C.2) as
aunique continuation property of the ¢-problem Eq. (19.3.9) with I.C. {¢g, ¢1} € L(2) x [D(.A% ).
We now justify why this property Eq. (19.C.2) is also, equivalently, an approximate controllability
property.

Indeed, we note that the ¢-problem of Eq. (19.3.9) is dual to the ¢-problem of Eq. (19.2.37) with
f'(n(t, x)) = q(t, x), see Appendix A or Appendix B. [Ultimately, n; (¢, x) = w(t, x)]. Then, the
uniqueness property in Theorem 19.3.2 with ¢ (¢, x) = f’(n;(¢, x)) means, by duality, that

themapu € L,(0,T; U) - Mrylqlu = {¢(T), {(T)} has dense range in H, (19.3.15)

where U = L,(I'y), H = Hrlo(SZ) x L,(€2), which is precisely an approximate controllability
property of the corresponding controlled ¢-problem.

When referring particularly to the z-problem Eq. (19.2.18) or its PDE version, the {-problem
Eq. (19.2.37), both depending on the parameter n = [n, n2] € &7, we shall write alternatively
Mr[n] in place of Mr[q] for the map in Eq. (19.3.15) where, of course, ¢ (¢, x) = f'[n1(¢, x)].
Below, in the analysis of Section 19.4, we shall obtain an explicit formula for the map My [n]. Itis
given by (see Eq. [19.4.33])

Myn) =Ly +Krlnld = KD ™'L : Ly(0, T; U) D D(M7[n]) = D(Lr) — H. (19.3.16)
Similarly, for the limit version given by Egs. (19.2.29a) and (19.2.35a), we have likewise
MY =Lr+ K51 - K7L DM7) — H. (19.3.17)

This corresponds to the ¢-problem of Eq. (19.2.37) with potential ¢ = fo(-) as obtained in
Eq. (19.2.29b) or (19.2.35b).

Thus, the denseness property of Eq. (19.3.15) encompasses, in particular, the following statement:
for each fixed n € &7, the map Mr[n] in Eq. (19.3.16), as well as the map /\/l(% in Eq. (19.3.17),
each have range dense in H.

19.4 Exact Controllability of the Semilinear Problem of Egs. (19.1.1)
and (19.1.2) under Properties (P.1), (P.2), (P.3), (C.1), (C.2). Proof
of Theorem 19.1.1 by the Global Inversion Approach [29]

So far, our treatment of the semilinear problem of Eq. (19.1.1), under the assumption of Eq. (19.1.2)
on the nonlinearity, has recast Eq. (19.1.1) as the abstract semilinear Eq. (19.2.1) subject to the
property of Eq. (19.2.8) and has extracted several additional key properties of Eq. (19.1.1), which
have all been expressed in abstract form: the structural properties (P.1), (P.2), (P.3), as well as the
control-theoretic properties (C.1) and (C.2). We shall now use these properties to establish exact
controllability of Eq. (19.1.1) through the abstract approach of Reference 29, based on a global
inversion theorem [7, 46]. We thus make reference to Eq. (19.2.1) where y(¢) = {w(¢), w;(¢)} in
regard to Eq. (19.1.1).

The present section corresponds to Reference 29, Section 2.1 revisited, with the key operator Ly,
however, unbounded (but closed) L, (0, T'; L,(I"1)) D D(L7 onto H).

Step1. Lety, € H = D(A%) x Ly(2) and u € D(L), where H'(0, T; Lo(T'})) € D(L) C
L,[0, T; Ly('1)], see Egs. (19.3.1b) and (19.3.2b). By a fixed point argument, we then obtain that
y(@) ={w(),w:(t)} € C([0, T]; H). In this setting, we return to the variation of parameter formula
of Eq. (19.2.9), rewritten as [I — RF]y, = e* yo + Lu € C([0, T]; H) (we note the dependence of
y on u) and obtain the solution

Yu®) ={I = RF1"'[e* yo + Lul}(t) € C([0, T]; H), u € D(L), (19.4.1)
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directly in terms of the data, in particular foru € H 10, T; Ly(T))). In view of Eq. (19.1.2), we have

[ — RF]*1 : bounded and continuous C([0, T]; H) — C([0, T]; H). (194.2)
The validity of Eq. (19.4.2) follows from solving uniquely on successive intervals of suitably small
but equal size [0, T1], [Ty, 2T], T > 0, etc., the corresponding equation

[ —-RFIE=XeC(0,T]; H), or £(t) —/ eAUTDFRE(T)]dT = X (1), (19.4.3)
0

using the property, from Eq. (19.1.2), that F in Eq. (19.2.7) is globally Lipschitzon H : || F(§)||g <
const||& || .
We return to the variation of the parameter formula of Eq. (19.2.10) for¢t = T':

yu(T)=e*Tyo+ Lru+RrFy, € H, yo€ H, ueD(Lr), (19.4.4)

inparticular, foru € H'[0, T; L,(I";)]. Without loss of generality for our present exact controllability
problem, we can restrict to controls u € [N L+ throughout this section, where

N(Lr) ={ueDLr): Lru=0} (19.4.5)

a closed subspace of L,(0, T; U) by the closedness of £ in Eqgs. (19.3.3), and [ ]+ denotes the
orthogonal complement in L,[0, T'; L,(I"})] to the closed subspace [ ],

Ly(0, T; Ly(T) = [N (L)l + IV (L)] (19.4.6)

The closed complementary subspaces N (L) and [N (Lr)]* will be always topologized by the
inherited L,(0, T'; U)-norm, U = L,(I"}). Thus, the exact controllability problem under investiga-
tion can be reformulated as follows: Given T > 0, yo € H, yr € H, seek, if possible, a control
ue [NCL)HIFND(Ly) C L0, T; Lr(T'y)) such that

vr = yu(T) = e yo + Lou+RrFy,, ue[N(Lr)NDLy). (19.4.7)

Henceforth, [N (Lr)]* will be our control space and Lr|x/(z,)-» by which we mean the restriction
of L7 on [N (L7)]* N'D(Lr), is injective.

Step 2. We now invoke the exact controllability property (19.C.1) = Eq. (19.3.5) for the linear
system, whereby

Lrlne © closed, injective, surjective from IN(LPHIEND(Ly) onto H. (19.4.8)

By the open mapping theorem, we then obtain that
L,h= (£T|[N(LT)]L)_I: bounded, injective, surjectiveH > [N(L7)]- N D(Ly) C Ly(0, T; U),
(19.4.9)

where L% is the pseudo-inverse of Lr. Thus, £% is an isomorphism between H and [N(L7)]*+ N
D(Ly), in the sense of Reference 56, p. 15: a one-to-one correspondence between H and [N (L7)]+ N
D(Lr). L% is bounded in Eq. (19.4.9), but (E’“Tt)’1 = Lrln, is not bounded from L, (0, 75 U)
to H. It is bounded only if the subspace [N (L7)]* N D(Lr) of Ly(0, T; Lo(T'y)) is topologized by
the inherited norm

lullnves = 1w ullam,

which is equivalent to the graph norm, in which case £% becomes a topological isomorphism (L%
and (£%)~! both continuous with such topologies) or linear homeomorphism. We shall not use this
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property. An explicit formula for £% is known, under the present property (19.C.1) = Eq. (19.3.5).
Indeed, by a well-known result in Functional Analysis (see Reference 56, p. 235), the surjectivity
property of Eq. (19.3.5a) for the closed operator Ly is equivalent to the condition that the Hilbert
space adjoint: £ : H D D(L%) — L»(0, T; L»(I"y)) is bounded below as in Eq. (19.3.5b)

1C5x | 070,00y = Crlixlla, Y x e DLy (19.4.10)
(sometimes the Banach-space adjoint is more convenient to take).
REMARK 19.4.1 Throughout this paper, * will denote adjoint with respect to the space H of exact

controllability. Other adjoints, with respect to other spaces, will be denoted by a different symbol,
as documented in Remark 19.4.3.

The inequality of Eq. (19.4.10) is the corresponding COI for the linear problem of Eq. (19.1.1) with
f = 0.Based on Eq. (19.4.10), which is under the exact controllability property (C.1) = Eq. (19.3.5),
the minimization problem of steering the origin “O” (rest) to the target yr € H while minimizing
the L,(0, T; U)-norm leads via a Lagrange multiplier argument [Reference 58, Appendix] to the
following explicit expression for L%

L = L£i[LrL5]7" : bounded, injective H — [N (Lr)]Y C Ly(0, T; Ly(T))) (19.4.11)

(L7 L% defines an isomorphism from H onto its dual H’ by the Lax-Milgram lemma applied to
Eq. (19.4.10)). The pseudo-inverse L% enjoys the usual properties

L7 L% =identity on H; L% L = identity on [N'(L7)]F N D(Lr). (19.4.12)

Next, applying £% on Eq. (19.4.7) and using Eq. (19.4.12) (right side), we see that the exact control-
lability problem under investigation can be reformulated as follows: Given T > 0,yo € H, yr € H,
seek, if possible, a control u € [N'(Lr)]* N D(L7) C Ly(0, T; Ly(T)), such that

u+ LERrF(y) = Lh (yr — e y), (19.4.13)
or, after substituting Eq. (19.4.1) for y, into Eq. (19.4.13), such that
u+ LERFFIT — R [e* yo + Lul = L4 [yr — e*T o). (19.4.14)

On the other hand, the exact controllability property of Eq. (19.C.1) = Eq. (19.3.5) for the linear
system ensures that, given yr and y, in H, there exists a control v} € D(L7)—which without loss
of generality we may also take in [NV (L7)]*—such that (recall Eq. (19.4.12) (right side)):

Lrv) = yr —e*Typ,
hence LELrv) =v) = L4 [yr —e*y], V) e INLPI ND(Ly). (19.4.15)

Thus, using Eq. (19.4.15) on the right-hand side of Eq. (19.4.14), we conclude the following: Given
T > 0, in order to solve the semilinear exact controllability problem steering yy at t = 0 to yr at
t = T along Eq. (19.1.1) or Eq. (19.2.1), we seek a control u € [N (L7)]* N D(Ly), such that

u+ Ar(u) =v9 e IN(Lr)]F ND(Lr) = range(LE), (19.4.16)
where we have set, via Egs. (19.4.13) and (19.4.14),

Ar(u) = LARrF(y,) = LYRrFII — RF] e yo + Lu] C range(Lh)
= [N (Lp)IT ND(Lr) (19.4.17)
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and where v = Li[yr — eyl € IN(Lr)]+ N D(Lr) is, by Eq. (19.4.15) (left), the control
steering yp at t = O to yr at time ¢t = T, along the corresponding linear dynamics of Eq. (19.1.1)
with f = 0.

Notice that given v(} € range(L%), then if Eq. (19.4.16) is solvable foru € [N (L£7)]* (the control
space), then by necessity, u € range(ﬁ’;) as well, because Ar(u) € range(ﬁ?).

The converse is also true. Let u € [N (L7)]+ N D(Lr) be a control steering yo € H att = 0to
yr € H att = T, along the solution of the semilinear problem of Eq. (19.2.1). Then, u satisfies
Eq. (19.4.7) and, by Eq. (19.4.12), u satisfies Egs. (19.4.13) and (19.4.14) as well. Then the control
v € [N(Lr)]* N D(Lr) defined by Eq. (19.4.16) has the property that L7v9 = yr — eATy, see
Egs. (19.4.15) and (19.4.12), and hence steers yy at t = O to the state yr att = T along the linear
dynamics of Eq. (19.1.1) with f = 0. Thus, (C.1) = Eq. (19.3.5) is satisfied. We have obtained the
following result.

PROPOSITION 19.4.1 Assume (1.2).

(a) Given T > 0, yo = {wo, w1} € H, yr = {Wo, W} € H, H = Hllo(Q) X L,(S2), there exists a
control u € [N'(L7)]* ND(Lr) C Ly(0, T; Ly(Ty)) steering yyatt = 0to yp att = T along the
semilinear system of Eq. (19.1.1) subject to Eq. (19.1.2) [or the system of Eq. (19.2.1) subject to
Eq. (19.2.8) if and only if (19.C.1) = of Eq. (19.3.5) holds true and such steering control u satisfies
identity of Eq. (19.4.16), where vOT = E*} [yr — e Tyl € IN (L)1 N D(Ly) is then the control
steering likewise yy att = O to the target yr at time t = T, along the corresponding linear dynamics
of Eq. (19.1.1) with f =0 [(2.1) with F = 0].

(b) A sufficient condition for part (a) to hold true—that is, the exact controllability of the semilinear
problem of Eq. (19.1.1) or Eq. (19.2.1)—is the global inversion of the C' map u — u + Ar(u) :
N (L)1 — itself, in Eq. (19.4.16). More precisely, such a map u — u + At (u) is a homeomor-
phism (bijective, continuous, with continuous inverse), provided that (Reference 7, p. 153):

(bl) its Frechet derivative I + A’ (u) has a bounded inverse: INL)]E — NPT,

(b2) the norm of such inverse operator grows at most linearly in ||ull1,0,7:1,()))"

I+ Ar @] Neaviens < C[L+ Ul aay ], Yu € IN(Lr)IE (19.4.182)
[IN(L)]* is topologized by L,(0, T; Lo(I'1))] a condition a-fortiori satisfied provided that
17 + A7 @] qvie < €. Yu € IN(LT (19.4.18b)

An explicit expression of A (u), u € IN (LT, is:
Aru) = Ar () = L5 Krlyaly, = L5 Krlyl — Ky 7' L

: compact Ly(0, T; U) D [N(Lp)]F — N (Lr)*; (19.4.19a)
{1 — lC[yu]}71 bounded on C([0,T]; H); oron L,(0,T; H);
oronC([0,T];Y); oronL,(0,T;Y). (19.4.19b)

PROOF  Part (a) was established in Step 2 above.

Part (b) is nothing but a well-known criterion for global inversion in nonlinear analysis—see Refer-
ence 7, Theorem 15.4, p. 153 for Eq. (19.4.18a), and References 5 and 46, p. 16—for Eq. (19.4.18b).
We now verify Eq. (19.4.19). The operator A7 (u) = L5 Rr F(y,) in Eq. (19.4.17) is Frechet differ-
entiable on, say, H 10, T; L,("})) and its Frechet derivative is

Aypu) = LARTF' (v)yl, = Lo Krlyaly,, (19.4.20)

recalling Eq. (19.2.24). On the other hand, from Eq. (19.2.9), we obtain by differentiation in u €
H'(0,T;U),

Yu = RF (i) = e* yo+ Lu € C(10, T]; H) — y, — RF (yu)y, = L. (19.4.21)
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Along corresponding linear Along semilinear system (2.1)
system with F' =0

target state yr € Hatt =T target state yp € Hatt =T
V(L) N \ M(Lr)]*+ 0 G phr. AT
D(Lr) 3 v} D(Lr)ou ) r = Lrlr=eTwl
[C.ype Hatt=0 [C.yeHatt=0

FIGURE 19.4.1: Proposition 19.4.1(a): Given T, yo € H, yr € H, there exists a steering control
u € [N(Ly)]*ND(Lr) for the semilinear system of Eq. (19.2.1) if and only if (19.C.1) =Eq. (19.3.5)
holds true and u satisfies u + Ar(u) = v‘} = E’;[yT — eATy,], where vOT e INLHIEND(Ly) is
the steering control for the corresponding linear system.

or, recalling RF’(y,) = K[y,] from Eq. (19.2.21) and U = L,(T"y),

{I —Kly}y, = £L: H'(0,T; U) — C([0, T]; H) hence
vy, ={I=Kly)'£: H'(0,T; U) — C([0, T); H). (19.4.22)

The inversion in Eq. (19.4.22) satisfying Eq. (19.4.19b) is justified due to the assumption of
Eq. (19.1.2) or Eq. (19.2.8) that f is globally Lipschitz, in the same way as the inversion [/ — RF]~!
was justified in Egs. (19.4.2) and (19.4.3). Notice the following regularity properties: £: compact
Ly(0,T; U) — Ly(0,T;Y)by (P.1) =Eq. (19.2.14); {I — K[y,]}~! continuous on L,(0, T; Y), by
Eq. (19.4.19b); K7 [y,]: continuous L, (0, T; Y) — H, a fortiori from Eq. (19.2.24) (this is property
[P.3]in Eq. [19.2.34]); and finally, £%: continuous H into {\'(L7)}*, see (19.4.11). Then, these prop-
erties combined yield that A’ () is compact as an operator L, (0, T; U) D INILD]E = IN(ETE
(with L,(0, T; U)-topology), as claimed in Eq. (19.4.19a).

Step 3. Here we analyze the boundedness condition for [/ + A’ (u)]™! in Eq. (19.4.18). Thus, let
v e IN(Lp)IEND(Lr) = L5 H, L% injective, see Eq. (19.4.9), so that there exists a unique & € H
such thatv = L%h. Letu € [N (L7)]* be a fixed parameter. We seek to solve the problem
it + Ay it =v = L5h e IN(Lp)]1E ND(Ly), (19.4.23)
for a unique it € [N (L)1, hence necessarily i € [N (L) ND(Ly), so as to obtain the bound
Il Ly0,7:0) = I + A @1 V0,700 < CIL+ lull,0ro]lIV om0, (19.4.24)
U = L,(T"y). To this end, we return to the linearized z-problem in Eq. (19.2.18), with parameter

n = yu, u the parameter in Eq. (19.4.23), and rewrite Eqgs. (19.2.18) and (19.2.19) accordingly with
control i as:

= Az+ F'lyJz+ Bii, 2000 =20, [I—Klyllz=e"z0+Lii=  (19.4.25)
z = [I = Ky 17" [e* 20 + Lit], (19.4.26)
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where the inverse in Eq. (19.4.26) is justified, see Eq. (19.4.19b), under the assumption of Eq. (19.1.2)
by the property in Eq. (19.2.8) as in the case of obtaining Eq. (19.4.2) via Eq. (19.4.3). Evaluating
Eq. (19.4.25) at t = T yields, see Eq. (19.2.20):

2(T) = Krlvalz + e zo + Lrii, it € IN(Lp)]F N D(Ly). (19.4.27)

The following result shows the importance of extracting the vector & € H in solving Eq. (19.4.23):
it provides an equivalence between solving Eq. (19.4.23) for & and exact controllability from the
origin of the linearized system via ii with target h atr = T.

PROPOSITION 19.4.2

Assume Eq. (19.1.2) and let u € [N(Ly)]* be a fixed parameter. Let v € [N(Ly)]+ N D(Lr)
or, equivalently, let h € H be given, with v = Lih. Then, the following equivalence holds true.
Assume that there exists a control it € [N'(L1)]+ N'D(Ly) which steers the origin zo =0att =0
to the target zt = h € H att = T along the linearized z-equation of Eq. (19.4.25), that is, via
Eq. (19.4.27). Then, that ii is a solution of Eq. (19.4.23).

Conversely, let it € [N'(L1)]* N D(Lr) be a solution of Eq. (19.4.23). Then, that it is a control
which steers the origin zo = 0 at t = 0 to the target zy = h € H att = T, along the linearized
z-equation of Eq. (19.4.25), that is, via Eq. (19.4.27).

In short, solving Eq. (19.4.23) for i as the state h runs over the space H is equivalent to exact
controllability of the linearized z-system of Eq. (19.4.25), that is, Eq. (19.4.27) on the space H over
the interval [0, T].

PROOF  In one direction, let it € [N (L7)]* N'D(Lr) be a control which steers the corresponding
solution of the z-system of Eq. (19.4.25) from the origin zo = O at# = 0 to the target z = h € H
att = T. Then, via Eq. (19.4.27), we have

zr =h=2(T) =Krlydz + Lrit, i € [N(Lr)]F ND(Lr). (19.4.28)

Apply L4 across Eq. (19.4.28), use L% L7 = identity on [N (L7)]* ND(Lr) by Eq. (19.4.12) (right)
and obtain

i+ LEKrly ]z = Lhh =v € IN(Lr)I ND(Lr). (19.4.29)
After substituting z in Eq. (19.4.26) with zo = 0 in Eq. (19.4.29) yields
i+ LAy — Ky 7' it =v = LEh, (19.4.30)
that is, recalling Eq. (19.4.19a), we conclude that
i+ Apwi=v =LY e  INEH)IFND(Lr), i@ e[NLr)IFND(Lr), (19.4.31)

and & satisfies Eq. (19.4.23), as desired.

The above argument is reversible. Conversely, let ii € [N (L7)]* N D(L7) be a solution of
Eq. (19.4.23) = Eq. (19.4.31). Then, recalling Eq. (19.4.19a), such # satisfies Eq. (19.4.30), and
hence Eq. (19.4.29) via Eq. (19.4.26). Apply now Lr across Eq. (19.4.29), use twice L7 L4 =
identity on H by Eq. (19.4.12) (left) and obtain

Lri+ Krly.z = h. (19.4.32)

Then, in view of Eq. (19.4.27) with zo = 0, we see that Eq. (19.4.32) says that z(T') = h, and then
this i steers zo = 0att = 0to z(T) = h att = T along the z-system, as desired. I
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Further properties of the operator I + A’ (1) follow next. To the end, we return to Eq. (19.2.20)
and Eq. (19.4.26) and recall the operator introduced in Eq. (19.3.15):

Mzl :u = Mrnlu = 2(T) = Lyu + Kr[nlz = {Lr + Kl — KInD) ™" Lhu;
(19.4.33a)
Ly(0, T; U) D D(Mrnl) = IN(Lr)I" ND(Ly) — H,
Krnl(I — K[nD)~'L : compact L,(0, T; U) — H, (19.4.33b)
see Remark 19.4.2, where z(T') is the solution of Eq. (19.2.20) for zo = 0 and n € Y, with z given
by Eq. (19.4.26) with zo = 0.

REMARK 19.4.2 The operator M [n] in Eq. (19.4.33) is given in perturbation form over Lr.
The formula of Eq. (19.4.33) for Mr[n] has to be interpreted as follows, with U = L,(I"y),
Y = Ly(Q) x [D(A)]"

1. L: continuous (compact) L,(0, T; U) — Er = L,(0, T; Y) as in Eq. (19.2.14);

2. K[n]: continuous (compact) &7 — Er, as in Eq. (19.2.27), hence (I — K[n])~!: continuous
(‘:T —> 57‘;

3. Kr[nl: continuous & — H, as in Eq. (19.2.24);
4. Lrp: closed operator: L,(0, T; U) D [N (L)1t N D(Ly) — H, as in Eq. (19.3.3).
Properties (1), (2), and (3) imply the regularity in Eq. (19.4.33b).

Because z(T) = {¢(T), ¢, (T)}, where ¢ is the solution of the problem in Eq. (19.2.37) with I.C.
{¢o, 21} = z0 = 0, for n; = w(t, x), then the last part of Section 19.3, including Egs. (19.3.15) to
(19.3.17) says that the maps:

Mzl = Ly +Krnld = KnD)7'L,  fixed n € & (19.4.34a)
MY = Lr+ K5 - K7L (19.4.34b)
:Ly(0,T;U) D INLp)IFND(Ly) — H (19.4.34c)

haverange densein H, foreach n € Y. Equivalently, the Hilbert adjoint operators of Egs. (19.4.34a-b):
Ml = L + L2 = K®P) ™ KChln] : H D D(LE) — L0, T; U);  (19.4.35a)

(M) = L5 + L911 — (K17 (K3)" : H > D(L}) — L0, T; U)  (19.4.35b)

where £} = (LrlacHL)* in our present setting, and where by Eq. (19.4.33b), or Remark 19.4.3
below

L2 = KO~ K, £21 = (KO®17 (K
: compact H — L,(0,T;U), (19.4.35¢)
are injective; that is, they have a trivial null space on H:

N{IMiT} = N{Cs + £2(1 — KO 'K n]} = {0}, fixed n € Er; (19.4.36a)

N{MY Y = M{2s + £211 — (KKO®17" (K9)"} = (o). (19.4.36b)

REMARK 19.4.3 Consistently with Remarks 19.4.1 and 19.4.2, we have chosen the following
notation for the adjoints in Eqgs. (19.4.35) and (19.4.36):

1. £5: H D D(L}) = L,(0,T; U) as in Remark 19.4.1;
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2. [®: compact & — L,(0, T; U)—see also Eq. (19.6.12) below for explicit definition;

3. IC®[77]; (ICO)®: compact & — &r; hence, (I — IC®[77])’1, [l — (K0)®]’1: continuous
57‘ — 57‘,

4. Kilnl; (/C(%)*: continuous H — &r.

With this premise, we now note a quantitative version of Proposition 19.4.2. To this end, we set
for convenience, recalling Eq. (19.4.19a),

ApInl = Crln] = LEKrInII — KInl) ' £ = compact [N(L7)]+ — itself, (19.4.37)

Colnl = LAY — K% 7'L : compact [N (Lr)]* — itself, (19.4.38)

where IC(}, KC° are the limits in Egs. (19.2.29a) and (19.2.35a). [N (L7)]* could be replaced by
Ly(0, T; Ly(I'y)).

PROPOSITION 19.4.3
With reference to A’ (u) in Eq. (19.4.37) and to Eq. (19.4.34) with n = y,, we have

a.
I+ Ap(u) = ‘CiMT[yu] =1+ E?/CT[yu](I - /C[yu])71£ : continuous
Ly(0, T;U) D IN(Lp)I — IN(Lp)]',  (19.4.39)
with L% isomorphism between H and [N'(L1)]* N D(Lr), see below Eq. (19.4.9); hence

[+ A )] = My, (LEY* « continuous [N (L) — [N(Lr)]E € Ly 0, T; U);

(19.4.39b)
(AN ul)* = Cilul = L2 — KLy, )™ Kily1(Lh)* (19.4.402)
compact [N (L1)]*+ — itself: (19.4.40b)

b. the bounded operator I + (Ap[ul)* = I + C;[u] is injective on IN(LPTE:
i+ [N = i+ L2 — KOy )7 Gyl (C4) 5 =0; @ e IN(Lp)T
= i = 0 (for each fixed value of u € [N'(L1)]*), (19.4.41)

so that the original operator I + A’y (u) has dense range as an operator from [N (Lt)1* into
itself. Similarly, the operator I + (C%)* is injective on [N'(L7)]+, where

(C9)" = L2 — (KD (KG) (LE)" : compact IN(Lp)T- — itself;  (19.4.42)
c. In fact, more is true: both operators

[1 + AL ()]~ and {1 + (N7 (u)}*17" exist as bounded operators € L(IN (L7)]),
(19.4.43)

for each u € [N'(Ly)]*. Similarly, both operators

1+ C%_l and [I + (Cg)*}_l exist as bounded operators in LN (L7)]Y).  (19.4.44)
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JM T [_\'-u]

i € [N(L)I N D(Lr) heH
L4 :|isomorphism

[1 + Ap(yu)]

v € IN(Lp)IF ND(Lr);v = Loh

FIGURE 19.4.2: Propositions 19.4.2 and 19.4.3 given v € [N (L7)]* N D(Ly), equivalently,
given h € H, withv = L%h, there exists it € [N'(Lr)]t N D(Ly) such that it + A (y,)i = v if
and only if such # also satisfies Mr[y,lii = z(T) = h along the linearized z-equation (19.4.25)
with z(0) = 0 (exact controllability of the z-problem). In short, I + A% (y,) = E’;MT[yu], and
[1 + A (y,)] is surjective from [N (L7)]* N D(Lr) onto itself if and only if Mz [y,] is surjective
from [N (L)1 N D(Ly) onto H.

PROOF
1. We apply L% to the identity in Eq. (19.4.33) giving Mr[n] on [N (Lr)]* ND(Lr) and obtain
forn = y,:
L Mrlyal = L5Lr + L5 Krly (T — Kly)™' £ (19.4.45)
=1+ A7), (19.4.46)

recalling that £% L7 = Identity on [N (L7)]* N D(Lr), via Eq. (19.4.12), as well as the defi-
nition in Eq. (19.4.19a) = Eq. (19.4.37) for A% (u). Then Eq. (19.4.46), extended to NPT,
proves Eq. (19.4.39a) from which Eq. (19.4.39b) follows by duality.

2. In Eq. (19.4.39b), we have that both (£%)* = ([£T|[N(£7,)]L]71)* is (plainly) injective from
IN(LHIE N D(Ly) to H and M [y,] is injective on H as noted in Eq. (19.4.36a). So
I 4+ [A% (w)]* is injective, as claimed in Eq. (19.4.41). Similarly, [/ + (C%)*] is injective, by
invoking now that (M$)* is injective, as noted in Eq. (19.4.36b).

3. But (A% (u))* is compact, because so is Cr[u] = A’ (u) by Eq. (19.4.19a) = Eq. (19.4.37).
Therefore, injectivity of [/ +{ A% (u)}*]is equivalent to bounded invertibility of [7 +{ A% (u)}*],
hence to bounded invertibility of [ + A’ (u)], and Eq. (19.4.43) follows.

The conclusion of Eq. (19.4.44) follows in a similar way, now using that C% is compact by

Eq. (19.4.38). I

Step4. What remains to be done to complete the proof of Theorem 19.1.1 is to show that the family
of inverse operators

[+ A )1l = {1+ LECr Dyl — Kly17'L} € LAN 1), Yu e NI
(19.4.47)

each member of which is in L ([N (L7)]5) by Proposition 19.4.3(c), Eq. (19.4.43), possesses, in fact,
a bound that is uniform with respect to u € [N (L7)]*; that is,

1T+ Ay D)™ Mloqaver) < const., uniformly in u € [N (L7)]*. (19.4.48)

Two inversions are involved in Eq. (19.4.47), and both have to be shown to be uniformly bounded in u.
It is at this level that properties (P.2) and (P.3) in Section 19.2 play a critical role, as described below.
The first uniform inversion is accomplished in Lemma 19.4.4 below. The second and conclusive
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uniform inversion is accomplished in Lemma 19.4.6 below. To this end, we notice that in order to
exploit that £ is compact: L,(0, T; U) — E7 = Ly(0, T;Y), U = Ly(T'1), Y = L,(2) X [D(,A%)]’,
see Eq. (19.2.14), we shall then seek a uniform bound for [/ — KI[n117" in the uniform norm of L(Y),
with n € &7, a-fortioriforn =y, € C([0, T]; H), see Step 1.

LEMMA 19.4.4
Not only dowe have (I —K[n1)~" € L(Ep), foreachn € Er = Ly(0, T; Y), Y = L,(Q) x [D(A)],
as was shown in Eq. (19.4.19b), but moreover:

1.
(I —Kn)~" & < const., uniformlyinn € Er. (19.4.49)
2. Let n,, be a subsequence of a given arbitrary sequence n, € Er, such that
Klnn,1 — some K =RF, strongly in Er, (19.4.50)

for some Fy € L(Y), as guaranteed by property (P2)(b), Eq. (19.2.29), whereby then K° is compact
on Er, as noted in Eq. (19.2.33). Then

(I -K1" e L&), and (I —Kln, )" — (I — K% stronglyinEr.  (19.4.51)

PROOF (a2) The proof relies entirely on property (P.2), which then allows one to invoke a
standard result (Reference 1, Theorem 1.6, p. 6) on a family of collectively compact operators.
As already noted in Eq. (19.2.33), the operator K is of the form K° = RF,. This then, as in
Eq. (19.4.3) allows one to obtain that [I — K°]~! € L(&r), as desired. One could also use the
present property that X is compact, whereby then it suffices to establish that [/ — K°] is injective:
[ —RFy)f =0= f =0, which is true because this leads by differentiation, via Eq. (19.2.16), to
f=Af+Fyf, f(0) =0= f = 0.Moreover, the strong convergence in Eq. (19.4.50) for the col-
lectively compact family /C[5], as noted in (P.2)(b) = Eq. (19.2.29), combined with the existence of
[I-K°1"'e L(&Er) just established implies via Reference 1, Theorem 1.6, p. 6 that [/ —IC[nn,(]]’1 €
L(&r) for all k sufficiently large, and, moreover, that the strong convergence in Eq. (19.4.51)
takes place. Part (a2) is proved and this establishes part (al) because the sequence {n,} was
arbitrary.

Step 5. Let us define the family of operators

Wrinl = LEKrnl(d — KlnD ™ (19.4.52a)
. continuous &7 = L,(0, T: Y) — [N(Ly)]* foreach n € &7, (19.4.52b)

so that
WrnlL = L5 — KInD) ™' £ = A[n] = Crlnl, (19.4.53)

by Eq. (19.4.19a) or Eq. (19.4.37a), where the indicated regularity property in Eq. (19.4.52b) is
obtained by combining Eq. (19.4.49), but Eq. (19.4.19b) would suffice, with the property Eq. (19.2.34)
for Kr[n] and the property of Eq. (19.4.9) for L£%. Moreover, we have that: given any sequence
n. € Er, we can extract a subsequence 7,, such that

Wrln, ] — W° = £EC.(1 — K% " weakly from &7 to [N (L7)]*. (19.4.54)

This follows by combining property (P.2)(b), Eq. (19.2.29a), with property (P.3), Eq. (19.2.35a) as
well as Eq. (19.4.51) (right) of Lemma 19.4.4 and the regularity in Eq. (19.4.9) for £%..



19.4 Exact Controllability of the Semilinear Problem 295

The desired conclusion then follows as a specialization of the following result.

LEMMA 19.4.5
Let Z; be two Banach spaces, i = 1, 2. Let Q be a compact operator Z| — Z», and let W(p) be a
family of bounded operators Z, — Z| depending on the parameter p € P, such that

W(p,) — W° weakly (19.4.55)

for any sequence p,, with W° : Z, — Z, depending on the sequence. Assume further that the
operators [I + W (p) Q1 and [I + W°Q] are all injective on Z, and hence are boundedly invertible
on Z1, as W(p)Q, W°Q are compact. Then, in fact,

LI+ W(p)Q]71||L(Z]) < const., uniformly in p € P, (19.4.56)
and the weak convergence
[+ W(p)01™" — [I + W°017! weakly in Z, (19.4.57)

holds true. Moreover, denoting by * the obvious adjoints,

Q*W*(p) is a collectively compact family in Z, in the parameter p € P; (19.4.58)
Q*W*(p) — O (W®* strongly in Z\; (19.4.59)

[+ Q*W*(p)I™' — U + Q*(W)*1™" strongly in Z1; (19.4.60)

I+ Q*W*(p)]™! |z < const., uniformly in n. (19.4.61)

PROOF Two proofs—one direct on these operators, one on their adjoints—are given in Refer-
ence 29, Lemma 19.2.2, p. 123.

Specialization to Our Present Problem and Completion of Proof of Theorem 19.1.1 We apply
Lemma 19.4.5 with:

Zy = IN(Lr)]*F C La(0, T; Ly(Ty));  Zo=Er = La(0,T; Y);
Y = Ly(Q) x [D(4?)]’; (19.4.62)
Q = L defined in Eq. (19.2.14); W(p) = Wr[nl = LEKCr[n1(I — K[nD) ™",  (19.4.63)

as defined in Eq. (19.4.52). We now verify the required assumptions of Lemma 19.4.5. First, the
required weak convergence of Eq. (19.4.55) is assured by the established property of Eq. (19.4.54).
Here the parameter p € P specializes to the parameter n € Er. Next, via Eq. (19.4.53), injectivity of
I+W(p)Ql=1+Ar[n]l=1+Crlnlandof I+ wolo =1 +C9 is assured by Egs. (19.4.43) and
(19.4.44), respectively. Then, the conclusion of Eq. (19.4.56) of Lemma 19.4.5 specializes, under
the above setting, to the following result.

LEMMA 19.4.6
Under the assumption of Eq. (19.1.2), we have

1+ ecr it = K023 e
< const., uniformly inn € Er = L»(0,T: Y), (19.4.64)

I+ AT e avienr
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Y = Ly(Q) x [D(.A%)]’; in particular, uniformly inn = y, € C([0,T1; H), u € [N (Lp)]*, see
Step 1.

Theorem 19.1.1 is now proved via Lemma 19.4.6 via Proposition 19.4.1(b), followed by Propo-
sition 19.4.1(a).

19.5 Two Main Strategies for Exact Controllability of the Semilinear System
of Eq. (19.1.1) and Their Equivalence. Four Implementations

Orientation

Proposition 19.4.1(a)—depicted in Figure 19.4.1—states an equivalence between the follow-
ing two facts: on the one hand, the sought-after exact controllability of the semilinear system
of Eq. (19.2.1), subject to Eq. (19.2.8), or Eq. (19.1.1), subject to Eq. (19.1.2) from the initial
point yo € H att = 0 to the target state yy € H at¢t = T, by means of the steering control
u € [N(Ly)]H N D(Ly); and, on the other hand, exact controllability of the corresponding linear
system of Eq. (19.2.1) with F = 0, Eq. (19.1.1) with f = 0, from the same initial point yp at = 0
to the same target state yr at + = T but this time by virtue of the control v = u + Ar(u) €
N (L) ND(Ly).

Next, Proposition 19.4.1(b) provides a sufficient condition for Proposition 19.4.1(a) to actually
hold true—that is, for the solvability in u of the equation u + Ar(u) = v‘}—in terms of the
uniform invertibility condition of Eq. (19.4.18) on the inverse [/ + A’ (u)]~": more precisely, the
condition of Eq. (19.4.18) implies that the C'-map u — u + A7 (u) is a homeomorphism (bijective,
continuous, with continuous inverse) from [N (L7)]* onto itself.

In turn, Proposition 19.4.2, quantified further in Proposition 19.4.3 and depicted in Figure 19.4.2,
states in particular that for any parameter u € [N (Lr)]* fixed, consequently with solution y, €
C([0, T]; H) fixed (see Section 19.4, Step 1), we have the following equivalence:

{the linear map &# — it + A’ ()i in Eq. (19.4.23) is surjective from (19.5.1)

IN(LH)E ND(Ly) onto itself,

if and only if the z-problem of Eq. (19.2.18) with n; = y,1 = w and z¢ = 0 is exactly controllable
on H in [0, T]: that is,

{the closed linear map it — My[y,li = z(T) in Eq. (19.4.33) is surjective (19.5.2)

from L,(0, T; U) D [N[Lr)]X N D(Lr) onto H,

because I + A [y,] = L5 Mz [y,] by Eq. (19.4.39a), where £% in Eq. (19.4.39a) is an isomorphism
between H and [NV (L7)] N D(Ly) as noted in Eq. (19.4.9); in turn, by duality [Reference 56,
p- 235], if and only if

lull 2y < Cry I+ AT ullLyz), u € N (L) C Lao(Z)) (19.5.3)
(duality on Eq. (19.5.1)), L(X;) = L,(0, T; L,(T"y)), and, in turn, if and only if
Al < Cry IM7RILy sy, h € DM (y,)) =D(LT) C H (19.5.4)

(duality on Eq. [19.5.2]). The positive constants C’Tyu and Cr,, are independent of u and h, re-
spectively. Next, we recall from Eq. (19.4.19a) that we are currently writing A’ () to really mean
A% (yu), that is, the dependence of A’ is directly in y,, rather than u. In fact, more precisely, referring
to the operators /C in Egs. (19.2.21) and (19.2.22) and, similarly, r—which define A%,—we see
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that the actual dependence is on f'(y; ,(f, x)) = f'(w, (¢, x)), with reference to Eq. (19.2.1) or
Eq. (19.1.1), respectively. Because of the assumption of Eq. (19.1.2), we can therefore consider A’
as, ultimately, depending on a parameter g € L,.(Q), where, at the end, ¢ (¢, x) = f'[w,(t, x)],
where, moreover, ¢ is confined in a fixed sphere B(0, r) centered at the origin, of radius » > 0, in
L (Q). We shall accordingly write A%.(g), g € B(0,r) C Ls(Q). We next let g run over B(0, r)
and show that the corresponding equivalent inequalities of Egs. (19.5.3) and (19.5.4)—except, this
time, with constants uniform in g—are then equivalent to the uniform invertibility condition of
Eq. (19.4.18b) on the inverse [/ + A’-(¢)]~!, which, in turn, by Proposition 19.4.1(b), guarantes the
identity of Eq. (19.4.16), and hence by Proposition 19.4.1(a), implies the exact controllability of the
semilinear problem of Eq. (19.1.1) or Eq. (19.2.1) over the interval [0, 7'] on the state space H.

PROPOSITION 19.5.1
Letq € B(0,r) C Loo(Q), r > 0.

1. Then, the following inequalities are equivalent:
(i) (uniform COI)

Ihla < CrlMT (@b, h € DMz (q)) = D(LT) C H; (19.5.5)

(ii) (surjectivity of the family of operators [I + A’ (q)] from L,[0, T; Lo(I'y)] = L2(X;) D
IN (LT onto itself. “uniformly in g € B(0,r),” see below Eq. (19.5.6))

lullymy < Cr U+ AF@T ullLys), € IN(L)I (19.5.6)

By the proof of Reference 29, Theorem 19.9.4, in particular, the paragraph below
Eq. (19.9.1), p. 236, this means that:

[7+ A7@]1(S) D Cep . Vg € BO, D),

where Sy, = {p € IN(Lp)* C La(Z1) ¢ Nullryzy) < ml;
(iii) (the condition of Eq. (19.4.18D))

I+ AT @1 v < constr,. (19.5.7)

All of the positive constants in Egs. (19.5.5), (19.5.6), and (19.5.7) depend only on T and the
radius r > 0 of B(0, r), not on h or u or q.

2. Accordingly, by Proposition 19.4.1(b), each of the above conditions in Egs. (19.5.5), (19.5.6),
or (19.5.7) guarantees that the map u — u + Ar(u) is surjective from [N'(L1)]+ N D(Ly)
onto itself, that is the condition of Eq. (19.4.16). Hence, each of the above conditions of
Egs. (19.5.5), (19.5.6), and (19.5.7) implies, by Proposition 19.4.1(a), the exact controllability
of the semilinear problem of Egs. (19.1.1) or Eq. (19.2.1) on the state space H over the interval
[0, T].

PROOF The equivalence Eq. (19.5.5) < (19.5.6) stems, again, from the identity [/ +
A () = Mi(g)(L%)* in Eq. (19.4.39b). Assume Eq. (19.5.6). For u € [N(Lr)]*, set h =
(L5)*u € H, where (£%)* is a bounded operator from [N'(Lr)]* into H. In fact, Range(Lh)* =
(LEVSIN(L7)]E = D(L%), because

(/jrt)* = [(£T|[N(LT)]i)_l]* = [(Lrlwiem) T = L),

in our present setting and notation: L7 = L7 |(x/(c,- - Moreover, (£%)* is injective on [N'(L7)]4,
because £%: H onto [N'(L7)]* ND(Lr) by (19.4.9), hence with range dense in [N (L7)]*. In short,
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(L5)* is an isomorphism from [N (L1)]* onto D(L%). Hence, u = ((L%)*)~'h and then, by the
assumed inequality of Egs. (19.5.6) and (19.4.39b) recalled above, we obtain

< CLAIME(@Dhll L,z (19.5.8)

Ly(%y)

el < | (25))

II(E )*|l

All h € D(L}) = DIM3(q)], see Eq. (19.4.35a) arise in this way. In conclusion, inequality of
Eq. (19.5.8) has been shown for all & € D[M7.(q)] = D(L}). Thus, we have obtained Eq. (19.5.5).

Conversely, assume Eq. (19.5.5). For h € D[M7(q)] = D(L}), we set, recalling the above
isomorphism on (£%)*, u = [(L%)*]~'h, or (L%)*u = h, so that, u € [N'(L7)]*. Then, Eq. (19.5.5)
implies via Eq. (19.4.39b)

#\ *
luleasy < || (£5) 7l

IA

CTr

* # 0\ *
M (@) (£7) MHL2<21>
= Cr Il + A (@1 ull Ly 50 (19.5.9)

for all u € [N (Lr)]+, where the inequality at the extreme left is obtained via Reference 56, p. 235,
because L£%: H onto [N (L7)]+ N D(Lr). Thus, we have proved Eq. (19.5.6).

Next, the implication of Eq. (19.5.7) = Eq. (19.5.6) is obvious, whereas the reverse implication
of Eq. (19.5.6) = Eq. (19.5.7) follows via the open mapping theorem, once we know that the
surjective operator [I + A’ (g)] is also injective for each g € Lo (Q), a fact that is a-fortiori true by
Eq. (19.4.43) of Proposition 19.4.3. 0

We shall see in Appendix 19.A, Eq. (19.A.17), that a reformulation of the dual condition of
Eq. (19.5.5) may be written equivalently in terms of the solution ¢ (¢; ®g), o = [¢o, ¢1] of the
problem of Eq. (19.3.9), same as Eq. (19.6.3) below.

PROPOSITION 19.5.2

An equivalent reformulation of the sufficient condition of Eq. (19.5.5) for exact controllability of the
semilinear system of Eq. (19.2.1) subject to Eq. (19.2.8), that is, Eq. (19.1.1) subject to Eq. (19.1.2),
in the state space H over the interval [0, T] is that there exists a constant Cy > 0, independent of
the I.C. and of the potential g € B(0, r) (a ball of radius r > 0 in Lo (Q)) such that the following
inequality holds true for the solutions of the problem of Eq. (19.3.9)

T
{0, 1} < Cn/ ¢’dx, (19.5.10)
0 Jr,
where Y = Ly(Q2) x [D(A?)].

REMARK 19.5.1 Abstractly, the inequality of Eq. (19.5.10) can be written in the following form:
Eq. (19.5.10) is the explicit version of

T
Vol < CT,/ IB*V (t; Vo)l dt (19.5.11)
0

where V (t; V), Vo € H, solves the equation below; see Eqs. (19.B.14) to (19.B.16) in Appendix
19.B:

Vi=—A*()V = —A*V — (F'[y,)*V, V(T)=Vy€H, (19.5.12)

F'ly.] = [0,q(, x)]", q(t,x) = f'[w(t, x)], according to Eq. (19.2.7), with n = y,, where the
adjoint B* refers to H, see Eq. (19.B.8) of Appendix 19.B.
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PROOF OF PROPOSITION 19.5.2 AND REMARK 19.5.1.  This result is contained in the
subsequent (independent) Appendix 19.B. Indeed, Eq. (19.B.13) gives M}.h = B*V (-; V), where
Vo = h by Eq. (19.B.12). This way, Eq. (19.5.5) becomes Eq. (19.5.10). Moreover, V (¢; V) satisfies
Eq. (19.B.14): V,(t; Vo) = —A*(@t)V (t; Vp), where A*(t) = A* + (F'[q])* by Eq. (19.B.15a).
Proposition 19.5.2 and Remark 19.5.1 are thus recovered.

REMARK 19.5.2 The problem of Eq. (19.5.12) is dual to the original linearized controlled
z-problem of Eq. (19.2.18) (with zo = 0), which defines M7[y,] via Eq. (19.4.33). The PDE
reformulation of Eq. (19.5.12) is given by the ¢-problem of Eq. (19.3.9) = Eq. (19.6.3) or the
vp-problem of Eq. (19.B.17) in Appendix 19.B, where V(¢; Vy) = [vi(#; Vo), va(t; Vo)1 by
Eq. (19.B.12), Vo = [ho, hi] € H, ¢o = hy € L2(R), ¢1 = —Ahg € [D(AD)].

Two strategies. Four implementations

Thus, on the basis of Proposition 19.5.1, two strategies arise in order to show exact controllability
of the semilinear system of Eq. (19.1.1), subject to Eq. (19.1.2):

Strategy 1 The first strategy consists of establishing the uniform invertibility condition
Eq. (19.5.7) = Eq. (19.4.18b), thus satisfying Proposition 19.4.1(b) and Proposition 19.5.1. This
strategy was pursued in Part I in the proof of Theorem 19.1.1 given in Section 19.4 and based on the
original controlled problem of Eq. (19.1.1) or Eq. (19.2.1). Critical ingredients are Lemmas 19.4.4
and 19.4.5. The final step was achieved in Lemma 19.4.6, Eq. (19.4.64). Then, Proposition 19.4.1(a)
(or Proposition 19.5.1) completes the proof of Theorem 19.1.1.

Strategy 2 A second strategy consists of establishing the condition of Eq. (19.5.5) of Proposition
19.5.1 (uniform continuous observability inequality) of the linearized problem uniformly with respect
to Lo (Q)-potentials g (t, x) in a fixed ball of radius r, where then Eq. (19.5.5) is attained for
f'w(t, x)) = q(t, x), and then F'[y,] = [0, ¢(¢, x)]"" according to Eq. (19.2.7) with n = y,.
In turn, the uniform COI of Eq. (19.5.5) is given explicitly by the inequality of Eq. (19.5.10) of
Proposition 19.5.2. Thus, Strategy 2 centers on the dual uncontrolled problem of Eq. (19.3.9) =
Eq. (19.6.3) in PDE-form Eq. [(19.5.12) in abstract form], rather than the original controlled problem
of Eq. (19.1.1) or Eq. (19.2.1).

To pursue Strategy 2 centered on the uniform COI of Eq. (19.5.5), equivalently Eq. (19.5.10),
three different implementations are possible:

Strategy 2, Implementation (i) Here one seeks to show the uniform COI of Eq. (19.5.5),
equivalently Eq. (19.5.10), of the linearized problem by a dual analysis of the operator-theoretic
approach of Section 19.4, centered this time on the dual uncontrolled problem of Eq. (19.3.9) =
Eq. (19.6.3). This implementation is pursued in Part II (Sections 19.6—19.7). It shows the uniform
COI of Eq. (19.5.5) = Eq. (19.7.4) directly, by virtue of the critical Lemmas 19.4.4 and 19.4.5, this
time in dual versions, however.

Strategy 2, Implementation (ii) This is pursued in Part ITI (Section 19.8). It is still focused, as in
implementation (b;), on showing the uniform COI of Eq. (19.5.5) of the dual, uncontrolled problem.
However, unlike implementation (b, ), the key point now is that Part Il aims at proving the explicit COI
of Eq. (19.5.10) by seeking to establish the equivalent comparison trace inequality of Eq. (19.8.4)
or its operator-theoretic version of Eq. (19.8.7). However, Part III does not prove Eq. (19.8.4) =
Eq. (19.8.7) directly. Rather, Part III seeks to prove the equivalent inequality of Eq. (19.8.8) (where
the equivalence is described by an isomorphism). But the inequality of Eq. (19.8.8) is precisely the
same as the inequality of Eq. (19.8.9), expressed in terms of quantities of Part I. Thus, the inequality
of Eq. (19.8.9) (= Eq. [19.8.8]) is ultimately established by falling into Part I and invoking Lemmas
19.4.4 and 19.4.5 of Part I.
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Exact controllability of semilinear problem (19.1.1) [subject to (19.1.2)]

!

Proposition 19.4.1(a)Solvability for u of: u + Ap(u) = v% € [N (Lr)]t N D(Lr)

Global inversion (homeomorphism) T Uniform COI
(Prop. 19.4.1b) T (Prop. 19.5.1) (Prop. 19.5.1)T
(19.5.6) = (19.8.11): (Prop- 1951}, iform COI (19.5.5)
lullLymyy < Crollll + Apla)*ull oy sy IPllg < CrellMEdRl sy —
we (L) © La(2y) |
Pact T (via Howonhlf < Cr, [ o%m: (195.10)

Lemmas 19.4.4, 19.4.5) I
/ x2d%, < O, | ¢%d%;: (19.8.4) = (19.8.7)
bR b

Part I'V: Direct proof via counter-

(via (19.4.43) ofl (isomorphism) part of Lemma 19.4.4

Lemma 19.4.3c)
(ATl ull Loy < Crelll + (Aplal) ull Loy
(19.8.8) = (19.8.9)

L Condition (19.1.3) = (19.4.64) = (19.5.7)
117+ Aplall Ml ey < Crr
uniformly in ¢ € B(0<1) C Loo(Q)
f (Lemmas 19.4.4 and 19.4.5)

Properties (P.1), (P.2), (P.3), (C.1), (C.2) Part IT (via dual, uncontrolled system)
(Lemmas 19.4.4 and 19.4.5 in dual form)

Part I (via direct, controlled system}

where I+ (Al]g])* = M}[q}([#)* [(19.4.39b)], Lf# isomorphism between
H and [N(LT)ND(L7); YV = Lao(Q) x [D(A2)]

FIGURE 19.5.1:  Part I establishes the left column through an operator-theoretic approach on the
controlled problem Eq. (19.1.1) or Eq. (19.2.1). Part II establishes the uniform COI of Eq. (19.5.5)
through a dual operator-theoretic approach on the dual uncontrolled problem Eq. (19.3.9) =
Eq. (19.6.3). Part III establishes Eq. (19.8.4) = Eq. (19.8.7) not directly but via the equivalent
of Eq. (19.8.8) = Eq. (19.8.9) by invoking Eq. (19.5.6) = Eq. (19.8.11) of Part I. Part IV establishes
the uniform COI of Eq. (19.5.10) by proving Eq. (19.8.4) = Eq. (19.8.7) directly still through a dual
operator-theoretic approach on the dual uncontrolled problem of Eq. (19.3.9) = Eq. (19.6.3).

Strategy 2, Implementation (iii) This Implementation constitutes Part IV (Section 19.9). Here
one likewise seeks to establish the uniform COI of Eq. (19.5.5), equivalently Eq. (19.5.10),
via an analysis of the dual uncontrolled problem. However, unlike Implementation (ii), now one seeks
to prove the trace inequality (or its operator-theoretic reformulation) of Eq. (19.8.4) = Eq. (19.8.7)
directly, not its equivalent (via an isomorphism) version of Eq. (19.8.8) as in Strategy 2, Implemen-
tation. This will result in some advantages described in the “Orientation” of Section 19.9.

The above strategies and implementations are pictorially condensed in Figure 19.5.1.
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REMARK 19.5.3 Asamatter of fact, Strategy 2 admits a fourth purely PDE implementation at the
level of showing the trace inequality of Eq. (19.8.4) by a double compactness-uniqueness argument.
This is pursued in another paper [35].

Part II: Proof of Theorem 19.1.1 through the Uniform COI of Eq. (19.5.5):
Duality over the Abstract Operator Approach of Reference 29, via
the Dual Uncontrolled Problem of Eq. (19.3.9) = Eq. (19.6.3)

19.6 A Direct Derivation of the Formula of Eq. (19.4.35a) for the Operator
7[nlvia the Dual Problem. PDE Interpretation

The purpose of this section is twofold. First, we provide a direct proof of the formula of
Eq. (19.4.35a) for the operator M7 [n], which involves only the dual linearized problem (with
no control), rather than the original linearized controlled z-(abstract) system in Eq. (19.2.18) or
Eq. (19.2.37) in PDE form. Next, we provide in Proposition 19.6.7 a PDE interpretation of the
perturbation formula of Eq. (19.4.35a). A systematic study of the dual linearized problem will be
given in Appendices 19.A, 19.B, and 19.C. The dual linearized problem in question is the ¢-problem
Eq. (19.3.9) = Eq. (19.6.3) below = Eq. (19.A.4) in Appendix 19.A below, with I.C. {¢, ¢1} €
Ly2(R2) x [D(.A%)]’, see Eq. (19.3.10)—same as the v,-problem in Eq. (19.B.17) in Appendix 19.B
below—and potential ¢ (¢, x) = f'(n,(¢, x)) € Lo (Q). We shall, accordingly, invoke some results
from (the independent) Appendices. By contrast, in Section 19.4, we first established the formula
in Eq. (19.4.33) for the input (control)-solution map z(7) = M7[n]u for the controlled linearized
z-problem (19.2.18) with zp = 0, and next we obtained the formula in Eq. (19.4.35a) for M7 [n]
by duality. In short, we seek to avoid the operation of duality from Mr[n] to M7 [n] and, instead,
derive M7.[n] directly.

Derivation of the Formula of Eq. (19.4.35a). Proposition 19.6.1
As in Eq. (19.3.15) or Eq. (19.4.33), let

z2(T) = Mrnlu; - Mrlnl: L2(0, T; U) D D(Mrnl) = D(Lr) — H, (19.6.1)

where n € Er = Ly(0, T3 Y), ¥ = Ly(Q) x [DIAN]; U = Ly(T), H = D(A?) x Ly(R), and
where z is the solution of the linearized problem in Eq. (19.2.18), given by Eq. (19.2.19) for I1.C.
20 = 0. Then, its (Hilbert space) adjoint M%.[n] is given by

Ml = L+ L2 — K2 ' Kin] (19.6.22)
:H D D(Ly) — L0, T; U), (19.6.2b)

in agreement with the formula in Eq. (19.4.35a), where the operators on the right-hand-side of
Eq. (19.6.2a) are specified in Remark 19.4.3.

PROOF Here we provide a direct proof using the dual (uncontrolled) problem. I

Step 1. Our starting point is such dual (uncontrolled) problem, which is the ¢-problem in
Eq. (19.3.9), same as Eq. (19.6.3) or Eq. (19.A.4) in Appendix 19.A below, with I.C. {¢g, ¢1} €
L>(R) x [D(A% )]’, or—which is the same—the v,-problem in Eq. (19.B.17) in Appendix 19.B with
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LC. (vo(T), v (T)} € Lp(R2) x [D(A%)]’, where the potential g (¢, x) is throughout specialized
to g, x) = f/(n(t,x)) € Loo(Q), n = [n1,n2] € Er. When convenient, we use the notation
of the subsequent Appendix 19.B. Thus, the dual uncontrolled problem is, in the present context,
given by

bu = Ap+ f(m (1, x))p onQ: (19.6.32)

¢(T) = ¢o = hi € La(Q); ¢(T) = ¢y = —Ahg € [D(AZ)] in R (19.6.3b)
_ 9| _ ,

¢|Eo = O’ 9 5, = O on Zz (19630)

(see Eq. (19.B.17) in Appendix 19.B) with [hg, h1] € H = D(A%) X L, (2).
In (the independent) Appendices 19.A and 19.B, it is proved in Eq. (19.A.12), or Egs. (19.B.13)
to (19.B.17) that, then, the operator M3.[5] is given by

vi(t; Vo)
va(t, Vo)

Mol g v v =
hE, (t; Vo) =

1

{(M7Vok(0) = B*V (15 Vo), Vo=

] (19.6.4a)

ZO] inY, (19.6.4b)

1

va(t; Vo) = ¢ (t; Do); vilt; Vo) = — A7 (1; g); Do =

where the second component v,(¢; Vy) of V(t; V) is precisely the solution of the problem in
Eq. (19.6.3). Here B* is defined in Remark 19.B.1 (the symbol * refers to duality with respect
to H, as stipulated in Remark 19.4.1), whereas V (z; V;) is the solution of Eq. (19.B.14) {with
q(t,x) = f'[n(t, x)]}, rewritten here as

— AT () -]

Vi(t; Vo) = —A* )V (t; Vo) = AV (1; Vo) + Vs Vo) (19.6.5a)

0 0
vi(t; Vo) — A7y (t; Do) ho
Ve, Vo) = = ;o V(T3 Vo) =Vo = H;
€ Vo) va(t; Vo) l o(t; Do) (T Vo) 0 hy €
on hy
oy = = Y 19.6.
0 [¢1] Ao ey, (19.6.5b)

recalling Eq. (19.B.15a), —A* = A, and Eq. (19.B.12). More explicitly, we have that the solution
V(t; Vo) of Eq. (19.6.5a) is given by

Ve V) = eA(t—T)V0+/I eA(t—r)l_Al[f,(nl(f))VZ(TQ Vo)]] it (19.6.6)
T 0
_ oy, / ’ eA*(r—n[Al[f'(m(f))w(f; vo)]l v 96
t o , 6.

because A* = —A in H (again, % denotes adjoint in H). Applying B* to Eq. (19.6.7) yields, after
recalling Eq. (19.6.4):

(Mi[nIVo)(t) = B*V(t; Vo) = B*e TV, (19.6.8)

N /T g [Almm(r))w; Vo)l
t 0

] dr, (19.6.9)
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or recalling the usual dualities [34],

AT i (C))va(-5 Vo)l

MinIVo = LiVo + L* 0 , VoeH, (19.6.10)

where L3 : H D D(L}) — L,(0, T; U) as defined in Remark 19.4.3, whereas £* is defined by
([,u, h)Lz(O,T;H) = (u, »C*h)Lz(O,T;U)a Yue D(E), he D(,C*), (196113)
L Ly(0,T; H) D D(L*) — L,(0,T; U), (19.6.11b)

consistently with the agreed-upon notation in Remark 19.4.1, where * denotes adjoint from H.

Step 2. Incontrast to Eq. (19.6.11), we now consider the operator £ as in Eq. (19.2.14): continuous

(compact) L,(0, T; U) — & = L,(0,T;Y) and, as in Remark 19.4.3, let L‘®, be the adjoint
defined by

(Lu, Yro1m = W L2 om0, Yue L0, T;U), y€Ly0.T:Y);  (19.6.12a)

£® : continuous (compact) : L,(0,T;Y) — L,(0,T; U). (19.6.12b)

LEMMA 19.6.2
With reference to Egs. (19.6.11) and (19.6.12), we have

Y1
2

@y = ®

_ ¥ A_]yl R _ 17/
=L [A—lyj s Y= Lj €Y =LQ) x [D(A?)]. (19.6.13)

PROOF  We have that

A1
0

A(L} - isomorphism ¥ = Ly(Q) x [D(A2)]" 2 H =D(A?) x Ly(Q), (19.6.14)

AT 0
0o A'” ’
L>(0,T;U)

(19.6.15)

hence, via Egs. (19.6.14) and (19.6.11a)

nvmonn= (e 3 ]5) [v.e
U, Y)L,017) = | ~U, 1|y =\u
0 A L,(0,T;H)

and Eq. (19.6.13) follows by comparing Eq. (19.6.12a) with Eq. (19.6.15). I

Applying the identity in Eq. (19.6.13) of Lemma 19.6.2 to Eq. (19.6.10), we obtain

S CH)va(-; Vo)

M;[U]Vo=£g}vo+£®{ 0

}7 V() = [I’lo, h]] € H. (19616)

Step 3. Lemma 19.6.3 With reference to the operator Kr[n] = Ry F'[n] € L(&r; H) in
Eq. (19.2.24), we have K3 [n] € L(H; £r) where

" (1)) {e* T h},

(Kznlh) (@) = [f 0

] , heH, (19.6.17a)
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where eA" 7= = ¢At=0 (% adjoint in H, see Remark 19.4.1) and recalling Eq. (19.2.3)

{700}, = {e? D}, = —AS(t — T)hy + C(t — T)hy (19.6.17b)

is the second component, on the space L;(£2), of e T-Dpon H.

PROOF letge &r,he Hyne&r. With H= D(.A%) X L,(£2), we return to Eq. (19.2.24b)
and compute

(Krlnlg, Wu = (RrF'nlg. i = (g, Krnlh)e, (19.6.18)

T 0
= / AT dt, h
( 0 [f/(nl(t))gl(t)l )H
T
/ 0 LN TR dr
0 <lf’(m(t))gl(t)] )H

T
=/0 (g1, f/(m (@) {eA*(T_Z)h}z]LZ(Q)dt

=/T (1) {f’(m(t)){e/‘*”’)h}z} dr: (19.6.19)
0 gz(f)’ 0 Y 7

Y = Ly (2) x [D(A%)]’. Thus, comparing the right-hand side of Eq. (19.6.18) with Eq. (19.6.19),
we obtain Eq. (19.6.17a). I

Step 4. We return to the operator K[n] = RF'[n]: continuous (compact) Er — &7 as noted in
Eq. (19.2.27), and let K@[n] € L(&7) be its adjoint, defined in Remark 19.4.3(iii).

LEMMA 19.6.4
For the adjoint IC®[17], we have for e = [ey, e;] € Er:
r T
<IC@[;7] [ZD 1) = f/(m(t))/t A" Pe(0)}, do (19.6.202)
0

- -
f/(m(t))/ [S(o —t)€1(0)+C(t—0)A162(6)]d0] _
0

(19.6.20b)
PROOF For g = [g1, g2] € &, e = [ey, e2] € E, we compute with ¥ = L,(Q) x [D(A%)]’,
recalling Eq. (19.2.22):

(Klnlg, e r,0,1:v) = (8, /C®[T)]€)L2(0,T;Y) (19.6.21)

:/T /leAU—”{ 0 }dr DN 19622
o o Fam@na | o] ) I

— /T/t ({ 0 } eA®(t—f)e(t)) dtdt (19.6.23)
“Jo Jo \[Fmngai@ | . 6.



19.6 A Direct Derivation of the Formula of Eq. (19.4.35a) 305

(changing the order of integration and using skew-adjointness A®=_AonY )
= /T/T < |: O :| eA(Tf)e(t)) d[df (19624)
o J. \L/'m@N&i(0)]’ v
' 0 " Ac-n
= \/0 ({f’(’]l(f))gl(f)]’/t e e(t) dt)YdT (19625)
T T
= / (f’(m (1)gi(1), / A {eA(”)e(t)}zdt) drt (19.6.26)
0 T Ly (2)
. T
_ / [&(t)} fim @] / AT A e}y dr ||
()]’ ’ ’
0 82 0 )

(19.6.27)

Thus, comparing the right-hand side of Eq. (19.6.21) with Eq. (19.6.27) yields Eq. (19.6.20a),
from which Eq. (19.6.20b) readily follows via Eq. (19.2.3). I

Step 5.

LEMMA 19.6.5
Let Vo € H, n € Ep. With reference to K.[n] in Eq. (19.6.17a) and K®[n] in Eq. (19.6.20a), we
have:

1. [ — K®mI Fam( )z)”( o _ i [n1Ve: (19.6.28)
2 [f (771(-)3)\/2(-; VO)] =1 —’C®[77]]_]IC>;[77]V0' (19.6.29)
PROOF

1. Wereturn to the identity of Eq. (19.6.7), in H, extract the second component in L, (£2), multiply
this by f'[n;(¢)] and obtain since V = [v{, v2]"", vo = ¢; see Eqs.(19.6.4a and b):

' m@Owa(t; Vo) = f'm@) {7 "V},
T -1 / .
+ f/(nl(t))/t {eA*(T—l) |:A [f (771(6))"2(1', VO)]:| }zd‘r-

(19.6.30)

But, recalling Eq. (19.2.3), we have with e4" "= = ¢4¢=%) because S(-) is odd:

{eA*(rt) lA_l[f/(m(T))Vz(T; Vo)l
0

} = —ASt — DA f (i (D)va(T; Vo)
2

ST =0 f m@)va(z; Vo). (19.6.31)
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Then, Eq. (19.6.30), augmented by a null second component, becomes, by recalling
Eqgs. (19.6.17a), (19.6.31), and (19.6.20b):

0

[f’(m(t))Vz(t; Vo)
0

lf’(m(t)) (e T-0vy)

T
n f/(m(t))/t S@ =0 m@m(T: Vo dt| 1963

0
fiC-)va(-5 Vo)
= (K7nlVo) (1) + </C®[n] 0 ().
(19.6.33)
Then, Eq. (19.6.33) establishes Eq. (19.6.28) and part (1) is proved.
2. Part (2) follows from Eq. (19.6.28) as in obtaining Eq. (19.4.2) from Eq. (19.4.3).
I

Step 6. Substituting Eq. (19.6.29) into the right-hand side of Eq. (19.6.16) yields the identity of
Eq. (19.6.2a) = Eq. (19.4.35a), as desired.
The following result is contained in the proof of Proposition 19.6.1.

COROLLARY 19.6.6
The following identities hold true:

/’ B A [—A_'[f/(m(r))w(t; Wi
T 0
T -1 / .
=/ BreA T lA Lf (771(:')))"2('57 Vo)]]dr (19.6.34)
_ e [AT MG W] _ e [/ vl Vo)]]
0 0
= Lo — Ko1K [ Ve. (19.6.35)

PROOF  We refer to, and trace, Egs. (19.6.6), (19.6.9), (19.6.10), (19.6.13), (19.6.16), and
(19.6.29). 0

PDE Interpretation of the Formula in Eq. (19.6.2a) = Eq. (19.4.35)

The following result provides a PDE interpretation of the perturbation formula Eq. (19.6.2a) =
Eq. (19.4.35) for M.[n]. To this end, we decompose the ¢-problem of Eq. (19.6.3), ¢ (t; o) =
va(t; Vo), as

¢=v+x (19.6.36)
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where 1 and x are solutions of the following problems

Y = Ay X = Ax + f'Im(t, x)]¢ in Q; (19.6.37a)
(T, ) = ¢o; Vi (T, )=¢1 | x (T, )=0; x,(T,-)=0 inQ;  (19.6.37b)
d
¥y, = 0; —1/, =0 xlg, = 0; 8—X =0 in X;, (19.6.37¢)
I |5, 0 |y,

with ¢g = hy € Lr(Q), ¢ = —Ahg € [D(.A%)]"i Vo = {ho, 1} € H = D(.A%) x L,(R2), hence
{(W(T, ), ¥ (T, -)} = {¢o, 1} € L2(R2) x [D(A2)]". Explicitly, ¥ and x are given by:

Y (1) = C(t — T)hy + St — T)(—Ahg) = {*" TV}, Vo=

ho

e H, (19.6.38)
hy
recalling, in the last step, Eq. (19.6.17b), or Eq. (19.2.3), and via the variation of parameter formula,

x() = / St — ) f (m@)wa(t; Vo) dr € C{[0, T]; D(A?)}
T
va(t; Vo) = ¢ (15 Po) € C([0, T]; L2(2)). (19.6.39)

We notice that via Eq. (19.6.38) and Eq. (19.6.39), the decomposition Eq. (19.6.36) already appeared
in the top line of the identity of Eq. (19.6.32), stripped by the common factor f'(n;(¢)) across.

PROPOSITION 19.6.7
With reference to the problem in Eq. (19.6.37) and the identity of Eq. (19.6.2a) = Eq. (19.4.35a):
Miln) = L + L2 — K2 "' Kin], we have:

1. (L3Voh0) = B* e TV = [{M TV ] L = vz Vo € DILT): (19.6.40)
2. ForVye H:
(L2 = KO~ K7 Vol (1)

t _A-1 / .
=/ proren | AL (mg))”(t’v‘))] dr (19.6.41)
T
t _ g1 / .
_ / {emwl A'Lf <m<r)>v2<r,vo>]]}] (19.6.42)
T 0 243,

= / [S(t — 1) f' (1 (@)va(: Vo)lz,dt = x D)z, € C(0, TT; H2(I): (19.6.43)
T

3. For Vo € D(L}):
MEIVol(E) = (L5 Vol (1) + (£2(1 — KO~ K I Vo) (t)

= Y (t; Po)ly, + XDz, =vat; VO)lx, =05 Po)ly,.  (19.6.44)

PROOF  The first identity in Eq. (19.6.40) is the usual duality formula, see Egs. (19.6.8) and
(19.6.9). Next, we recall—see Eq. (19.9.8b)—that (#): B*[Z] = b|y,. This formula and Eq. (19.6.38)
then justify the last two identities in Eq. (19.6.40).

The identity in Eq. (19.6.41) was already noted in Corollary 19.6.6, Egs. (19.6.34) and (19.6.35).
Next, we use the above formula (#) for B* to get Eq. (19.6.42). Next, we recall Eq. (19.6.31) as well
as A* = — A to obtain the left-hand side of Eq. (19.6.43). Finally, we invoke Eq. (19.6.39) to obtain
the right-hand side of Eq. (19.6.43).
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19.7 Direct Proof of the Uniform COI of Eq. (19.5.5) via Lemmas 19.4.4 and
19.4.5 (in Dual Versions) (Thus Using Properties (P.1), (P.2), (P.3), (C.1),
and (C.2))

Orientation

In Section 19.5 we have extracted two basic strategies for proving Theorem 19.1.1, and, moreover,
we have shown their equivalence in Proposition 19.5.1. Strategy 1 consists of showing the uniform
invertibility condition of Eq. (19.4.18b) = Eq. (19.5.7) for the operator [/ + A’z (g)]~". Strategy 2
consists of showing the uniform COI of Eq. (19.5.5), that is, the uniform lower bound for the operator
M [g]. The equivalence between these two strategies was proved in Proposition 19.5.1 and rests
on two facts: (a) the basic relationship of Eq. (19.4.39b): M [¢]1(L%)* = [I + A (g)]*, between
the relevant operators, and (b) the property that (L% ): the state target space H onto the control
space [N (LI ND(Ly). So far, however, it was the uniform invertibility condition of Eq. (19.5.7)
involving [1 + A’ (¢)]~'—not the uniform COI of Eq. (19.5.10) involving M (g)—that has been
established in Section 19.4, Lemma 19.4.6, by virtue of Lemma 19.4.4 and Lemma 19.4.5, on
the basis of the structural properties (P.1), (P.2), and (P.3) and the control properties (C.1) and
(C.2).

In contrast, the goal of the present section is to prove the uniform COI of Eq. (19.5.5) directly, on
the basis of Lemmas 19.4.4 and 19.4.5 in dual versions.

We begin the present proof by returning to Eq. (19.4.35a) and its limit case of Eq. (19.4.35b). We
rewrite these formulas for convenience:

Ml = L5 + £9( — KOm) ™' KiIn] : H D D(L}) — Lr(0, T; U);  (19.7.1a)
(M) = 25+ L9171 — (K17 (K9)": H D D(Ly) — La(0, T; U);  (19.7.1b)

Werecall from Eq. (19.4.8a) that we are throughout considering L7 as an injective closed surjective
operator from [N (L7)]* N D(Lr) onto H [via (C.1) = (19.3.5a)]. Hence, the range L% H is dense
in [N (ET)]l in the L, (0, T; U)-topology. But, by (C.1) in its equivalent version of Eq. (19.3.5b),
(L£3)~!is bounded on £3 H. Hence, (L4) 7! is bounded on [N (L) (L3~ e LAN (L)L H).
With reference to Eq. (19 7.1), because the range of £% need not be contained in N (L], we now
extend (L3)~ by zero on N (Lr):

(L)~ =0o0on [N(Lp)], sothat (£5)~" € L(L,(0, T; U); H). (19.7.2)

A similar extension will be used in Eq. (19.8.12). Next, we apply such (extended) (L',’})’1 across
Egs. (19.7.1a) and (19.7.1b), thus obtaining

{1+ L)™' LU = K®Pm) K nh = (L)™' M5k, heD(L}) C H: (19.7.3a)
{1+ (L)™' L2 = (KOO (K9) Y = (25~ (M) h,  heD(Ly) C H. (19.7.3b)

Our present goal is to show the uniform COI of Eq. (19.5.5), rewritten here in terms of the parameter
n € &r rather than the parameter (potential) ¢ € Loo(Q) {eventually, g(z, x) = f'[n(z, x)]} as

Ihllg < CrliM5nlkll,o.r0), Y h € D(L}) uniformly inn € &7, (19.7.4)

for some Cr > 0 independent of A and 7. Thus, starting from Eq. (19.7.3a), in order to obtain the
desired uniform estimate of Eq. (19.7.4), we need to justify the following two steps in progression:

(i) first, inversion for each € &r,

h={I+ L)L — KO Kilnly (L)~ Milnlh, heDLS), (19.7.5a)
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as well as (we shall see below) its limit version
h={I+ L) "LPU — (KO KD )L MD*h,  heDLE):  (19.7.5b)
(i) second, uniform bound in n € & of the inverse of Eq. (19.7.5a):
Ills = 10+ ()~ L2 = KOm) ™ Kyt Ml
1) ™ N Liza.7:0: ) MG IR Lyco0.7:0) (19.7.6)
< CrlMzmhl,0r;v), YheDLy) CH. (19.7.7)

The inversion occurring in Eq. (19.7.5a) is the present counterpart of the inversion in Eq. (19.4.47)
of Section 19.4. As there, it actually involves a double inversion, one internal and one external, each
of which is required to be uniform in n € &7 in order to obtain Eq. (19.7.7) from Eq. (19.7.6), by
use also of Eq. (19.7.2).

Justification of inversion occurring in Eq. (19.7.5a) for each n € Ep and its limit version in
Eq. (19.7.5b): These two inversions are justified as in Proposition 19.4.3(c) in asserting the inver-
sion (19.4.43) for [I + A’y(u)]™" and its limit version in Eq. (19.4.44). Namely, they rely on the
compactness property of the perturbations of the identity, that is

(E})*lE@(I - IC®[77])’IIC§[77] : compact H - H, (19.7.8a)

(L)' LOrr — (K9®171(K%)* ¢ compact H — H, (19.7.8b)
which are readily derived from Remark 19.4.3 [in the following order: (iv), (iii), (ii)], as well as the
property in Eq. (19.7.2) for the (extended) operator (L)™' The properties of Eq. (19.7.8a and b)
are the counterpart versions of the properties of Egs. (19.4.40a and b). In both scenarios, critical is
the property of compactness of £® as in Remark 19.4.3(ii), due to (P.1) = Eq. (19.2.14).

Justification of uniform inversion from Eq. (19.7.6) to Eq. (19.7.7): To this end, we first invoke
Lemma 19.4.4, in a version dual to Eq. (19.4.49), to assert that

1T = K€D I, < const., uniformly in 5 € &7, (19.7.9)
and next we invoke Lemma 19.4.5 (in dual version) with, now

Zi=H, Zy=E; Q*=(L3)'LP: compact Z, =& — Zy = H;  (19.7.10)
Wrinl = Kr[nl(I — K[n])~' : continuous Z, = & — Z; = H; (19.7.11)
O*Wilnl = (L5) ' LOU — Kon) ' Kiln] (19.7.12)

(counterpart of the setting: Egs. (19.4.52), (19.4.53), (19.4.62), and (19.4.63) in Section 19.4). As to
the verification of the assumptions of Lemma 19.4.5 in the present setting, we note that:

(a) the required weak convergence (see Eq. (19.4.55))

Wr [0n] = Kr [0, T =K [, )" = WO = K5I — K°) ™" weakly from &7 to H
(19.7.13)

—equivalent to weak convergence of corresponding adjoints—follows as in the case of
Eq. (19.4.54): by virtue of combining property (P.2)(b), Eq. (19.2.29a) with property (P.3),
Eq. (19.2.35a);

(b) whereas the injectivity of

I+ Q*Wilnl =1 + (L)~ £ — K2~ Kilnl,
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and its limit version

I+ 0 (WO =1+ Ly~ £91 — (K91 (K9)"
were already verified in part (i), see Eqgs. (19.7.5a and b), by virtue of the properties of
Egs. (19.7.8a and b).

Thus, Lemma 19.4.5 (in dual version) applies and yields the counterpart of the uniform bound of
Eq. (19.4.56),

T+ O*Wilnly Ml = {1+ L)' 22U — KOl el e
< consty, uniformly inn € &r. (19.7.14)

Then, Eq. (19.7.14), along with the boundedness in Eq. (19.7.2), justifies the passage from Eq. (19.7.6)
to Eq. (19.7.7), as desired.

Thus, the desired uniform COI of Eq. (19.7.4) has been established here directly. This then yields
an alternative proof of Theorem 19.1.1, via Proposition 19.5.1.

Part III: Proof of Theorem 19.1.1 through the Uniform COI
of Eq. (19.5.5) = Eq. (19.5.10) via the Dual Uncontrolled
Problem in Eq. (19.3.9) = Eq. (19.6.3)

19.8 A Comparison of Traces of x and ¢ in L,(X;) by Falling into Part I

According to the analysis of Sections 19.4 and 19.5, one strategy available for proving the ex-
act controllability result of Theorem 19.1.1 on the semilinear problem in Eq. (19.1.1) consists in
establishing the following Uniform COI—see Eq. (19.5.10)—for the problem in Eq. (19.3.9) =
Eq. (19.6.3): there exists a constant Cy, > 0, such that

cnll{¢>o,¢1}Iliz(9)xm(ﬁ)}, </ Prdx,, (19.8.1)
uniformly in g (¢, x) = f'[n:(¢,x)] € B(,r) C Ls(Q), where B(0, r) is a ball centered at the
origin of radius » > 0 in Lo (Q) [ultimately 1, (¢, x) = w(¢, x)] where C7, depends on T and r but
not on the I.C. or on g running in B(0, ). To prove Eq. (19.8.1), we return to the splitting ¢ = ¥ + x
in Eq. (19.6.36), where ¥ and x are solutions of the problems in Eq. (19.6.37). Next, by duality
on assumption (C.1)—in the setting described by Eqgs. (19.3.7) and (19.3.8)—with reference to the
Yr-problem in Eq. (19.6.37), we obtain its COI by invoking Reference 27, Theorem 19.3.1, p. 271
and Theorem 19.2.1, p. 254: there exists a constant c; > 0 independent on the I.C. such that

2 2 2
, d¥, = —x)dX 19.8.2
crllo bl o ity = J, VR = [ @— 0% (19.8.2)

IA

IA

2 ¢>2d21+2/ x2dX. (19.8.3)
21 E1

Thus, to establish the desired COI of Eq. (19.8.1), it suffices—and indeed necessary as well: see
Remark 19.8.1 below—to show that, there exists a constant consty, > 0 depending on T and r but
independent on the I.C. or on ¢ € B(0, r), such that

/dezlgconstT, $*d¥, (19.8.4)
%

PN

uniformly on g € B(0,7) C L (Q).
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A direct operator-theoretic proof of the inequality of Eq. (19.8.4), or its operator version of
Eq. (19.8.7) below, will be given in Section 19.9. Here, in contrast, we provide an alternative
operator-theoretic proof of the inequality of Eq. (19.8.4) by actually proving its equivalent ver-
sion of Eq. (19.8.8) = Eq. (19.8.9) below, involving the quantity [/ + (A% [¢])*] that played a critical
role in the analysis of Part I. This way, we shall fall into the technical apparatus of Part I and, in
particular, appeal to Lemmas 19.4.4 and 19.4.5 to complete the present proof.

Proof of Eq. (19.8.4). By Proposition 19.6.2, Eqs. (19.6.44) and (19.6.43), we have that

— A7l o
o (t; o)y, = valt; Vo)ls, = IMFlqlVol(®), W= €H, &)= €Y;
Po d1
(19.8.5)
xDls, = (L2 — KPlgD) ' KEIg1Vo} ). (19.8.6)

Thus, proving the inequality of Eq. (19.8.4) is, via Eq. (19.8.5) and (19.8.6), reformulated as proving
that

1£2(1 — K®gD) ' Ki[q1Voll sy < constr, [ME[q1Vollasy. Vo € D(LE) C H, (19.8.7)

uniformly in ¢ € B(0,r) and in V, € D(L}). Moreover, we have seen in the proof of Proposition
19.5.1, that (£%)* is an isomorphism from [N (L7)]* onto D(L%). Then the inequality of Eq. (19.8.7)
is, in turn, equivalent to the following inequality: There exists a constant C7., > 0 such that

1£2(1 — K®€LgD) ™' Kilg1(LE) ull 1oz < Cop IMELGIEEY ]l Lycs), (19.8.8)

uniformly in ¢ € B(0,7) and u € [N(Lr)]* C L,(0, T; Lo(T"y)). But, by Egs. (19.4.40a) and
(19.4.39b), we can rewrite inequality of Eq. (19.8.8) as

I(AZIgD Ul < Cr Il + (AZ[gD TullL, ), (19.8.9)

uniformly in ¢ € B(0,r) and u € [N'(L7)]t C L>(X;). We now establish Eq. (19.8.9), thereby
completing the proof of Eq. (19.8.7), hence of Eq. (19.8.4). We write for u € [N (L7)]*:

I(ATIgD ull L,z

I+ ArlgD*u — ullLycs))
(I + AZlgD ullLycs) + ullLycs))- (19.8.10)

IA

Moreover, from Section 19.4, Eq. (19.4.64) we have the inequality, same as Eq. (19.5.6)

lullL,zy) < constr |I( + ALlgD ulli, s, (19.8.11)

uniformlying € B(0,r)andu € IN(LPHTE. Substituting Eq. (19.8.11) into the RHS of Eq. (19.8.10)
yields Eq. (19.8.9), as desired. Indeed, the inequality of Eq. (19.8.11) is guaranteed by inequality of
Eq. (19.4.64) of Lemma 19.4.6 [which was proved by virtue of properties (P.1), (P.2), (P.3), (C.1), and
(C.2) ultimately via Lemmas 19.4.4 and 19.4.5]. Thus, the inequality of Eq. (19.5.10) = Eq. (19.8.1)
is established, and this, in turn, proves Theorem 19.1.1 by virtue of Proposition 19.5.2.

REMARK 19.8.1 We have seen above that the inequality of Eq. (19.8.4), used in Eq. (19.8.3),
implies inequality (19.8.1). Conversely, here we show that the inequality of Eq. (19.8.1) implies
inequality of Eq. (19.8.4).

In fact, we return to Eq. (19.6.39) and estimate via trace theory:

Xl = C||X||L2(O’T;D(A%)) <crllo (s Po)llL,0.7: L) (19.8.12)
Crrlifdo, o1, _; | o) ipiadyy (19.8.13)

IA



312 Global Exact Controllability on Hllo(Q) X L, (S2) of Semilinear Wave Equations

uniformly ing € B(0, r), where in the last step we have invoked the regularity result of Eq. (19.3.11b)
of Theorem 19.3.1. Thus, if Eq. (19.8.1) holds true, then Eq. (19.8.13) shows that Eq. (19.8.4) holds
true as well.

REMARK 19.8.2  We have seen above that the inequality of Eq. (19.8.11), used in Eq. (19.8.10),
implies the inequality of Eq. (19.8.9). Conversely, the inequality of Eq. (19.8.9) implies the inequality
of Eq. (19.8.11), as it follows from

lull = 17 + AplgD*u — (AZ[gDull < I + ATlgD ull + (AT[gD™ull,  (19.8.14)
by substituting Eq. (19.8.9) in the right-hand side of Eq. (19.8.14).

Part IV: Another Proof of Theorem 19.1.1 via the Uniform
COI of Eq. (19.5.10) = Eq. (19.8.1); by Showing
Eq. (19.8.4) = Eq. (19.8.7) Directly

The present Part IV provides an alternative proof of the exact controllability Theorem 19.1.1,
by again establishing the uniform COI of Eq. (19.5.10) = Eq. (19.8.1) for the dual uncontrolled
¢-problem of Eq. (19.3.9) = Eq. (19.6.3). In common with Part III, this goal is achieved by proving
the trace inequality of Eq. (19.8.4) = Eq. (19.8.7). Unlike Part III, however, the present proof of
Eq. (19.8.4) =Eq. (19.8.7) is direct, while Section 19.8 of Part III established the equivalent inequality
of Eq. (19.8.8) = Eq. (19.8.9). The present direct proof manages to use only one inversion—the
counterpart of Lemma 19.4.4. By contrast, the double inversion of Lemma 19.4.5 is now entirely
dispensed with. The present analysis still relies critically on suitable families of collectively compact
operators, as in the context of Part I, Section 19.4, up to Lemma 19.4.4.

19.9 Direct Operator-Theoretic Proof of Trace Inequality of Eq. (19.8.4) =
Eq. (19.8.7)

Orientation In the present section, we seek to prove directly the uniform inequality of
Eq. (19.8.4):

/ x2dX, <consty, | ¢*d¥, (19.9.1)
21 2]

rewritten in operator form, via Eq. (19.6.43) = Eqs. (19.8.5) and (19.6.44) = Eq. (19.8.6)—this was
already done in Eq. (19.8.7)—as:

12231 = K€1) ™" K3 1q1Voll Lz, < constr, [IM3[g1Voll Ly, (19.9.2)

uniformly in ¢ € B(0, r) [ball centered at the origin of radius r > 0 in Lo (Q), see (19.A.20)]
and Vp € H = D(A%) x L,(R2), where ultimately g (¢,x) = f'(n(z, x)). As we have seen in
Section 19.8, the inequality of Eq. (19.9.1) = Eq. (19.9.2) is equivalent to the uniform COI of
Eq. (19.5.5), which in turn yields the exact controllability result of Theorem 19.1.1 for the semilinear
problem of Eq. (19.1.1), see Figure 19.5.1, by Proposition 19.5.1.

In Section 19.8, we have proved not the inequality of Eq. (19.9.1) = Eq. (19.9.2) directly, but
rather its equivalent formulation of Eq. (19.8.8) = Eq. (19.8.9) via the isomorphism (L*})* between
[N(Lp)]+ and D(L%), which connects Eq. (19.9.2) with Eq. (19.8.8) = Eq. (19.8.9). This strategy
had the advantage of making the present task of showing Eq. (19.9.1) = Eq. (19.9.2) fall into the
setting of Section 19.4, when it came to establish the required inequality of Eq. (19.8.11). In fact, to
show Eq. (19.8.11), all we needed in Section 19.8 was to invoke the inequality of Eq. (19.4.64) of
Lemma 19.4.6, which was proved via Lemmas 19.4.4 and 19.4.5.
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By contrast, in this section we are going to prove the inequality of Eq. (19.9.1) = Eq. (19.9.2)
directly, without passing through the aforementioned isomorphism (L% )*. This way, we shall provide
a treatment that is different from, but partially parallel to, that of Section 19.4; more precisely, it will
use the results on collectively compact families of operators in [1] behind Lemma 19.4.4, however,
in a different topological setting.

The counterpart of Lemma 19.4.5 will now no longer be needed. Thus, only one uniform inversion
is encountered, the counterpart of Lemma 19.4.4. The second uniform inversion of Lemma 19.4.5
in Part I is now entirely dispensed with.

Step 1. 'We return to Eq. (19.6.44) for n [= ¢] equal to zero, whereby we obtain
-A~¢,
®o ’

where ¥ (t; @), Py = [¢o, 1] € Y, solves the problem of Eq. (19.6.37a-b-c) on the LHS. The for-
mula of Eq. (19.9.3) (unperturbed case with g = 0) is well known; see Reference 27, Eq. (19.3.15a),
p. 273. As in Eq. (19.8.2), invoking Reference 27, Theorem 3.1, p. 271 and Theorem 2.1, p. 254,
we have that under the setting described, for example, by Egs. (19.3.6) to (19.3.8), the corresponding
COI for the ir-problem holds true: there exists a constant c; > 0, independent on the I.C., such that
on D(L3):

A
L

%o
Y = Ly(Q) x [D(AD], H = D(A?) x Ly().
The COI(19.9.4) says that the operator £ is boundedly invertible on its range (Range £3) = L5 H
in H. Because ¥ (¢; ®p) is in its range by Eq. (19.9.3), we conclude that

[_Al¢l

{(Milg = 01Vo}(t) = {L5Vol(t) = ¥ (t; Po)ls,, Vo= (19.9.3)

2

T
E/o A Y2 dT) = crll{go, ¢i}lF = H—A" 1, po}ll.  (19.9.4)

Ly (%)

] = (L)Y (- Po)ly,] € H. (19.9.5)
®o

Hence, recalling from Eq. (19.2.2) A: topological isomorphism H = D(A%) x L,(2) onto ¥ =
L,(2) x [D(A2)], we obtain

$o 0 I][-A""¢
¢ |-A 0 $o
which gives the reconstruction map—{from the Dirichlet trace on X, to its I.C.—of the solution to
the ¥ -problem of Eq. (19.6.37). From Eqgs. (19.6.37) and (19.9.6), it follows via Eq. (19.2.3) that

@) = = ALY Y PlzleY,  (199.6)

LAl l%] | ca=1) S(t—T)] l(bo]

Yi(t; Do) | ‘ ol |—ASG-T) ca-1)| |¢
= NTDALH) T W (- Po)lxy) (19.9.7a)
= {OW(-; Po)ls)}(®) € C[0, T]; Y), (19.9.7b)

gives the reconstruction (or “observation” map) @ = Or from the Dirichlet trace on X; to the
solution ¢ of Eq. (19.6.37) in the interior.
To extract the first component v (¢; ®() from the identity of Eq. (19.9.7), we shall write
V(3 @0) = O1 (Y(-: @o)lx,) = {OW(-: @)z, I
=[C(- =T) SC=DIALYH ™" [y (- Dols,] - (19.9.8)
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We recall from Eq. (19.4.8) that we are throughout considering L7 as an injective closed operator
from [N (L7)]* ND(Lr) onto H via Eq. (19.C.1) = Eq. (19.3.5). Hence, the range £} H is dense in
[N (L7)]*. But, by Eq. (19.9.4), (E’})’1 is bounded on L7 H, as noted above in Eq. (19.9.5). Hence,
(£3)~!is bounded on [NV (L7)]*. Hence,

(L3 e LAN (L) H); ALy e LAN (L)1 Y); (19.9.9)
O =07r =e"DALE)™! : continuous [N (Lr)]+ — C([0, T]; Y); (19.9.10)

01=0,7r =0 =[C(- =T) S(- —DIAKL™
: continuous [J\/(,CT)]L — C([0,T]; L(2)); (19.9.11)

We next extend O (and O;) by zero on A (L), so that

{(’) on [N(LH)]+ {01 on [N(Lr)]*
ext — ; l,ext = .

; (19.9.12)
0 on N(ET) 0 on N(ET)

A similar extension was performed in Eq. (19.7.2) of Section 19.7. This way, because by Eq. (19.9.3)
V(- Po)ls, € L3H C [N(Lr)IE, we have Op e (Y (-5 Do)lx,) = O1 (¥ (+; Po)lx,), given by
Eq. (19.9.8), but we can also apply O ex; to both ¢ (- ; Po)|x, and x (-)|yx,-

Step 2. Lemma 19.9.1. In the notation of Egs. (19.9.10) to (19.9.12), and with reference to
¢ =Y + x in Egs. (19.6.36) and (19.6.37), we have:

T
x (1) —/ St = Dg(@O{x(®) + [Orex(yox (- NI(D)} dt

T
=/ S —1)g(0) [O1ext (¢ Po)lx,) ] (0) dr, (19.9.13)
t
where y, denotes the Dirichlet trace operator, yy : H*(2) — H™3 Tr), s > %

PROOF  We return to Eq. (19.6.39) with S(-) odd and with g(t) = f'(n1(1)), va(t; Vo) =
¢ (t; Op) and obtain by using ¢ = ¥ + x in Eq. (19.6.36) the extended reconstruction map O ex,
which coincides with O; on ¥ (-; ®p)|x,, given by Eqgs. (19.9.8) and (19.9.12):

x(@) = /T St —1)q()p(z; Po)dt
T T
:/ S(t—t)q(r)t/x(r;@o)dt+/ St —t)g(t)x(r)dr (19.9.14)
T T
by Eq. (19.9.8) =/ S(T—I)C’)Lext[lﬁ(-;fbo)lzl](T)+/ St —0gq(v)x(r)dr
T
=/ S(t = g(0)O1ext[¢(; Do)z, | (T)d7T
T
+/ S(t —tg(t)x(r)dr (19.9.15)
T
—/ S(r = g0 O ex (x()l3,) (D) dr, (19.9.16)

and Eq. (19.9.16) establishes Eq. (19.9.13). 0
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Step 3. Next, forv € Ly(0, T; L2(S2)), and g € Lo (Q) as usual, we introduce the operator

T
(TlgIv)(®) =/ S(r =g (t)v(r)dt € C([0, T; D(A%)), (19.9.17)

continuously, see Eq. (19.2.3). By comparison with Eq. (19.2.22) [where f’(n;(t)) is replaced now
by g(t)], we see that: the operator T[q] is the L,[0, T; L,(2)]-adjoint of the first component of
the operator K|[q] in Eq. (19.2.22). Then, in view of Eq. (19.9.17), we can rewrite the identity of
Eq. (19.9.13) for x € C{[0, T']; D(A%)}, see (C.13), as

{I = Tlq] + T[]0 excvolx = T[q101ext [ (-5 o)z, ] - (19.9.18)
Step 4. To fit into the setting of the operator K[#n] in Eq. (19.2.22), we complement (19.9.17) by
introducing the notation
T
(TImv)(@) = / S =) f'(mm)v(r)dr (19.9.19a)
t
: continuous L (0, T; L2(R)) — C([0, T1; D(A?))  (19.9.19b)

via the regularity of Eq. (19.2.3) with n; (parameter) € L,[0, T; L,(2)] and with f subject to
Eq. (19.1.2). We next collect relevant properties of the operator 7 [5,] [cf., property (P.2) ((19.2.27)-
(19.2.29)) for the operator K[n] in Eq. (19.2.22).

PROPOSITION 19.9.2
With reference to T [n] in Eq. (19.9.19), the following properties hold true:
Not only do we have that for any € > 0,

T[] : compact Ly(0, T; Ly(Q)) — La(0, T; H “(Q)) for each ny € Ly (0, T; Ly (),

(19.9.20)
but, in addition, we have
(a)
with T[n;] viewed as in Eq. (19.9.20), the family of operators
{T T 1}y eL,0.7: Lo () IS collectively compact: that is, Reference 1, p. 4, (19.9.21)

the set union Um T [m] {unit ball of L,(0, T; L,(2))} is a precompact
set of L, [O, T; Hrl()’e (Q)],
where the union of the image of the unit ball of L,(0, T; L,(S2)) under the operator T [n;] is taken
over all n; € Ly(0, T; Ly(2)). Moreover, T [n;] satisfies the following additional property.
(b) For any sequence 01, € L2(0, T; L2(2)), we can extract a subsequence n,, such that

T [n1n,] = T strongly, from Ly(0, T; Ly () 10 Ly (0, T; HY, () (19.9.22)

where T? is given by

T
(T)(t) = / St — 1) fo(r)v(z)dt

t

: continuous L1 (0, T; Ly(Q)) — C([0, T1; D(A%)), (19.9.23)

for some suitable fy € Lo (R), possibly depending on the subsequence.
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PROOF The proof is identical to that of property (P.2) for the operator K[n] in Eq. (19.2.22),
except on a different topological setting. We shall use Aubin’s lemma [2]. From Eq. (19.9.19) we
readily estimate via Eqs. (19.2.3) and Eq. (19.1.2),

1TV, o rpaty < YTITIW G0 by,
< CrlvllL,0.1:1,). uniformly in n; € L,[0, T; Lo(2)].  (19.9.24)

A

Next, for the time derivative of 7 [5] in Eq. (19.9.19):

d T ,
<ET[771]V> (1) = —/ Cx =0 f m@)v(r)dr, (19.9.25)
t
we similarly estimate via Eqs. (19.2.3) and (19.1.2),
d . .
—T[mlv < CrlvliL,0.1:0), uniformly in n; € La(0, T; L2(2)). (19.9.26)
dt L2(0.T: Ly(22)

Because the injection HIlO(SZ) = D(A%) < HFIO’G(Q), € > 0, is compact, Aubin’s lemma [2]
applies and yields Eq. (19.9.20) and, in fact, Eq. (19.9.21), because the estimates Eqs. (19.9.24) and
(19.9.26) are uniformin n; € Ly(0, T; L,(S2)).

To prove part (b), we proceed as in Eq. (19.2.29) through Eq. (19.2.32). Given 1y, € L»(0, T;
L»(€2)), we have | f'(n1,)| < const by Eq. (19.1.2), so that by Alaoglou’s theorem we can extract a
subsequence 7y, such that f’(n1,,) — some fp in L, (R)-weak star. One then defines the operator
T° as in (19.9.23). We further obtain as in Reference 29, Proposition 3.3(b), p. 129 that

AT [n] = A2T® weakly in Ly(0, T; Lo()), (19.9.27)
as well as

d d _, .

T ’T[mnk] — I T weakly in L, (0, T; Ly(2)). (19.9.28)

Then, as a consequence of the weak convergence of Eq. (19.9.27) (which takes care of the “space”
coordinates) and of Eq. (19.9.28) (which takes care of the “time” coordinate), along with the com-
pactness of 47¢ from D(A%) to D(A%_e), we deduce the strong convergence of Eq. (19.9.22).
Proposition 19.9.2 is proved. I

Consequences of Proposition 19.9.2

As a consequence of the collectively compact property of Eq. (19.9.21) and of the strong convergence
of Eq. (19.9.22) (or else again by Aubin’s lemma applied to 7°), we obtain that

T°: compact L,(0, T; L,(2)) — L, (O, T; H#JG(SZ)) . (19.9.29)

Moreover, we have that the integral operator 7° satisfies
[I—T°1" € L(L2(0, T; HY, (), €>0. (19.9.30)
In fact, it suffices by Eq. (19.9.29) to establish that [I — 7°] is injective: [/ — 7°lv =0 = v = 0,
which is true because this leads by differentiating via Eq. (19.9.23) twice that v = Av — fyv,

v(T) =v(T) = 0,hencev = 0. (Orelse, one proceeds as in obtaining Eq. (19.4.2) from Eq. (19.4.3)).
The counterpart of Lemma 19.4.4 is

PROPOSITION 19.9.3
Not only do we have

(I =TmD) ™" € L(L2(0, T; HL (), €>0. (19.9.31)
for each n; € L,(0, T; Ly(R2)) fixed, but moreover,
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(ar)
11— T[’?l])_l||L(L2(0,T;Hr‘(;*(sz)) < conste, uniformlyinn, € Ly(0, T; L,(€2)). (19.9.32)
(az) Let n1,, be a subsequence of a given arbitrary sequence 1y, € L2(0, T; L,(S2)), such that
T [n]nk] — T (given by (19.9.23)) strongly in L, (0,T; Hll(?E (), (19.9.33)

as guaranteed a-fortiori by Eq. (19.9.22), whereby then T is compact on L, (0, T’ Hrlo_é (),
as a-fortiori guaranteed by Proposition 19.8.2(b), Eq. (19.9.29). Then, not only (I — TH 1 e
L(L,(0,T; HIIU_G (2))) as already noted in Eq. (19.9.30), but moreover,

(1- T[mnk])*‘ — (I =T " strongly in L, (0, T; H; “(Q)) . (19.9.34)

PROOF Same as the proof of Lemma 19.4.4. The proof relies on Proposition 8.2—counterpart of
property (P.2), Egs. (19.2.27) to (19.2.29)—which then allows the application of a standard result ([ 1],
Theorem 1.6, p. 6) on the family of collectively compact operators {7 [n;]} on L,(0, T; Hllo_E (2)),
a-fortiori from Eq. (19.9.21). Indeed, the strong convergence of Eq. (19.9.33) guaranteed a-fortiori
by Eq. (19.9.22), once combined with the existence of [/ —7°] ! already established in Eq. (19.9.30)
implies via ([1], Theorem 1.6, p. 6) that

(1 =T°[nin]) " € L(L2 (0, T; HLS())) (19.9.35)

for all k sufficiently large, and moreover, that the strong convergence in Eq. (19.9.34) takes place.
Part (ay) is proved and this establishes part (a;) because the sequence {n;,} was arbitrary.

We next introduce the family of operators
[l = Tl + Orexo), M € La(0, T La(€2)) (19.9.36a)
: continuous L, (0, T; Hllo_e(Q)) — C([O, T, D(A%)), € >0, (19.9.36b)

where O ¢y is defined in Eq. (19.9.12) and yy is the Dirichlet trace operator introduced below
Eq. (19.9.13).

The regularity in Eq. (19.9.36b) of I1[n,] is justified as follows. First, the Dirichlet trace operator
is continuous, in fact, compact, from Hllo_E (£2) to Lo(I"). Next, by Eq. (19.9.11), O «x is continuous
from L,(0, T; U) — C([0, T]; L»(2)), U = L,(I"), so that

Oj extyo : continuous Ly (O, T; Hrl()’E (Q)) — C([0, T]; Lr(2)). (19.9.37)
Finally, Eq. (19.9.37) combined with Eq. (19.9.19b) yields Eq. (19.9.36b).

PROPOSITION 19.9.4
The family of operators {I1[n]} in Eq. (19.9.36) has the same properties on the space L,(0, T}
Hllf(Q)) as the family of operators {T [n,]}. Namely, not only

(i)
] : compact L,(0, T; HY (Q)) — itself, (19.9.38)
but, in addition,
(ii)

I1 . ] llectivel t )
{{ [m 1}y eL.0.7;L,()) IS a collectively compact family (19.9.39)

of operators on L, (0, T; Hllo_e(Q)) .
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(iii) For any sequence 11, € L,(0, T; L2(R2)), we can extract a subsequence 11,, such that
[N ] — T° = T + Oy exo) strongly in L, (0, T Hy, (), (19.9.40)

with T° (depending on the subsequence) that can be taken to be the operator in Eq. (19.9.23).

(v)
N : compact L,(0, T; HY, “(Q)) — itself. (19.9.41)

(v)
(I —1°1"" € L(Ly (0, T; HY, () . (19.9.42)

(vi)

(I —T[mD) " € L(Ly (0, T; HY, (),  for each fixed ny € L(0, T; Ly()).
(19.9.43)

(vii) Let mp, be a subsequence of a given arbitrary sequence 1y, € Ly(0, T; Lo(2)), so that the
strong convergence of Eq. (19.9.40) takes place, as guaranteed by part (iii). Then, not only
Eq. (19.9.42) holds true, but, moreover,

(I =T [nn])"" = (0 =" strongly in Ly (0, T; HL(R)) . (19.9.44)
(viii) Finally, the following uniform bound holds true:

Iz — H[nl])_l ”L(LZ((),T;HIL(;*(Q)) < conste,  uniformly inn; € L,(0, T; L2(£2)).
(19.9.45)

PROOF It suffices to invoke the regularity property Eq. (19.9.37) in the definition of I[#;] in
Eq. (19.9.36a) which yielded Eq. (19.9.36b). Then all the arguments employed for the operator
family {7 [n;]} in Propositions 19.9.2 and 19.9.3 carry over verbatim to the family {I1[5;]} in
Eq. (19.9.36). I

Step 5.  We now prove the desired estimate of Eq. (19.9.1).

PROPOSITION 19.9.5

With reference to the solutions x and ¢ of problems in Egs. (19.6.37 right-hand side) and (19.6.3),
with q(t, x) replaced by f'(n1(t, x)), the following inequality holds true: there exists a constant
C7 > 0, independent of the I.C. ®y € Y and of n1 € L,(0, T; Ly(R2)), such that for € > 0,

Ix1s ) < C”Xlle(O,T;Hr'U"(Q)) < Crl¢(-; Po)ls llLyzn- (19.9.46)
PROOF By virtue of the definition of Eq. (19.9.36), we return to Eq. (19.9.18) and rewrite it (we
are replacing ¢ with f'(n;)) as

(I =MD x = TI1O1en(@(-: Po)lz,) € C([0. T1; D(A?)), (19.9.47)

for each n; € L,(0, T; L,(S2)). By Proposition 19.9.3(vi), Eq. (19.9.43), we can perform the inver-
sion in Eq. (19.9.47)in L,(0, T} HIIU_E (£2)), thus obtaining

x = =TImD ' TImlO1ex(@(-; Po)ls,) € La(0, T; HE, (). (19.9.48)
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In Eq. (19.9.47), we now recall the critical uniform bound Eq. (19.9.44) of Proposition 19.9.3(viii)
for (I — I[n;])~" as well as the uniform bound

171171101 extll < consty, uniformlyinn; € L,(0, T; L,(€2)), (19.9.49)

L(Lx(z):C((0.71:D(A )
which follows by combining the regularity of O ¢y in Eq. (19.9.11) with the uniform estimate of
Eq. (19.9.24) for 7 [n;]. Setting for notational convenience X = L, (0, T; Hrlo* (£2)), we then obtain
from Eq. (19.9.48) via Egs. (19.9.45) and (19.9.49)

IA

||(1 - H[nl])Z(lx)|’T[nl]ol,ext”L(Lg(El);X)||¢('; Do)l oz (19.9.50)
Crllo(-; @o)lz, I,z (19.9.51)

uniformly in n; € L,(0, T; L,(2)). This proves the RHS inequality in Eq. (19.9.46). The LHS
inequality in Eq. (19.9.46) is a direct application of trace theory. Proposition 19.9.5 is proved.

llx ||L2(0,T;Hr';(sz>>

IA

Finally, the inequality of Eq. (19.9.1) is then a rereading of the inequality of Eq. (19.9.45) with
q(t,x) = f'(n(t,x)) € Loo(Q). The inequality of Eq. (19.9.1) is thus proved. As a consequence,
Theorem 19.1.1 is established via Figure 19.5.1.

19.10 Comparison between the Two Strategies: Part I vs. Part II, Part III,
and Part IV

Section 19.5—condensed in Figure 19.5.1—summarizes the approach of the present paper (which is
closely based on the original abstract approach in Reference 29) in the study of exact controllability
of semilinear problems at least in its Part I. The necessary and sufficient condition of Proposition
19.4.1(a) is then proposed to be tested via one of two different sufficient conditions (which are,
in fact, related by Propositions 19.4.2 and 19.4.3), both with operator-theoretic emphasis: one that
seeks the uniform global invertibility of Eq. (19.1.3) = Eq. (19.4.64) = Eq. (19.5.7) through an
analysis of the controlled problem (Part I) and one that seeks the uniform COI of Eq. (19.5.10)
through an analysis of the dual uncontrolled problem of Eq. (19.3.9) = Eq. (19.6.3) = Eq. (19.8.4)
(Part 11, Part III, and Part IV). Refer to Propositions 19.5.1 and 19.5.2. In this section, we perform a
comparison between these two basic routes on a few different dynamics.

Case 1. The Problem of Eq. (19.1.1). Semilinear Wave Equation with Neumann
Boundary Control u € L(0,T; Ly(T'1)) on Hf () X Ly(2)

The (global) exact controllability result of Theorem 19.1.1 was obtained in this paper in four
ways: through the abstract operator approach of either Part I (Sections 19.2-19.4), Part II (Sections
19.6 and 19.7), Part III (Section 19.8), or else Part IV (Section 19.9). A comparison between the
two approaches may be in order. The common thread is represented by uniform operator inversions,
which are obtained by identifying suitably collectively compact families of operators, whereby then
the basic theory thereof [1] may be applied.

Case 2. Second-Order Hyperbolic Equations on a Riemannian Manifold
with Dirichlet Boundary Control

Model Let M be a finite-dimensional Riemannian manifold with metric g(-, -) = (-, -) and
squared norm | X I? = g(X, X).Let Q be an open bounded connected compact set of M with smooth
boundary I' = I'yUT";. Let v denote the outward unit normal field along the boundary I'. Furthermore,
we denote by A, the Laplace (Laplace-Beltrami) operator on the manifold M, and we denote the
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Levi-Civita connection on M by D. In this section, we consider the following Riemannian wave
equation with energy level (H')-terms on :

Wy = Agw+Fw)+ f(w) inQ=(0,T] x Q; (19.10.1a)
w(, -) = wo, wi(0, -) =w in €; (19.10.1b)
wlg, =0 inXy=(0,T] x I'y; (19.10.1¢)
wlg, =u in¥; =(0,T] xT;. (19.10.14d)

The function F is assumed to be of the following form:
F(w) = (P(t,x), Dw) + p1(t, x)w; + po(t, x)w, (19.10.2a)

where Dw = V,w is a vector field, Dw € X (M) = the set of all vector fields on M; pog, p; are
functions on [0, T] x €2; finally, P(t, ) is a vector field on M, t > 0. We assume

Po € Lyt1(Q);  p1 € Loo(Q), P € L(0,T; A), (19.10.2b)
[10]. Thus, a-fortiori, there exists a constant C7 > 0 such that
|IFwW)I> < Cr {IDw* +w] +w?}, x,t€Q, ae. (19.10.2¢)

Two vertical bars | - | denote the norm in the tensor space T, or its completion L?($2, T) [10]. The
nonlinear function f (r) satisfies the same assumption of Eq. (19.1.2) as in the Neumann problem of
Eq. (19.1.1).

Special case in R” A relevant special case on a bounded open domain €2 of R” is given when A
is an elliptic second-order differential operator in R":

n

a ow
AW — _Z a—xl (aij(x) E) s X = [x]’ e 7)Cn], (191033)

ij=1
with real coefficients a;; = a; of class C', satisfying the uniform ellipticity condition
Y aj0EE=ay &, xeQ, (19.10.3b)
ij=1 i=l
for some positive a > 0. Accordingly, we may obtain that
Y aEE >0, YxeR', E=[f.6.... &1 €R", ££0.  (19.10.3¢c)
ij=1
Let A(x) and G (x) be the n x n coefficient matrix and its inverse
A) = (@;(x); Gx) =[A@)] "= (g;;x), i,j=1,...,n; xeR", (19.10.4)
both positive definite for any x € R”, by the assumption of Eq. (19.10.3c).
Riemannian metric Let R” be endowed with the usual topology and x = [x{, X2, ... , x,] be the

natural coordinate system. For each x € R", define the inner product and the norm on the tangent
space R} = R" by

gX, V) = (X, V)= ) gij(®)aiB;; (19.10.5)

ij=1



19.10 Comparison between the Two Strategies: Part I vs. Part II, Part III, and Part IV 321

d
Xi

Xlg = (X, X)eb2s X =) i
i=1

. 3
;Y= ; — e R, 19.10.5b
; by R ( )
Then, (R", g) isaRiemannian manifold with Riemannian metric g, denoted by g = Z?j:, gijdx;dx;.
We have

Aw = Agw + Dw. (19.10.6)

Thus, the case of a variable coefficient operator A as in Eq. (19.10.3a) in R” can be included in the
Riemannian wave equation model of Eq. (19.10.1a).

One could also start with a differential operator such as A of the form of Eq. (19.10.3a) except
this time as defined on M and, by a similar change of metric using Eq. (19.10.4), end up with the
canonical form of Eq. (19.10.1a).

Main assumption As in [59], we assume that there exists a function d : @ = R of class C? that
is strictly convex in the metric g. This means that the Hessian D?d (a two-order tensor) satisfies
D*(X,X)>0,Vx e QVXeM,. By translation, we can always make d(x) positive on Q.
Moreover, because £ is compact, we can always obtain that

D’d(X,X) = (D.(Dd), X), = 2p|X[;, VxeQ,VXeM, (19.10.7)

for some p > 0, ming d(x) > 0. Accordingly, we define the time 7y by

1
3
) ,  pasin (19.10.7). (19.10.8)

REMARK 19.10.1  Several approaches are available to provide a metric g = Xg;; dx; dx;—
hence coefficients a;;(x) via Eq. (19.10.4)—which satisfies the main assumption of Eq. (19.10.6).
See Reference 9, Section 4 for a review.

Approaches include the Riemannian distance function (theorem of R. E. Greene and H. Wu), the
Hessian comparison theorem, curvature flow methods, etc.

To simplify the exposition, we shall also assume that d (x) has no critical point on

inf |Dd| > 0, (19.10.9)
xXeQ

though this assumption can eventually be dispensed with, see Reference 59, Section 10. We define
the following subset of the boundary I' = 9€2:

Iy = {x €T : (Dd(x), v(x)) = adf)x)

< O}; ' =I'\Ty. (19.10.10)

Uniform Continuous Observability Inequality of the Corresponding Linearized System We
shall state below the required “uniform continuous observability inequality” for the following “dual”
problem corresponding to the linearized version of the problem of Eq. (19.10.1):

b = Dgp + (01, x), DP) + q1(1, x)p: + qo(t, x)¢ in Q; (19.10.11a)
&(T, ) = ¢o, ¢(T, -) = in Q; (19.10.11b)
dlx =0 inx, (19.10.11c)

where Q, g1, qo satisfy regularity assumptions as P, pi, po, in Eq. (19.10.2b), respectively. The
term f'(w(t, x)) € Lo (Q), which arises in the linearization of Eq. (19.10.1a) with f subject to
Eq. (19.1.2), is incorporated in the term gq.
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The following result provides the key sought-after version, as it applies to the present case of
Eq. (19.10.1), of the “uniform observability property” required by Eq. (19.5.10).

THEOREM 19.10.1

Assume hypotheses of Egs. (19.10.7) and (19.10.9) on the strictly convex function d(x). Let T > Ty,
where Ty is defined in Eq. (19.10.8). Then, with reference to Eq. (19.10.11), the following continuous
observability inequality holds true: There exists a constant C(r) > 0, such that

T 3¢ 2
where C(r) is given by
C(r) = ce” for some ¢ = C(T, Q); r = lgollz,.ico) + lgilleoco) + 191IL o0, 7:4)-  (19.10.13)

Theorem 19.10.1 was proved in Reference 59, Theorem 8.1, p. 357. It generalized previous
versions with constant coefficient principal part on a Euclidean domain [20, 60, 38].

Semilinear System As already noted before its statement, Theorem 19.10.1 provides the present
version of the sufficient condition of Eq. (19.5.10) (Uniform Continuous Observability Inequality
for the linearized problem corresponding to the original semilinear system of Eq. (19.10.1) in the
present Dirichlet boundary control case). The technical work that goes into proving the estimate of
Eq. (19.10.12)—and its predecessors in the Euclidean setting in References 20, 38, and 60 (based
on pointwise Carleman estimates with no lower-order terms)—replaces entirely the approaches of
Part II and Part III in the Dirichlet versions. An estimate of Eq. (19.10.12) is the uniform COI of
Eq. (19.5.5) in our present Dirichlet case. Therefore, by the counterpart of Proposition 19.5.1 or
19.5.2, as applied to the present Dirichlet problem of Eq. (19.10.1) (where A’ (g) is still compact),
we obtain the desired (global) exact controllability of the system of Eq. (19.10.1).

THEOREM 19.10.2

Let Eq. (19.1.2) be fulfilled for the function f in Eq. (19.10.1a). Assume the hypotheses of
Egs. (19.10.7) and (19.10.9) on the strictly convex function d(x). Let T > Ty, where Ty is de-
fined in Eq. (19.10.8). Then the problem of Eq. (19.10.1) is (globally) exactly controllable on
the state space H = L,(Q) x H~'(Q) within the class of L,(0, T: L,(I'1))-controls. Explic-
itly: given T >0, the L.C. {wo, w1} € H, the target state {Wo, w1} € H, there exists a control
u € Ly(0, T; Ly(T'y)), such that the corresponding solution of the problem of Eq. (19.10.1) satisfies
w(T, ), w(T, -)} = {Wwo, wi1}.

Theorem 19.10.1 generalizes Reference 29, Theorem 19.1.1, case y = 0 to which it reduces in
the case of A, = A (that is, constant coefficient principal part on a Euclidean domain: —a;; = §;;
in Eq. (19.10.3a) with no energy-level terms p; = P = 0).

As mentioned in the introduction, this basic case y = 0is excluded from the results of Reference 61
and also of Reference 60, Theorem 4.2, p. 831, as the latter falls into the former.

REMARK 19.10.2 No compactness-uniqueness argument is involved in obtaining the estimate
of Eq. (19.10.12). On the contrary, Eq. (19.10.12) is used (and has been used in this paper) to claim
a global uniqueness result for the overdetermined problem of Egs. (19.10.11a—c) plus 3—‘5 |z, = 0.
The proof of Eq. (19.10.12) is based on pointwise Carleman estimates with no lower-order terms,
in the presence of low regularity of the coefficients, as it is pursued in References 20, 60, and
38 in the Euclidean setting and extended further in the Riemannian setting in [59]. This approach
is more refined than (by now) classical multipliers’ approaches. The resulting control-theoretic
a-priori inequalities obtained through this pointwise Carleman estimate approach have the definite
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advantage of coming with an explicit estimate of the final constants involved. This, despite the low
regularity of the coefficients, in particular L, (Q)-potentials g. This is a new feature over much of
the control-theoretic literature since the early 1980s [4, 27, 39, 58]. Thus, compactness-uniqueness
arguments are dispensed with. There is, however, at present a big difference between the Dirichlet
and the Neumann boundary control cases for wave equations. In the Dirichlet boundary control
case of the present Section 19.9, this point-wise Carleman estimate approach yields the estimate of
Eq. (19.10.12), which is precisely the required COI for the problem of Eq. (19.10.11), in particular,
with potential go € L (Q). By contrast, in the Neumann boundary control case of the present
paper—say Eq. (19.3.9) = Eq. (19.6.3) = Eq. (19.A.4)—this approach does yield an estimate,
whereby the H = D (.A%) X L (€2)—norm of the I.C. {¢y, ¢} is bounded above by boundary traces
of ¢ and ¢, in L,(X) [38]:

2 <C 2+ pHdT. 19.10.14
||{¢07¢1}||D(A%)XL2(Q) <Cr 21[<Z5 +¢;1d%, ( )
But this estimate is not the required COI of Eq. (19.5.10) = Eq. (19.8.1). Itis equivalent to it but only
if ¢+ € Loo(Q), see Remark 19.A.1, which is not an acceptable assumption to treat the semilinear
problem (1.1). That is why, in the Neumann case of the present paper, we had to resort to different
approaches, described in Parts I, II, III, and I'V.

Appendix 19.A: Preliminaries on the Linearized Problem. Main Result
Controlled Dynamics

As in Section 19.1, we let {2, [y, '} be a given triple, U, = [, TyNI =0, Q2 € R" a
bounded domain, n > 2; I'y # @J. Consider the following wave mixed problem:

Y = Ay +q(t,x)y inQ=(0,T] x Q; (19.A.1a)

v, -) =yo, (0, -) =y inQ; (19.A.1b)
3

Vg =0 2| = in¥% =0, T]xTy, i =0, 1. (19.A.1¢)
|y,

We note that Eq. (19.A.1¢) (LHS) is a technical condition made to invoke Poincaré inequality; it can
be eliminated by using the equivalence in Reference 38, Eq. (19.6.1).

Notation

Throughout Appendices 19.A through C, y denotes the solution of Eq. (19.A.1). By contrast, in
Parts I and II, to conform to Reference 29, we defined y as y = {w, w,} where w is the solution of
Eq. (19.1.1). No confusion is likely to arise, as the Appendices are essentially independent of Parts I
and II in this regard.

Case of Fixed “Potential” ¢

We assume that ¢ (¢, x) is fixed and satisfies

q(t,x) € Loo(Q). (19.A.2)

The problem Eq. (19.A.1) coincides with the ¢-problem of Eq. (19.2.37) of Section 19.2, for the
choiceq = f'(n1(-)), whereeventually n; = w(z, x) € C([0, T]; Hllo (£2)), see regularity statement
in Step 1 at the beginning of the proof of Section 19.4. Itis convenient to study problem of Eq. (19.A.1)
as a prototype of the linearization of Eq. (19.2.37) of the original semilinear problem of Eq. (19.1.1),
with a fully general L. (Q)-potential.
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REMARK 19.A.1 The assumption of Eq. (19.A.2) is made with the aim of solving the exact
controllability problem for semilinear models. In contrast, if we assume ¢,(¢, x) € Lo (Q), the
approach in Reference 27 would apply. The approach that follows is dictated by the assumption of
Eq. (19.A.2).

LEMMA 19.A.1

Exact controllability of the problem of Eq. (19.A.1) on the state space Hllo (2) x Lo(2) within the
class of Ly(X1) = Ly[0, T; Lo(I'1)]-controls holds true if and only if the following COl is satisfied:
there exists a constant Cr 4 > 0, depending only on T and q but not on the I.C., such that

¢2d21 > CT,q ”{¢07 ¢1}||iz(Q)X[H110(Q)]’ (19A3)

2

(whenever the left-hand side is finite), where ¢ solves the following homogeneous backward problem:

bu = AP +q(t, x)¢ on Q; (19.A.42)

O(T. ) = ¢ € Lo(Q), ¢(T. ) =y € [D(A)] onQ; (19.A.4b)

ols, = 0; 22| =0 on; = (0, T] x Ty, (19.A.4c)
|y,

The regularity of the problem of Eq. (19.A.4) is stated in Theorem 19.3.1 and proved in Theorem
19.C.1 of Appendix 19.C.

Notation

The problem of Eq. (19.A.4) coincides with the problem of Eq. (19.3.9) = Eq. (19.6.3). As in
Egs. (19.2.2) and (19.2.4), we set

Hllo(Q) ={feH\(Q): flr, =0} = D(.A%) (equivalent norms); (19.A.5)
Af = —Af, D(A)z{feHl(Q): flr, =0, g—]‘j :O}; (19.A.6)
Iy

1

A~! e L(L,(R)) (because of Ty # @); H = D(A%) x Ly(Q); Y = L,(Q) = [D(Ai)]/;
(19.A.7)
(Hllo (Q)), = [D (A%)]/ (duality w.r.t. L,(€2) as a pivot space). (19.A.8)

PROOF OF LEMMA 19.A.1. By usual duality.

Step 1. Consistently with the notation in Eq. (19.3.15) or Eq. (19.4.33) for the abstract linearized
z-problem of Eq. (19.2.18)—corresponding to the linearized ¢-problem in Eq. (19.2.37) in PDE
terms; that is, the y-problem Eq. (19.A.1) with ¢ = f'(n,(-))—we introduce the input — solution
operator My = My[q] (unbounded, densely defined, closed), see Eq. (19.3.3) for L7, that is, for
qg =0

Mqu = {y(T), y(T)} € H = HFIU(Q) x Ly(2) foru € D(Mr) =D(Ly) C Lo(Xy).
(19.A.9)

The required exact controllability property of Eq. (19.A.1) on Hrlo (2) x L,(2) attime r = T within
the class of L,[0, T; L,(I"y)]-controls u is reformulated as the property that the operator My in
Eq. (19.A.9) be surjective:

onto

Mz i Ly(31) D D(M7r) == H = H} (Q) x Ly(R). (19.A.10)
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This ontoness property for the closed operator M7 is, in turn, equivalent to the property that its
(Hilbert space) adjoint M%. : H D D(M%) — L,(X) has a continuous inverse (see Reference 56,
p. 235):

h
M

(This is the “continuous observability” inequality in this case.) We shall see now that the inequal-
ity of Eq. (19.A.3) is nothing but a PDE reformulation of inequality Eq. (19.A.11). (We have
(Mru, z)D(A%) = (u, M’z)1,(x), consistently with the notation % in Remark 19.4.1.)

V {ho, 1} € DIM%) C H.  (19.A.11)

> Crlltho, hi}ll* , | ,
L) D(A3) xLy@)

XL, (R2)

Step 2. We shall show that M3} = M.[q] satisfies

4

h ]
<M*T [hTD (1) = ¢ (15 g0, Py ¢o = h1 € La(2); 1 = —Aho € [D(A2)]. (19.A.12)

To prove Eq. (19.A.12), we set yo = y; = 0in Eq. (19.A.1b), multiply the y-problem in Eq. (19.A.1)
by ¢ (solution of Eq. (19.A.4)), and integrate by parts (Green’s second theorem) to get

T T
// yn¢dQ=//qu>dQ+//qy¢dQ. (19.A.13)
QJ0o 0 JQ o

In the L,(f2)-inner product, we obtain, using Egs. (19.A.4a), (19.A.1c, left-hand side), and
(19.A.4c, right-hand side):

i (T), ¢(T)] = [y(T), ¢:(T)] = (y1, po) + [y0, $:(0)] + /Q\)@n dQ

:/Q\KA¢(1Q+/E§—T)¢¢12—/2)%%BZ+/Q\<JMQ,

or,as yo = y; = 0; ¢(T) = ¢o, ¢,(T) = ¢ via Eq. (19.A.1c, right-hand side) and Eq. (19.A.4c,
left-hand side):

(T $0) iy — (). 1) ey = /E b dS, 19.A14)

or
y(T)] [_d)lD - 19.A.15
({YI(T)’ ¢ 1) axn@ (U, Plr) Loz (19.A.15)

On the other hand, by definition of My and M7, we have for {hy, i1} € D(M}) C H = D(A%) X

Lz(Q)Z
ho y(T) Ahg
vre[1]) = (en) 1)
< "y D(4d) L) (M) L 1) L@xia@

(u,M’; [hOD : (19.A.16)
hy Ly(%y)
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By comparison between Egs. (19.A.15) and (19.A.16), we conclude that Eq. (19.A.12) holds true,
as desired.

Step 3. Thus, by Eq. (19.A.12), we have

2

HM? {ho} = | ¢z (19.A.17)
ANRIFNEN! A
1 2 _1 2
”{ho’hl}HZD(A%)xLZ(Q) - H{Azho’hl}HLz(Q)xLz(Q) = H{‘A 2¢1’¢0}HL2(Q)><L2(Q)
— 2
= ||{¢o,¢1}||L2(Q)X[D(A%)],, (19.A.18)

and then the necessary and sufficient condition (COI) of Eq. (19.A.11) reads off as

2¢s. 2
| 92 oI = Crlgn bl (19.A.19)

where ¢g = hy € L(R), ¢y = —Ahg € [D(A%)]/. Thus, Lemma 19.A.1 is established.

Thus, by duality, the crux of the matter is to prove the validity of the inequality of Eq. (19.A.3).
The latter requires, in general, geometric conditions on {€2, Iy, I";}. One illustration of this is given
by the setting given in Egs. (19.3.6) to (19.3.8) of Section 19.3. We have the following:

THEOREM 19.A.2

(E.C. of Eq. (19.A.1) for fixed “potential” q.) Assume Eq. (19.A.2) on q and, moreover, let the
triple {2, Ty, "1} satisfy the geometrical assumptions Egs. (19.3.6) and (19.3.7) of Section 19.3.
Let T > Ty with Ty be defined by Eq. (19.3.8). Then:

(1) The COI of Eq. (19.A.3) holds true. For a fixed q € Lo (Q), the constant Cr 4 in Eq. (19.A.3)
depends on T as well as on the ||q||L.g)-norm of q: C1 140"

(2) Hence, by Lemma 19.A.1, the y-problem Eq. (19.A.1) is exactly controllable on Hllo(Q) X
L,(2) by means of L,(0, T; L,(I'1))-controls.

This result is included a-fortiori in either one of Parts I through IV. Refer to Figure 19.5.1.

Case of “Potential” ¢ Varying in a Ball

As seen in the discussion leading to the Uniform COI of Eq. (19.5.10), as well as at the outset of
Part II1, in the study of exact controllability for the corresponding semilinear problem of Eq. (19.1.1),
we need to have “control” on the dependence of the above constant Cr 4y, ,,» When g varies in a
ball of L, (Q) of preassigned radius, as to establish Eq. (19.5.10). In particular, we need to ascertain
that such constant Cr 4. depends on only the radius of such ball. For r > 0, define

BO,r) ={p € Loc(Q) : lIPlLeio) =7} (19.A.20)

Then we have the following

THEOREM 19.A.3

(E.C. of Eq. (19.A.1) for potential q varying on a ball of radius r, as in Eq. (19.A.20).) Consider
the problem of Eq. (19.A.1) where the potential q varies in the Ly (Q)-ball B(0, r) defined in
Eq. (19.A.20). Assume the validity of the COI of Eq. (19.A.3) for some g € B(0,r) andfor T > Ty
defined in Eq. (19.3.8). Then, the constant Cr 4 in Eq. (19.A.3) can be chosen as to depend only on
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the radius r > 0 in Eq. (19.A.20). More precisely, we have that: There exists a constant Cy, > 0
such that the inequality of Eq. (19.A.3) can be written as

2 2 ) .
CT””{%’¢'}”L2(mx[p(ﬁ)y =< /21 ¢*dXy, uniformly inall g € B(O,r) C Lo(Q). (19.A.21)
This is the uniform of COI Eq. (19.5.10).

This result is established in any of Parts I through I'V. Refer to Figure 19.5.1.

REMARK 19.A.2 It is well known (see References 58 and 27 and Appendix) that the constant
occurring in a COl is related to the minimal norm among the steering controls. Thus, Theorem 19.A.3
says that the minimal energy (norm) L,(0, T; L,(I";)) among all steering controls is uniformly
bounded with respect to potentials g in a fixed Lo, (Q)-ball.

Appendix B: Lemma 19.A.1 Revisited via an Evolution Operator Approach

The goal of this section is to re-prove Lemma 19.A.1. In the process, we shall obtain the formula of
Eq. (19.B.13) for M} = M7 [¢], which was used in Section 19.6, Eq. (19.6.4).

Instead of a PDE-approach as in Appendix A, we follow here an evolution operator strategy (the
time-dependent counterpart of the semigroup or cosine operator strategy in References 27, 29, and
58). Introduce the operator

0 1

—A+q@, ) O

where A is defined in Eq. (19.A.6) and A is defined in Eq. (19.2.2). One needs to invoke a generation

result from the general theory (Reference 48, Sections 19.7.3 and 19.7.7): There exists an evolution
1 . . .

operator U(t,s) € Y = D(Ai) x L,(S2), possessing the following properties:

A =

] =A+ F'[ql; DIA(G)] =D(A) x D(A%), (19.B.1)

U@, )U(t,s) =U(t,s), 0<s <t <t (19.B.2)

BU;tl, ) _ AU, 5): (19.B.3a)

781]*8(:, $) _ U*(1,5)A*(1) (adjoint in the H = D(A?) x Ly(S2)-topology); (19.B.3b)

wu(,s) _ _U (. $)AG): (19.B.3¢)
as

Moreover, as usual, the problem in Eq. (19.A.1) for y may be written abstractly as follows. Recall
the (“Neumann”) map N in Eq. (19.2.5)

oh
h:Ng(z»{AhinnQ; hlr, = 01in Ip; 3
v

=gin Fl} . (19.B.4)
I
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Thus, rewrite the problem in Eq. (19.A.1) as

Vit = A(y — Nu) +¢qgy in Q; orrecalling (19.A.6), (B.4) :

[y — Nulr, =0 inXo; yu=—A(y — Nu) +qy € L2(Q)
(19.B.5)
or
a .
3,1y — Nulr, =0 inX; ye=-Ay+ ANu+qy € [DA)].
Thus, the second-order/first-order abstract models of the problem in Eq. (19.A.1) are
i = (—A+q)y + ANu € [D(A)T; (19.B.6)
or via Eq. (19.B.1), y = [y, yI:
d |y 0 Iy AG) 0
Vo = — = + =AMy +
" dt |y, —A+q 0| |n ANu Nu (19.B.7a)
0 (19.B.7b)
¥, = A(t)y + Bu, Bu= N ; A(t) = A+ F'[q], via(2.7), i
u
B as in Eq. (19.2.6). As usual, we have (Reference 27, Lemma 3.2, p. 272)
(Bu, )y = (u, B*h) 1,y = (u, N*Ah2)p,ry; (19.B.8a)
h 0 r
B*h = B { 1} — N*Ah, = { M0 e DA (19.B.8b)
/’l2 h2|r] on Fl

[the validity of Eq. (19.B.8) can be extended to, say, all f € Hate () s.t. g—j:h"] =0, flr, =0].
The map My introduced in Eq. (19.A.9) can now be made explicit by means of the ‘variation of
constant’ formula:

0

[y(T)
dt.  (19.B.9)
ANu(t)

T T
] = Mru = / U(T,t)Bu(t)dt = / U(T,t)
i (T) 0 0

By using Eq. (19.B.9), we now pick {ho, h,} € H = D(A2) x L() and compute (M [Zﬂ ) (@),
as required by Eq. (19.A.11) We intend to reobtain Eq. (19.A.12). [For the present approach in the
time-independent case ¢ (¢, x) = q(x), see Reference 27, p. 271-273. We compute via Eq. (19.B.9),

) ( )
Mou, /U(T,t)Bu(t)dt,
") pepihixia@ 0 M) ) w
T ho
/ <u(t),B*U*(T,t)H> (19.B.10a)
0 hl Ly(T'y)
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T ho
/ U, 1) dr,
0 h] ) pabysae
T 0 ho
_ / LUS(T, 1)
o \ |[ANu(r) "] ) poadyxia@)

T ho
/ (u(t),N*.A U*(T,t){ H > dt
0 h) 12/ 1y
= u, ;, .
hil) s

where [U (T, 1) [:‘]’]]2 denotes the second component of the 2-component vector U*(T, ) [Zﬂ
Thus, Eq. (19.B.10) gives

(by (19.B.7b))

ANu(t)

(19.B.10b)

]’lo hO
M3 P (t) = B*U*(T, 1) N =B*V(t; V) (19.B.11a)

1 1

I’lo hO
N*ASU*(T, 1) = UXT,1)
oo} - e ]}

recalling that N*A is the Dirichlet trace on I'j, by Eq. (19.B.8b). Here we have set

(by [19.B.8b]) ,  (19.B.11b)

P

vi(t; Vo) ho 1
=V, Vo) =U"T;1) ; thus Vo = V(T) = [ho, h] € H = D(A2) x Ly (),
va(t; Vo) 1
(19.B.12)
so that Eq. (19.B.11Db) is rewritten as
ho
(M“} lh D (t) = B*V(t; Vo) = va(t; Vo), - (19.B.13)
1

REMARK 19.B.1 Notice that, clonsistently with Remark 19.4.1, the symbol * for an adjoint
always refer to the space H = D(A2) x Ly(2). Thus, (Bu, h)y = (u, B*h),r), h € D(B*) C H,
whereas MZ., U*(T, t) are adjoints in H. Similarly, the operator A*(¢) in Eq. (19.B.3b and d).

Recalling Eq. (19.B.3d), we obtain by Eq. (19.B.12),

ho

] = —A*(nHU*(T,1) [h = —-A*"(OV(¢; V). (19.B.14)

ho
Vi(t; Vo) = US(T, 1) A
1

1

From A(z) in Egs. (19.B.1) and (19.B.7b), we readily compute that the H = D(A%) x L, (€2)-adjoint
of A(r) is

0 —I1+Ag-)
A*(r) = 0 = A"+ (F'[qD)*; DIA*(1)] = D(A(r)),  (19.B.15a)
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X1
X2

Thus, we rewrite Eq. (19.B.14) for V (¢; V;) = [

or

A% (1) ; (19.B.15b)

—x2 + A N (gx2)
Axy
vi(t; Vo)

by virtue of Eq. (19.B.15) as
va(t; Vo)

v, = va — AN gvp)
vy = —Avy; = vy = —Avy + qv2; (19.B.16)
va(T) = —Avi(T) = —Ahg € [D(A7)]', by (19.B.12)

In conclusion, v,(¢; Vj) solves the problem (same as Eq. (19.3.9) or Eq. (19.6.3))

var = Ava+q(t, x)na on Q;
1 ’
vo(T) = hy ELZ(Q); vau(T) = —Ahg € [D(A2)] onQ; (19.B.17)
valy, =0, v =0 on X;;
I |y,
whose regularity is given by Theorem 19.3.1. Thus, via Eq. (19.B.13) we obtain
2
ho
HM*} [ ] E/ vi(t; Vo) dX; (19.B.18)
Ml 7=
whereas via Eq. (19.B.17) we obtain
2 _ 1 2 . _1 2
ko, R 1y = A2 R0 va D[ i) = AT v2 D va (D] i)

— 2
= [{v2(T), sz(T)}IILz(mX[D(A%)], (19.B.19)

Then the COI of Eq. (19.A.11):

e [
T I,

is now rewritten via Egs. (19.B.18) and (19.B.19) as

2

> Crlli{ho, h
= l{Ao I}I|D(A%)X (@)
LZ(E])

T
2 2
dy > T T 19.B.20
A /F] vid% = Cr|{va(T), va( )}IILZ(Q)X[D(A%)], (19 )
where v, solves the problem of Eq. (19.B.17). Comparing Eqgs. (19.B.17) and (19.B.20) with
Egs. (19.A.4) and (19.A.3), we see that the v,-problem of Eq. (19.B.17) is precisely the ¢-problem
in Egs. (19.A.4) and (19.B.20) is precisely Eq. (19.A.3). Thus, we have re-proved Lemma 19.A.1.

Appendix C: Proof of Theorem 19.3.1: Regularity of the ¢-Problem

of Eq. (19.3.9) = Eq. (19.6.3) = Eq. (19.A.4) (Same as the v,-Problem

of Eq. (19.B.17)) with L.C. in Y = L,(Q2) x [D(Az2)]

Actually, because the ¢-problem is time reversible, we may take the Initial Conditions {¢y, ¢1} €

Y =L,)(R) x [D(A%)]’ at t = 0, rather than r = T'. We shall prove Theorem 19.3.1, relabeled here
as
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THEOREM 19.C.1
With reference to the ¢-problem of Eq. (19.3.9) = Eq. (19.6.3) = Eq. (19.A.4), with q as in
Eq. (19.3.10) = Eq. (19.A.2) and Initial Conditions {¢o, ¢1} at t = 0, we have

(b0, $1) € ¥ = Lo(Q) x [D(A2)] = (¢, ¢} € C(I0, T]; La() x [D(A2)]'),  (19.C.1)

continuously, where the constant of continuity depends explicitly on the |q|l;_(g)-norm as in
Eg. (19.C.16).

One may provide several more or fewer standard proofs: by the evolution operator U (t, s) as in
Appendix 19.B, by fixed point (contraction), etc. Here, for completeness, we provide a proof that has
the advantage of showing the dependence on q of certain estimates, see Eq. (19.C.13), to be needed
later in various contexts.

PROOF OF THEOREM 19.C.1

Step1. SeeEq.(19.C.13). Asin Eq. (19.6.36), we split the ¢-problem in Eq. (19.3.9) =Eq. (19.6.3)
= Eq. (19.A.4) (with I.C. at r = 0) as the sum of the less regular problem 1 and the more regular
problem x by setting

p=v+x, (19.C.2)

where 1 and x are solutions of the following problems:

Y = AY; Xie =Ax +qt,x)p =Ax +q@, x)x +q@, x)¥ inQ;
¥, -)=¢o, ¥: (0, ) =¢1; J xO, ) =x(0,-)=0 inQ;
oY ax .
=0, — =0; =0, — =0 ;.
w'):o ) 8\) 5, ) X|):g ) al} 5, m
(19.C.3)

The idea of the proof is that by using the unperturbed -problem, we can shift the topologies up
or down. For the pure wave equation in ¥, the regularity result

(B0, ¢1} € ¥ = Lr(Q) x [D(AZ)] = (¥, %) € C(I0, T]; Lo(Q) x [D(AZ)])  (19.C4)

continuously, is standard. It can be shown in various ways, for example, by using ¥ () = C(¢)y¥o +
S(t)y, where C(-) is the “cosine” operator generated by —A, and S(¢) the corresponding “sine”
operator, see Eq. (19.2.3).

Step 2. Regarding the y-problem in the RHS of Eq. (19.C.3), a more regular result is actually true.
Namely, setting

_ 2 2 . 2
E@) = /Q [|Vx(t)| + X; (t)] d <2 norm-equivalent to ||{x (¢), Xl(t)}”D(A%)xLz(sz)’ (19.C.5)
by the Poincaré inequality (I'y # @), we shall first prove that
— 2 2 Mt 2
E(1) = /Q [IVxX®OF + x5 0] d2 < Cre™ gl @0, 001, 0 (19.C.6a)

M, =max{cpllgllr.c0), 2llgllL.0)}, cp = constant in Poincaré inequality.  (19.C.6b)
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In fact, multiplying the x-problem by x, and integrating by parts, we obtain, as usual, using the
homogeneous I.C. and denoting || lloc = Iz, (0):

/[x,2<r>+|vX<r)|2]dsz _ 2//q(~, -)xxldQ+2//q(~, W xdQ
Q 0JQ 0JQ

< llgllss / / [x2(0) + x2(0)] dQdT
0JQ

A

+||q||oo/0/g[w2(r)+x,2(z)} dQudr. (19.C.7)

We now invoke the Poincaré inequality: fQ x2dQ < cp fQ |V x|?d <2, which is valid because we
have assumed I'y # @. Thus, Eq. (19.C.7) becomes

/ X2 + Vx(t)P] d2 < cpnqnoo// V() Pddr
Q 0JQ

+2||q||oo//Xf(r)dszdr+||q||oo//W(r)dszdz. (19.C.8)
0JQ 0JQ

Setting M, = max{cpllqllco, 2ll¢llo} and invoking a weaker L,-regularity result included in con-
clusion Eq. (19.C.4) in the last term in Eq. (19.C.8), we obtain

2O+ |Vx®OPFldQ<C , 2
Jo X2+ 1V @] dQ = Crligllsll{go ¢1}IIL2(Q)X[D(A%)],

t
+Mq// (X2 (@) +|Vx (D] dQdr; (19.C.9)
0JQ
or via Eq. (19.C.5),
t
2
E(0) < Crllghellido. 012 0+ M, /O E(v)dr. (19.C.10)
Application of the Gronwall’s inequality on Eq. (19.C.10) yields
— 2 2 Myt 2
E() = /Q [1VXOF + /(0] d2 < Cre™ llgloligo. )2 o (19.CAD)

which is precisely Eq. (19.C.6a).
Step 3. From the point-wise estimate of Eq. (19.C.11) = Eq. (19.C.6a), we then obtain

V@ + x2()] dQ < CreM” , 2 ) 19.C.12
oiltlfr/g[l XOF + x7 0] d2 < Cre™ gl l{do ¢1}||L2(Q)X[D(A%)], ( )

Because of norm equivalence noted in Eq. (19.C.5) (via [y # @), we finally obtain from Eq. (19.C.12)
(first in L (0, T; ), then by approximation in C ([0, T]; -))

2 M, T 2
) < Cre™ ) , 19.C.13
106X it snay < CT Il M@0 012 0 (19.C13)

which shows the desired regularity property

{¢0, p1} € L2(2) x [D(A%)T = {x, 11} € C([0, T]; D(A?) x Ly(R)), (19.C.14)
with an explicit dependence on ||g| 1 () of the constant of continuity.

Step4. Then statements Eq. (19.C.4) and Eq. (19.C.14), combined in Eq. (19.C.2), yield, a-fortiori

(b0, #1) € La(Q) x [D(A2)] = (o, ¢} € C([0, T1; Lo(R) x [D(A2)']), (19.C.15)
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which is the desired conclusion of Eq. (19.C.1). Actually Egs. (19.C.4) and (19.C.13) give the more
precise result

2 < Cr(1 4 &MT 2 . (19.C.16
16012 ) enemabyy = CrC €™ gl o)l go o} 1L (19.C.16)

Theorem 19.C.1 is proved. I

That is, Theorem 19.3.1 (= Theorem 19.C.1) of Section 19.3 is proved.
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Abstract  In this chapter, we establish Carleman estimates for the three-dimensional isotropic
nonstationary Lamé system with homogeneous Dirichlet boundary conditions. Using this estimate,
we prove the uniqueness and stability in determining spatially varying density and two Lamé coef-
ficients by a single measurement of solution over (0, 7') x w, where T > 0 is sufficiently large and
the subdomain w satisfies a geometric condition.

20.1 Introduction

This chapter is concerned with Carleman estimates for the three-dimensional nonstationary isotropic
Lamé system with homogeneous Dirichlet boundary condition and their application to an inverse
problem of determining spatially varying density and the Lamé coefficients by a single interior
measurement of the solution.

We consider the three-dimensional isotropic nonstationary Lamé system with homogeneous
Dirichlet boundary condition u|yq = 0:

(Pu)(xo, x") p(X’)afOU(xO, x") — (L, pw) (x0, x") = f(x0, x'),
x= (o, x)eQ=(0T) x Q, (20.1)

where

(L, V) (x) = n(xHAVE) + [(x") + A(x)]Vediv v(x')
+ [div vV (@) + [Vev+ (Vo) ] Vou@x), ' eQ. (202)
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Throughout this paper, 2 C R? is a bounded domain whose boundary 9<2 is of class C?, xy and
x' = (x1, X2, x3) denote the time variable and the spatial variable, respectively, andu = (i1, u», uz)’
is displacement at (xo, x') where -7 denotes the transpose of matrices, E;, is the k x k unit matrix,

d
" ¢
0=, =—, j=0,123.
B.Xj
We set Vv = (9y,vj)1<j k<3 foravector functionv = (vi, v2, v3)7,and Vo p = (3y, ¢, 9y, ¢, 91,0)7
for a scalar function ¢. Henceforth, V means V, = (0, dy,, dx,, 0x;) if we do not specify. Moreover,
the coefficients p, A, u satisfy

19

oA, €CHR), pi) >0, ux) >0, Ax)+ux)>0 forx €. (20.3)

The Carleman estimate is an L’-inequality on solutions to a partial differential equation and
involves a large parameter and a special weight function. The Carleman estimate was introduced
by Carleman [13] for proving the unique continuation for an elliptic equation, and general theories
have been developed for single partial differential equations (e.g., see Reference 17). Moreover, the
Carleman estimates have been effectively applied to the following problems:

1. Energy estimate called “observability inequality”’: Cheng et al. [14], Kazemi and Klibanov
[37], Klibanov and Malinsky [41], Lasiecka and Triggiani [44], Lasiecka et al. [45], Lasiecka
et al. [46, 47], Tataru [53, 54], and Triggiani and Yao [56].

2. Exact controllability and related control problems: Bellassoued [4-6], Imanuvilov [19],
Imanuvilov and Yamamoto [27, 28], Lasiecka and Triggiani [44], Lasiecka et al. [45-47], and
Tataru [54].

3. Inverse problems of determining functions in partial differential equations by a finite
number of overlateral boundary data: See Bukhgeim and Klibanov [12] as a pioneering
paper. There are extensive references, and we will give them in Section 20.3.

Thus, it is first important to establish a Carleman estimate, which depends on types of partial
differential equations under consideration. Especially for a single partial differential equation, the
general theory for Carleman estimates has been well developed (e.g., see References 17, 33, and 34).
In particular, for a single hyperbolic equation, see Imanuvilov [20]. However, for systems of partial
differential equations where the principal terms are coupled, the results are still restricted because
of the intrinsic difficulty. The most general result for such a system is the Carleman-type estimate
obtained in the proof of the Carderon uniqueness theorem (see, e.g., References 15 and 60).

The nonstationary isotropic Lamé system is basic in the theory of elasticity, and unfortunately
it does not satisfy all the conditions of the Calderon uniqueness theorem. In the existing papers,
Carleman estimates for the Lamé system have been proved mainly for functions with compact
supports (e.g., Eller et al. [16], Ikehata et al. [18], Imanuvilov et al. [21], and Isakov [32]). Because
of the restriction that u under consideration should have compact support, for the observability
inequalities and the inverse problems, we have to take Cauchy data u and Vu on the whole boundary
(0, T) x 92 or u in a neighborhood of a2 over (0, 7). Because we need not take Cauchy data on
(0, T) x 0L2 or in such a neighborhood for the wave equation (e.g., see Lions [49] for the observability
inequality, and Imanuvilov and Yamamoto [24, 26] for the inverse problem for a single hyperbolic
equation), we can naturally expect similar results also for the nonstationary isotropic Lamé system.

In the two-dimensional case, we have recently established Carleman estimates for u without
compact supports to apply them to an inverse problem of determining the density and two Lamé
coefficients:

1. Imanuvilov and Yamamoto [30] for the case of the Dirichlet boundary condition

2. Imanuvilov and Yamamoto [31] for the case of the stress boundary condition
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In this chapter, we will prove Carleman estimates in the case where the spatial dimension is three
and u satisfies the homogeneous Dirichlet boundary condition and apply them to an inverse problem
of determining p, A, and @ by an interior measurement after suitably choosing single initial data.
The three-dimensional case is handled similarly to the two-dimensional case [30], but the treatment
should be modified.

We refer to Imanuvilov and Yamamoto [29] concerning the stationary isotropic Lamé system and
Isakov et al. [35] and Lin and Wang [48] concerning the Lamé system with residual stress, which
causes anisotropicity.

This chapter is composed of seven sections. In Section 20.2, we state Carleman estimates
(Theorems 20.1-20.3) for functions that do not necessarily have compact supports but satisfy the
homogeneous Dirichlet boundary condition on (0, 7') x 9€2. Theorem 20.1 is a Carleman estimate
whose right-hand side is estimated in H'-space. Theorems 20.2 and 20.3 are Carleman estimates,
respectively, with right-hand sides in L2-space and in H ~'-space, and are proved from Theorem 20.1
by the same method used in Reference 30. In Section 20.3, we will apply the H ~!-Carleman estimate
(Theorem 20.3) and prove the uniqueness and the conditional stability in the inverse problem with
a single interior measurement. In Sections 20.4 to 20.7, we prove Theorem 20.1.

NOTATIONS  H'#(Q) is the Sobolev space of scalar-valued functions equipped with the norm

||u||H1.J(Q) Z\// (|VM|2+S2M2)d.X,
0

H(Q) = H(Q) x --- x HY*(Q) is the corresponding space of vector-valued functions. Hence-
forth we set

1
i =V Dy =i j=01.2.3,

and ¢ denotes the complex conjugate of ¢ € C. By £(X, Y) we denote the Banach space of all the
linear bounded operators defined on a Banach space X to another Banach space Y. We set

£ =(60.51.6.8), & =(0&.86), ¢=C(s%,6&8).

)

By O(§) we denote the conic neighborhood of a point ¢*:

0) = {;; é—l s

20.2 Carleman Estimates for the Three-Dimensional
Nonstationary Lamé System

Let us consider the three-dimensional Lamé system

Pu(xo, x') = p(x)ag u(xo, x') — (L ,w)(x0, x') = f(x, x') in Q, (20.4)
ulor)xie =0, w(T,x")=3d,u(,x")=u0,x)=09,u,x)=0, (20.5)
where u = (uy, us, u3)” and £ = (f1, f>, f3)7 are vector-valued functions, and the partial dif-

ferential operator L, , is defined by Eq. (20.2). The coefficients p, A, u € C 2(Q) are assumed
to satisfy Eq. (20.3). Let w C 2 be an arbitrarily fixed subdomain (not necessarily connected).
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Let 7i(x") = [n1(x)), na(x'), n3(x)] and 7(x), respectwely, denote the outward unit normal vector
and a unit tangential vector to 32 at x’ and set 2 5= Vv 7 and 2 7 =Vuv: 7. Set

0, =0,T) x w.

We set

20.6
P2(x, &) = p(xNEF — [M(x") + 21N (E] + & + &) (200

foré=(&o, &1, &2, £3), and Ve = (0, O, , 0z, , J¢,). For arbitrary smooth functions ¢ (x, ) and ¥ (x, &),
we define the Poisson bracket by the formula

{mx, £) = p(xNE — n(x) (€2 + &2 + £2),

3
o v =2 (9,0) (39x,) — (39) (35,9)
j=0

We set (a, b) = Zi:l apby fora = (ay, az, az) and b = (by, by, b3) € C3
We assume that the density p; the Lamé coefficients A, u; and the domains 2, w satisfy the
following condition (cf. Reference 17).

CONDITION 20.1  There exists a function € C3(Q) such that |V yr| # 0 on O\ Q., and
{pi Apk, ¥} (x,86) >0, Vkel{l, 2} (20.7)

if (x,€) € (Q\ Qo) x (R*\{0}) satisfies py(x, &) = (Vepx, V¥) = 0 and

1
E{pk(x,é —isVY (X)), pr(x, & +isVy(x))} >0, Vkel({l, 2} (20.8)

if (x,&,5) € (Q\ Qo) x (R}\{0}) x (R4 \{0}) satisfies
pi(x, & +isVy(x)) = (Vepi(x, & +isVY(x)), Vi (x)) =

On the lateral boundary, we assume that

A/ A ad
Vol < m ‘Bt fk i ;—M,u ;: for any unit tangential vector f(x'),
e ad
x' € 3Q\dw, pi1(x,V¥) <0 Vx € (0,T) x (3Q\dw) and —I_/{ <0. (20.9)

I 10,7)x (32\dw)

Let ¢ (x) be the weight function in Condition 20.1. Using this function, we introduce the function

¢ (x) by
dp(x) =V T >1, (20.10)
where the parameter T > 0 will be fixed below. Denote
ullzep.0 = / Z s4—2'°"\agu\2 + s|Vrotu|? + s®|rotu|® + s|Vdivu|® + s3|divu)?® | ¢*?dx,
let|=0

where o = (o, a1, 02, 03), o; € N U {0}, j € {0,1,2,3}, 07 = 8)‘2‘[?8?]‘ 8)‘2‘228;3.
Now we state our Carleman estimates as main results.
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THEOREM 20.1
Let f € H'(Q) and let the function ¥ satisfy Condition 20.1, and (20.3) hold true. Then there

exists T > 0 such that for any T > T, there exists so = so(t) > 0 such that for any solution
u e H'(Q) N L0, T; H2()] to the (20.4) and (20.5), the following estimate holds true:

. , Ju w0 2 92u w0 2
ulyg.0) = lllzg.o) +5 || 5=e el Pyl
H!'[(0,T)xdQ] L2[(0,T)x0R]
< C(|Ifes¢||%_lls(Q) + ”u”%((p,Qw))’ Vs = SO(T)’ (201 1)

where the constant C = C(t) > 0 is independent of s.

Next we formulate Carleman estimates where norms of the function f are taken, respectively, in
LZ(Q) and L2[0, T: H'(Q)]. In particular, the latter Carleman estimate is used in Section 20.3 for
obtaining our stability result in the inverse problem.

In addition to Condition 20.1, we assume that

0 V(T x) <0, d,¥(0,x)>0, Vx egQ. (20.12)

We have the following.

THEOREM 20.2

Let f € L2(Q) and let us assume (20.3) and (20.12) and Condition 20.1. Then there exists T > 0
such that for any T > T, there exists sy = so(t) > 0 such that for any solution u € H'!(Q) to (20.4)
and (20.5), the following estimate holds true:

/(|Vu|2+s2|u|2)ezf¢dx
0
<C (nfewniz(gw / (|Vu|2+s2|u|2>e2”’dx), Vs > so(7), (20.13)
Qw
where the constant C = C(t) > 0 is independent of s.

THEOREM 20.3

Letf=1f_; + Zi:o oy, f; witht_, € L2[0, T; H ()] and £y, £, £5, £5 € L>(Q), and let us assume
(20.3) and (20.12) and Condition 20.1. Then there exists T > 0 such that for any T > T, there exists
so = s0(t) > 0 such that for any solution u € L*>(Q) to (20.4) and (20.5), the following estimate
holds true:

/ [u?e*?dx
0

3
< C | M1 a0 rmrcan + D e a0y + / ule?dx |, Vs >so(r).  (20.14)
=0 Q.

where the constant C = C(t) > 0 is independent of s.
In Theorems 20.2 and 20.3, the solution u is defined by the transposition method (e.g., Refer-

ence 49). On the basis of Theorem 20.1, we can prove Theorems 20.2 and 20.3 exactly in the same
way as the corresponding theorems in Reference 30, and it suffices to prove only Theorem 20.1.



342 Carleman Estimates for the Three-Dimensional Nonstationary Lamé System

20.3 Inverse Problem of Determining the Density and the Lamé
Coefficients by a Single Measurement

Recall that the differential operator L, , is defined by (20.2). We assume (20.3) for p, A, . By
u=u(A, u, p,p, q, n)(x), we denote the sufficiently smooth solution to

o) (8fou) x) =L, wx), xe0, (20.15)
ulx) =nx), xe(0,T) xR, (20.16)
w(T/2,x") =pi), @,w(T/2,x)=qx"), x €K, (20.17)

with given n, p, and q. Let ® C 2 be a suitably given subdomain.
In this section, we discuss the following.

INVERSE PROBLEM  Let p;,q;,n;, | < j < N, be appropriately given. Then determine
A(x"), u(x"), p(x'), and x" € 2, by

u(r, i, 0,pj,q;,1)x), x€Q,=(0,T) xo. (20.18)

In particular, we are concerned with the stability of the mapping
{u()‘s ", 0,Pj,4q;, ﬂj)|Qw}1§j5N — {)\s M, 10}

This formulation of the inverse problem is based on finite measurements. The research originated
with Bukhgeim and Klibanov [12] where a Carleman estimate and an integral inequality with the
weight function are combined to solve the inverse problem. As detailed accounts for such methodol-
ogy, see References 33, 34, 40, and 42. Moreover, according to equations, we refer to the following
works:

1. Baudouin and Puel [3] and Bukhgeim [10] for an inverse problem of determining potentials
in Schrodinger equations

2. Imanuvilov and Yamamoto [23], Isakov [33, 34], and Klibanov [40] for the corresponding
inverse problems for parabolic equations

3. Bellasssoued [7, 8], Bellassoued and Yamamoto [9], Bukhgeim et al. [11], Imanuvilov and Ya-
mamoto [24-26] (especially for conditional stability), Isakov [32-34], Isakov and Yamamoto
[36], Khaidarov [38, 39], Klibanov [40], Puel and Yamamoto [50, 51], and Yamamoto [59]
for inverse problems of determining coefficients in scalar hyperbolic equations

4. Amirov [1] for an inverse problem of an ultrahyperbolic equation

As for the inverse problem of determining some (or all) of A, u, and p, we can refer to Isakov
[32], Ikehata et al. [18], Imanuvilov et al. [21], and Imanuvilov and Yamamoto [30]:

1. Reference 32 established the uniqueness in determining a single coefficient p(x’), using four
measurements (i.e., N’ = 4).

2. Reference 18 decreased the number A of measurements to three for determining p.

3. Reference 21 proved conditional stability and the uniqueness in the determination of the three
functions A(x’), u(x"), p(x’), x’ € Q, with two measurements (i.e., N = 2).

In all three papers [32, 18, 21], the authors have to assume that dw D 92 because the technique
based on Carleman estimates required that u has a compact support in Q. In the two-dimensional
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case, Reference 30 reduced N' = 2 to N' = 1 (i.e., a single measurement) in determining all of
A, i, p with more general w and established conditional stability. As for other inverse problems for
the Lamé systems, see Yakhno [57].

In this section, we will prove the conditional stability, which is a three-dimensional version of
that in Reference 30. As for the two-dimensional Lamé system with stress boundary condition, in
Reference 31 a similar inverse problem is discussed by a single measurement.

To formulate our main result, we will introduce notations and an admissible set of unknown
parameters A, i, and p. Similarly to inverse hyperbolic problems, we have to assume that the
observation subdomain w should satisfy a geometric condition and the observation time 7' has to
be sufficiently large, which is a natural consequence of the hyperbolicity of the governing partial
differential equation. First we formulate the geometric condition. Henceforth, we set (x’,y’) =
22:1 x;y; for x" = (x1, x2, x3) and y’ = (y1, y2, y3). Let a subdomain o C € satisfy

dw D {x' € dQ; ((x' — ), n(x")) >0} (20.19)

with some y’ & Q.

REMARK The condition in (20.19) is the same condition that yields the observability inequality
for the wave equation 97 — A if the observation time T is larger than 2 sup,., |x'—y'| (e.g., Section 2
of Chapter 7 in Reference 49). Moreover, if (20.19) holds and 7 > 0 is sufficiently large, then w and
T satisfy the geometric optics condition in Reference 2.

Denote

1

d= <sup Ix' —y'|> — inf |x’ — y’|2> . (20.20)
x'e

x'eQ
Next we define an admissible set of unknown coefficients A, i, and p. Let My > 0,0 < 6y < 1, and
6; > 0 be arbitrarily fixed, and let us introduce the conditions on a function j:
B(x)>6; >0, x e€Q,
(Vo B, (X" —y") J— (20.21)
||,3||c3(§) < M,, 2B(x) <1—-6), x €Q\w.

For fixed functions a, b, n on 92 and p, q in 2 and a fixed constant M; > 0, we set

W = Wt My 600006 = {(x, w,p) € (C(Q)sr=a,u=>b ondQ,

A4+2u pno
PR satisfy Eq. (20.21) , [lu(d, &, p, P, q, Mllwr=(g) < My,
. 200 / A / _
min{? (), p(H0+ W) onQ}. (20.22)
p(x )X+ 2p)(x")

REMARK If A, u, and p are sufficiently close to positive constant functions, then (A, i, p) € W.
This suggests that YV contains sufficiently many (A, @, p).

It is rather restrictive that % and % should satisfy (20.21), which is one possible sufficient
condition for the pseudoconvexity (i.e., Condition 20.1). We can relax Condition (20.21) to a more
generous condition that can be related with a necessary condition for a Carleman estimate, and we
refer to Imanuvilov et al. [22], where a scalar hyperbolic equation is discussed, but the modification
to the Lamé system is straightforward. Such a relaxed condition guarantees that the geodesics that
are generated by the hyperbolic equations with principal symbol (20.6) cannot remain on the level
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sets given by the weight function ¢. In particular, by Reference 22, we can replace the Condition
(20.21) by one such that the Hessians

1

1
2 2
()], o )|
® 1<j.k<2 T 1<j.k<2

are nonnegative and ’V(ﬁ)’ # 0 and ‘V(ﬁ)‘ # 0 on Q.

Next we choose 6 > 0 such that

Mod : / "2 2
0+ W 0 < 0001, 6 121;z x"—y'|"—6d” > 0. (20.23)
1 X

Here we note that because y' ¢ 2, such # > 0 exists. Let E3 be the 3 x 3 identity matrix. We note
that (L, ,,p)(x’) is a three-column vector for three-column vector p. Moreover by {a}; we denote the
matrix (or vector) obtained from a after deleting the j-th row, and (A); is the matrix that is obtained
from A by deleting the j-th column of A. Furthermore, we assume that

X1 — Vi ;ﬁ 0 for any (x1 , X2, X3) € § (2024)
Now we are ready to state the following theorem.
THEOREM 20.4

Let (A, u, p) be an arbitrary element of W. Forp = (p1, p2, p3)T andq = (q1, ¢2, q3)7, we assume
that there exist ji, jo, j3 € {1,2,3,4,5, 6} such that

’ : ’ , ’ , "N1T Iy
. (LA,MP)(x,) [dl'VP(x/)]Es {V p(X/)Jr[VX p(X/)]T}(X/ y/) £0. Vi eq.
(L@ () [divg()IEs {Veq(x) + [Veq()]"} (" = y) i

(20.25)

. {(Lk,upxx’) Vop() + [Vop()]T  (divp)(x' — y')

, , T T8 £0, Va'eQ,  (2026)
(Lyu@ () Veq(x") + [Veq(xH]T @divg(x" —y") i

. {(Lx,um(x/) div PG NE): <vx/p(x/)+[vx/p(x/)17>1} D
(L@ () [divg(x)(E3); (Veq(x) + [Veqa)]T), i
(20.27)
and that
T>id. (20.28)
N

Then there exist constants k = kW, w, 2, T, A, u, p) € (0,1) and C; = CC(W,w, R, T, A,
w, p) > 0 such that

12— Al2@ + Il — wllz + 10 = plla-1@
S Cl ”u()\’ o, 0, ps qs 77) - u()\v ﬁa 57 p» qs 77)”’;14[0,T;L2(a))]

for any (A, i, p) € W.



20.3 Inverse Problem of Determining the Density and the Lamé Coefficients 345

Our stability and uniqueness result requires only one measurement: A” = 1. In the case where
xr — Yr # 0 for k = 2 or 3, the conclusion is true if we replace (20.27) by

ot (LywP)(x) [divp(IEs) (Vep(x') + [Vep()] )i
(L@ [divg(x)NEs)x (Veq(x) + [Veqa)] )

} #0, Vx' eQ.
J3

For the determination of the three coefficients by a single measurement, we have to choose initial
data that satisfy strong conditions in Egs. (20.25) to (20.27), which do not generically hold, and we
should satisfy them artificially and a posteriori. Moreover, as the following example shows, we can
take such p and q.

Example of , p, and q meeting (20.25) to (20.27) For simplicity, we assume that y' =
(0, 0, 0), Q does not intersect any of the planes {x; = 0}, {x, = 0}, {x3 = 0}, and {x; +x3 = 0}, and
A, and p are positive constants. Noting that the fifth columns of the matrices in (20.25) and (20.26)
have x” — y’ as factors, we will take quadratic functions in x’. For example, we take

0 x3
pxX) = |xix2 ], q&)=1{0
0 x3

Then, choosing j; = j, = j;3 = 6, we can verify that (20.25) to (20.27) are all satisfied. We set

T 2
Yyx) =x"—y* -6 (xo - 5) . () =W, x = (x0.x) € Q. (20.29)

By y' € Q, we note that [V | # 0, x € Q.

First, in terms of Egs. (20.19), (20.22), and (20.23), we can prove the following lemma in the same
way as in Reference 30.

LEMMA 20.1

Let (A, i, p) € W, and let us assume (20.23) and (20.28). Then, for sufficiently large T > 0,
the function ¥ given by (20.29) satisfies Condition 20.1 and (20.12). Therefore, the conclusion of
Theorem 20.3 holds, and the constants C1(t), T, and so(t) in (20.14) can be taken independently of
(A, 1, p) €W.

Next we consider a first-order partial differential operator

3

(Pog)(x) =Y po.j(x)d, (x"),

j=1

where pg; € C'(Q), and j = 1,2, 3. Then, by integration by parts, we can directly prove two
Carleman estimates for Py (see Reference 30 for the proof).

LEMMA 20.2
We assume that

3
> o ()3, (T/2,x) >0, x eQ. (20.30)

Jj=1
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Then there exists a constant Ty > 0 such that for all T > 1), there exist so = so(tr) > 0 and
Cy = Ca(s0, 70, 2, w) > 0 such that

/ s g2 dx < €, / | Pog |20 T/25) gy
@ Q

forall s > sy and g € H'(Q) satisfying

3
g=0 on {x/ € 082; Zpo,j(x’)nj(x/) > 0}.

J=1

LEMMA 20.3

We assume that
3
> P03, p(T/2.x) #0, ¥ e Q. (20.31)
j=1

Then the conclusion of Lemma 20.2 is true for all s > sy and g € HO1 ().

Now we proceed to

PROOF OF THEOREM 20.1 The proof is done by modifying the argument in Imanuvilov and
Yamamoto [30]. We can separate 952 into two relatively open subsets I} and I'; such that

CLUT, =89, n(x") <0forx’ e Ty, n(x') > 0forx’ €Ty,
and for any x’ = (xy, X2, x3) € €, there exists a unique point X’ = (x7, x2, x3) € I'1  (20.32)
such that the segment connecting x” and X’ is on €.

In fact, we can choose straight lines parallel to the x;-axis that divide €2 into parts 2, ... , €,, such
that

Qj = {x"s y1j(x2, x3) < x1 < y2j(x2,x3),  (x2,x3) € Dj}

where D; is a domain in R? and v ;, y»; are continuous functions on D;. We set

m
M= J@s x1=njGa.x3),  (n.x3) € Dy}
j=1

and I'; = 9Q\T';. Then we can easily see that Condition (20.22) is satisfied.

By Eq. (20.22), for any x' = (x1, x2, x3) € £, we can prove that there exists a unique poiﬂt
(y(x2, x3), X2, x3) € I'1. By (20.24), x; — y; < Oforany x’ € Q or x; — y; > 0 for any x’ € Q.
First let x; — y; < 0. We set

X1

F(x1, x2, x3) :/ f(&, x0, x3)dE, x' € Q. (20.33)
¥

(2,x3)

Then
aF / A 4 re)
— )= fx), x'eq. (20.34)
8)61

On the other hand, if x; — y; > 0, then instead of I'}, we take (y (x7, x3), x2, x3) € ['; in Eq. (20.33),

and we can argue similarly to the case of x; — y; < 0. Therefore, we will exclusively assume that
x;—y; <O0.
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Henceforth, for simplicity, we set

u=u@, 1 p,p,qn), V=uk, L7, p,q 1)

and B
y=u-—y, fzp_;b" g:)\,—)\,, hzu_ﬁ
Then
58f0y = Lxﬁy + Gu in Q, (20.35)
T ! T 7 /
y E,x = 0y, Y E,x =0, x'eq, (20.36)
and
y=0 on(0,7) x 02. (20.37)
Here we set

Gu(x) = —d,, F(x")02u(x) + (g + h)(x) Vo (divu)(x) + h(x") Au(x)

0

+ (dive) (1) Ve g(x) + {Veu(x) + [Veu@)]" } Va'). (20.38)

By (20.28), we have the inequality % > d?. Therefore, by (20.20) and definition (20.29) of the
function ¢, we have

o(T/2,x)>d,, ¢0,x)=¢(T,x)<d, x'eQ
with
dy = exp(t inf |x — y'[%). (20.39)
x'eQ
Thus, for a given ¢ > 0, we can choose a sufficiently small § = 6(¢) > 0 such that
T T _
¢p(x)>d—e, xc¢ 5—5,5-’-5 x £2 (20.40)

and
o(x) <d; —2¢, xe(0,281U[T —25,T]) x Q. (20.41)

To apply Lemma 20.1, it is necessary to introduce a cutoff function x satisfying 0 < x < 1,
x € C*(R) and

_JO on[0,8]U[T —34,T],

x= {1 on [28, T — 25]. (20.42)

In the sequel, C; > 0, denote generic constants depending on so, T, Mo, M1, 60,601, 1, 2, T, ¥, w, X,
and p, q, ¢, 8 but independent of s > so. Setting z; = x 9}y, z; = x0;y. and z3 = x 0y, we have

P22 = Ly ;21 + xG (02 u) +20(34, )05y + b (92 x) 02 y.
P22 = Ly ;22 + xG (83 u) +20(34, )03y + £ (32 x) 03 y. (20.43)

0

00323 = Ly 23 + xG (3} u) +2p (34, )3,y + 0 (05, x) %y in Q.

0
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Henceforth we set
£= / 02y + [0 3]" + |oy") e*dx.

Noting that u € W7*°(Q), in view of (20.42) and Lemma 20.1, we can apply Theorem 20.3 to
(20.43), so that

4
P 2

Z/ |8],y|" x?e*?dx < C3 (IFeljag) + 18" 720, + €™ I72g))

— /o

5
, 2
+ C3 Z ||(8X0X)(a){0y) ew”LZ[O,T;H*‘(Q)]
j—3

&?
+C3ZH ||L2[0TH I(Q)]+C3g
C (||Fe“”||Lz(Q> + 18" 7209 + e 17ag)) + Cae™ @720 + Cu - (20.44)

for all large s > 0. On the other hand,

/| ¥)(T/2, x|} 9T gy

/2
=/ </‘ (xo,x)| X (xo)e2Y¢dx>dx0
R
/2
[ s

T/2
+2s/ /|8 y| X (8x0¢)€25¢dx+/ /|3 3xo(X2)} 29y

=< CS/ SX2 (’a y| +’ | )e2s¢dx+C562s(d1725).
0
Therefore, (20.44) yields

/| (T/2 x)|2 25¢(T/2.5') 7/

< Cgs / (F >+ |g1* + |h)e*?dx + Cese™ D72 4 CysE
o

for all large s > 0. Similarly we can estimate [, | (33 y)(T/2, x’ | eZT/2X) dx" to obtain
INE: 2 s x'
/ (| (2y)(T/2, )+ (8%y) (772, 5] ) 2T/ g !
Q
< Ces / (F 1>+ |g* + |hH)e*?dx + Cose* 172 4 CesE (20.45)
0

for all large s > 0.
Now we will consider first-order partial differential equations satisfied by /, g, and F. That is, by
(20.35), and (20.36) and u, v € W7-*°(Q), we have

- T T - T T
,oa)foy (5 x’) = Gu (5 x’) , ,oafoy <5 x’) = G ,u <5 x’) . (20.46)
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For simplicity, we set

1
__L)L,Mp
a= ,
__Lk,uq
divp 0 0
0 divp 0
_ 0 _ 0 __ | divp
by = divg |’ =19 | = o |
0 divq 0 (20.47)
0 0 divq
Vp+ (Vp)©
dy,d,d;) =
( 1, U2, 3) <Vq+(vq)T 5
~ T .
pa)%()y (E’x/) - (g + h)vx’(dlvp) - hAp .
G = T on 2.
5a;y(2,x) — (g +h)Vyu(divg) — hAq

Then we can rewrite (20.46) as
ady, F + b0y, 8 +b20y,g +b30,8 =G —dj0, h — dady,h — d30,, 5.
Therefore, for j; € {1, 2,3, 4,5, 6}, we have

{a}jl a)f] F + {bl}j1 axlg + {b2}j1 ang + {b3}j1 8X3g
={G}j, — {d1};,05,h — {d2}},x,h — {d3};,0:,h, on Q. (20.48)

Equation (20.48) is a system of five linear equations with respect to four unknowns oy, F, 9y, g, 0,8,
dx, 8, and so for the existence of solutions, we need the consistency of the coefficients, that is,

det{a, b] , bz, b3, G- dlaxlh — dza,Qh — d33x3h}jl =0 on 5,
that is,
3
> " det{a, by, by, b3, di};, 0, h = det{a, by, by, b3, G}, on Q (20.49)
k=1
by the linearity of the determinant. In terms of Condition (20.25) and » = u — u = 0 on 9%,

considering (20.49) as a first-order partial differential operator in &, we can apply Lemma 20.3, so
that

; ' ) 2
5 / h2e*?T20dx" < Cr|det{a, bi, by, b3, G, e 20|, o
Q

<c/ 92 Zx’ 93 Zx'
=03 o oY 7’ oY 2

+Q/@FHWWWW”M’ (20.50)
Q

2
+

2
eZs¢(T/2,x’)dx/
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in view of (20.47). Similarly to (20.48), we rewrite (20.46) and, by (20.26) we can similarly deduce

, T T
S2 / |g|262s¢(T/2,x )dx/ < Cg/ afoy <2’ x/) afuy <2’ x/>
Q Q

+ Co / (Ig* + [h[}e2 T2 g ! (20.51)
Q

2
+

2
] 625¢(T/2,x')dx/

for all large s > 0. By (20.50) and (20.51), for sufficiently large s > 0, we have

s2/(|g|2+ |h|2)e2s¢(T/2,x’)dx/
Q

2
<C10/ 2y (L x oy (=
—_ o X0 2 X0 2

+
Finally, replacing j; by jz € {1, 2, 3,4, 5, 6}, we consider (20.48) as a system of five linear equations
with respect to four unknowns 0y, g, 0y, &, 9x, /1, 0y, /1. By the condition for the existence of solutions,
we have

2
] p2OT/2.X)) g5 (20.52)

det{b27 b3a d27 d37 G - aaxlF - blaX]g - d]axlh}jS = 0

on Q. Therefore

—0y, (e1F + e2g + e3h) + (0, e) F
= —(3y,e2)8 — (0y,e3)h — det{by, b3, ds, d3, G},

on . Here we set
e = det{b27 b3, d29 d37 a}jg»

ey = det{by, b3, d>, d3, by},

and
e3 = det{bz, b3, d2, d3, dl}j3'

In Lemma 20.2, we consider the case of pp,; = —1 and pg2 = po 3 = 0. By (20.32) and (20.33) and
g = h =0on 0L, we see that if —n;(x’) = Zi‘:l po,j(x)n;(x") = 0, then (F + g + h)(x") = 0.
Moreover, by x; — y; < 0 for x’ € Q, condition in (20.30) is satisfied. Consequently, choosing s > 0
sufficiently large and using (20.52), by Lemma 20.3 and (20.27), we obtain

Sz/ |F|2€23¢(T/2,x/)dx/
Q

<C/ 92 Zx/ 93 Zx/
=Cn o oY 2 oY 2

foralllarges > 0.Consequently, substituting (20.52) and (20.53) into (20.45) and using ¢ (T /2, x") >
¢ (xo, x") for (xg, x') € Q, we obtain

2
+

2
] eBT/2.0) g (20.53)

/ (FP + Igl* + [hP)e?¢ 20 dy!
Q

CpT

N

) / C ) C
/(|F|2 + |g|2 + |h|2)e2“¢(r/2’x)dx/ + le%(dl—%) + ﬁg
Q s s

=<




20.4 Proof of Theorem 20.1 351

for all large s > 0. Taking s > O sufficiently large and noting e>¢7/2X) > ¥ for x' € Q, we
obtain

/(IFI2 + g+ |hP) dx' < Crze™¢ + C3e¥1E (20.54)
Q

for all large s > sp: a constant that is dependent on 7, but independent of s. Next we take in
(20.54) instead of the constant C;5 the constant C;3¢2°¢4. Now this inequality holds true for all
s > 0.

Now we choose s > 0 such that e2C14E = ¢=%¢ that is,

1
=————Iné.
4e +2C 14

Here we may assume that £ < 1 and so s > 0. Then it follows from (20.54) that
/(|F|2 + g2 + |h?) dx’ < 2CEwix,
Q
By definition (20.33) of F, we have

/frdx’z/(axlF)rdx’z/F(E)xlr)dx’
Q Q Q

forallr € HO1 (£2) by integration by parts. Hence we can directly verify that || f | g-1@) < Cll Fll12@),
so that the proof of Theorem 20.4 is complete.

20.4 Proof of Theorem 20.1

Without loss of generality, we may assume that p = 1. Otherwise we introduce new coefficients
w1 = u/p, A1 = A/p to argue similarly. We can directly verify that the functions rotu and divu
satisfy the equations

Z)forotu — WArotu = my, Bfndivu — (A 4+ 2p)Adiva = m, in Q, (20.55)
where
my = Kjrotu + Kpdivu + Cyu +rotf, m, = Kjrotu + Kydiva + Cou + divf,

and K ;, Ky are first-order differential operators with L coefficients. Thanks to Condition 20.1 on
the weight function 1, there exists T such that for all T > T, we have (see Reference 52):

2

ou
2 . 2 2
sllrotwe™ g g, + sl (divie o) = C1<”f€w”H1“‘<Q> T ﬁew HS[0.7)x0€]
S[(0,T)x
2
9%u
+s ﬁe“ﬁ + ||u||%3(Qw)), Vs > so(1), (20.56)

n L2[(0,T)x 3]

where the constant C; is independent of s. To estimate the H 1(Q)-norm of the function u, we rewrite
(20.1) in the form
pafou —uAu=F, ulyo=0,
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where
F=f+[AK) + ux)]Vediva) + [divu@)]Ver(x) + [Veu + (Vew) TVep ).

Thanks to Condition 20.1 we can apply the Carleman estimate in Reference 20 to this hyperbolic
equation

2 2 2
sluelf o) = Ca [IFe? 20y + sllue Il g,
e N 5612
< G ldivwe’?|[ 72, + 1(Vedivwe™ (I o) + e 5 o)
s¢ 12 2
+ ||fey¢||L2(Q) + S”ues¢ ||H1-J'(Qw)} .

This estimate and inequality (20.56) imply

2 s 2 s 2 . s 2 K 2
S ||ue\v¢||H1,A(Q) + S” (rOt u)eqd)”Hl_A(Q) + S” (le u)ems“Hl.x(Q) S Cz{ ”few&”Hl.s(Q)

2 2 2

L

u .
on?

+ s ﬁe

+s
H'$[(0,T)x9L]

+I|u||é(Qm)}, Vs >s0.  (20.57)
L2[(0,T)x0R]

Next we estimate the second derivatives of the function u.
Denote rotu = y. Using a well-known formula: rotrot = —A, + V,.div, we obtain

—Ayu=roty — Vydiva in Q, ulze =0.

Using the standard a priori estimate for the above Dirichlet problem for the Poisson equation, we
have:

3

D 1@y, dywe? iz < Ca [slue’ llws ) + I (divue™ s (g) + Il rotw)e™ [l g)] -
Jk=1

By (20.57) one can estimate the left-hand side of this inequality by the right-hand side of (20.56).
Next, using this estimate and (20.1), we obtain the estimate for the norm ||(8§0u)e“¢||i2(g)

via the right-hand side of (20.56). Finally, we obtain the estimate for ||(8X08x/u)es‘7’||%2(Q) and

s (8x0u)es¢ ||i2 0 by an interpolation argument. Therefore, combining these estimates with (20.56)
and (20.57), we have

2 2

2n .
—e
on

L

e ¢
on

+s
H![(0,T)x3S]

”u”%/((p’Q) <G { Ife* ”%{Lx(g) +s

L2[(0,T)xdL]

+ ”u”%@,gw)}’ Vs > s0(1), (20.58)

where the constant C3 is independent of s.

Now we need to estimate the boundary integrals of the right-hand side of (20.58). In order to
do that, it is convenient to use another weight function ¢ such that | r)x00 = @l 7)xee and
¢(x) < ¢(x) for all x in a small neighborhood of (0, T) x 9<2. We construct such a function ¢
locally near the boundary 0€2:

~ 1
p(x) =Y Y(x) =Y x) — i@+ NG,

where N > 0 is a large positive parameter, and £; € C*(2) is a function such that

6(x) >0, Vx'eQ, {lilsg=0, Vililyo #0.
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Denote Q1 = {x’ € Q; dist (x", 0Q) < #}. Obviously there exists Ny > 0 such that
W
p(x) <¢(x), Vxel0,T]x Q%, N € (Np, 00).
N

The following lemma plays a key role in our proof.

LEMMA 20.4
Under the conditions of Theorem 20.1, there exists T > 0 such that for all T > T, there exists
so(t) > 0 such that

2
ulf .0 +VN D s*72 ||(3§“)ewHi2(Q> < Cs[lIfe* i g)
|lae|=0

+ ullzey 0] Vs = so(z, N), suppu C [0, T]x Q1 (20.59)
where the constant Cy is independent of s and N.

We will postpone the proof of Lemma 20.4, and by means of this lemma we continue the proof
of Theorem 20.1. Let us fix the parameter N such that (20.59) holds true. We take § € (0, #)
sufficiently small such that

$() > p(x),  Vx € [0, T] x 2\, (20.60)

We consider a cutoff function 6 € C3 (ﬁg) such that 5|Q§/2 = 1land §|QS\Q = 0. The function fu

satisfies the equation

33/4

POu) = 0f + [P, 0)u, Oulo.r)x0 =0,

_ _ _ < (20.61)
Ow)(0, 1) = (), (0, ) = (Ou)(T, -) = (Ow),, (T, ) = 0.

Applying the Carleman estimate of (20.59) to (20.61), and using the fact that (¢ — )0, 1yxs0 = 0,
we obtain

2
du S¢ ? aZu s SQ 12 n s 12
s|l5=¢ +s || o= < Cs{lIfe* g ) + I[P, 61ue (151 )
n H'$[(0,T)x3L] n L2[(0,T)x 0]
+ ullgg ot Vs = so(D). (20.62)

Because the supports of the coefficients of the commutator [ P, 5] arein [0, T'] x 3\ Q25 1 by (20.60),
we have

2
ILP. 91 ) < Co | Y 77240 (820) |1, o) + 03 0, | (20.63)
|a|=0

Combining (20.62) and (20.63), we obtain

2 2 2

L

Ju
s¢

—=e —5€

on?

on ts

H'5[(0,T)x 9]

N

L2[(0,T)x9<]

2
<C; {ufewu%{l,@ + Y s ||(a;'u)ef¢||i2(Q) +lulGg.o. |- Vs = so(). (20.64)
la|=0
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Finally we will estimate the surface integrals at the right-hand side of (20.58) by the right-hand side
of (20.64). In the new inequality, the term

2

Z 5?2 H (Bgu) ewHiz(Q) )

lor|=0

which appears at the right-hand side, can be absorbed by |lu||3 (.0)- Thus, the proof of Theorem 20.1
is complete.
The rest of the paper is devoted to the proof of the Lemma 20.4.

PROOF OF LEMMA 20.4 First we note that, thanks to the large parameter N, it suffices to prove
(20.59) only locally by assuming

suppucBgﬂ([O,T]xﬁLJ,

where B; is the ball of the radius § > 0 centered at some point y* € [0, T] x 9. In the case
of Bs N[(0, T) x 02] = ¥, we can prove the lemma in a usual way for a function with compact
support (see, e.g., Reference 17). Without loss of generality, we may assume that y* = (yg, 0, 0, 0).
Moreover, the parameter § > 0 can be chosen arbitrarily small. Assume that near (0, 0, 0), the
boundary 9€2 is locally given by the equation x3 — £(x1, x2) = 0. Furthermore, because the function
u = Ou(xy, O~ 'x’) satisfies system of (20.4) and (20.5) with f = Of(xq, O~'x") for any orthogonal
matrix O, we may assume that

(a—z((), 0), %(O, 0)) =0. (20.65)
dx 0x7

Next we make the change of variables y; = x1, y» = x3, and y3 = x3 — £(x1, x2). We set yg = X,
y = (Y0, Y1, Y2, ¥3), and ¥’ = (y1, ¥2, ¥3). By A(y, D) denote the Laplace operator after the change
of variables. One can check that the principal symbol of this operator is equal to a(y, §) = —&% —
E2— G263 +2(VyL, £)&3, |G| =+/1 + |VE|2. In the new coordinates, the Lamé system has the form

P(y, D)u = D; u— puA(y, D)u
(O + )(v vza)[diu (8“ vz)]
- w | Vy = Vyl— | |diva — | —, Vy
! T ays ays” 7
+ Kju = —f, (20.66)

where we use the same notations u, f after the change of variables and K, is the partial differential
operator of the first order. Denote by (z, 22, z3) and z4 the functions rot u and div win the y coordinate.
These functions satisfy the equations

P,(y,D)z; = D%zj —nA(y,D)z; =m; je({l,2,3}, (20.67)
P2 (v, D)za = Diza — O+ 20) A(y, D)zg = ma. (20.68)

Here we set w = (W', wy) where
w = (rotu)e’’, wy = (divu)e’® in the y-coordinate,
W, = xu(s, D)W = /q Xo (5, ENW (Eo, &1, &, y3)e! OORHVETNR) G dE dE,,
R

where W’ is the Fourier transform of w’ with respect to the variables (yo, y1, ¥2).
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We consider a finite covering of the unit sphere S° = {(s, &, &1, &); s> + &3 + & + &5 = 1}.

Thatis, S* € U9V (s, &, &1, &) € % | — ¢| < 81) where ¢ € S*, and by {),()}i<v<k,) We

denote the corresponding partition of unity: Zf:(‘sl‘) xv(¢) = 1forany ¢ € S and supp x, C {¢ €
S3;1¢ — ¢¥| < 81}. Henceforth, we extend ,, to the set {¢; |¢| > 1} as the homogeneous function
¢ .
- = CV

of the order zero such that x, € C*(R?) and
< 51 }
e

We set G = R x [0, 1). Let y = (y*, %) = (v*, 5%, &, &, €5) € 3G x S° be an arbitrary point.
To finish the proof, we need the following lemma.

supp x» C O(61) = {;“;

LEMMA 20.5
Lety = (y*,¢*) € 3G x S? be an arbitrary point and supp x, C O(81). Then for all sufficiently
small §; > 0, the following estimate holds true:

ow,
Vislwllas gy ++/1s1 ‘ (a—, wv)

Y3
Assume for the moment that Lemma 20.5 holds true. Using Carleman estimate (20.69), we have

oW
VIsHwllaes gy +v/ 5] ‘ (8—’ W)
Y3 L2(3G) xH! (3G)

K ow

< VIslw Il ++/1s] ‘(a—% wu)
v=1

< Cs (Ife"? |l ) + we"" s Vis| = so. (20.70)

< Cs (Ife"¥ s ) + uel s g)).-
LZ(BQ)XHIY"(ag)

(20.69)

L2(3G)xH"* (3G)

By Proposition 5.1 and the argument similar to that of Eqgs. (5.10) and (5.11) in Reference 30, we
obtain

1
2

2
4-2 slg |2 K K
VN > IsI* 2 D%uel Pdy | < Cy (€ Iy + 1ue¥lleaq)) . Vis| = so.
G =
la|=0

(20.71)

Directly from (20.4) we can obtain the estimates for (8§0u) "% and (9,,9,,w)el"!:

1
2

2
1 _ 2
N¥ /Z|s|4 2l pruel®"dy | < Cs [IIfe ) + ue¥ lwesg)] . VIs| = so.
g

|o|=0
(20.72)
Because the constant Cg is independent of N, estimate (20.72) implies
1
2 ’ ow
N# / Z |42l |DaueI5|¢|2dy + /s ( w)
9 =0 dys L2(3G)xH"5 (0G)
< Colfe" ||gpisgy Vls| > so. (20.73)

This estimate immediately implies (20.59).
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Now it suffices to prove Lemma 20.5.

Before starting the proof of Lemma 20.5, we need to recall some facts from the theory of pseu-
dodifferential operators and Carleman estimates.

We set

Pys(y,s, D) = Py(y,D), Piious(y,s, D) = Piy2u(y, D), D=D+ils|Vgp.
Denote

ps(v. 5. ) = — (& +ilsloy,) + B[E1 +ilsley)” + & +ilsley,)* — 26, (&1 +ilsley)
x (& +ilsloy,) — 26y, (& + ilsl@y,) (& + ilsley,) + (& +ilsle,,)?IGI?], (20.74)

where 8 € {it, A +2u} and s # 0 is a parameter. The roots Flgt (v, s, &) of the polynomial pg with
respect to the variable &3 are given by

L5 (y,s5,8) = —ilslgy, + a5 (y,5,€), (20.75)
where
a;t(y, 5, &) = ¢ + i|s|‘/’y1)£y1|2'|2(€2 +ils|gy,)Ly, + /7’,/3(% 5. E), (20.76)
rp(y. ¢) = {Go +ilsley)® — B [ +ilsley)® + €2 +ilsley)*] G + BE +ils| Ve, VO)?

BIG|*
(20.77)

In some situations we can factorize the operator Pg ; as a product of two first-order pseudodifferential
operators.

PROPOSITION 20.1 R
Let B € {u, A +2u} and |rg(y, ¢)| = 81¢)? > 0 forall (y,¢) € (BsNG) x O28,). Then we can
factorize the operator Py g into the product of two first-order pseudodifferential operators:

Pgxu(s, D"V = ,B|G|2[Dy3 —Tp(y,s, D)HI[D,, — F;(y, s, D)xu(s, D"V +TzV, (20.78)
where supp V. C Bs NG and Tg is a continuous operator:
Ty : L*[0, 1; H(R*)] — L?[0, 1; L*(R?)].
Let us consider the equation

[Dy, = Tg (v, s, D)Ixu(s, DYV =¢q, VI,,_

L
3=N2

=0, suppV C BsNG.

For solutions of this problem, similar to Proposition 5.4 in Reference 30, we can prove the following.

PROPOSITION 20.2 N
Let B € {p, A +2u} and |rg(y, §)| = 81¢1? > 0 forall (y,¢) € Bs x O(28,). Then there exists a
constant Cyy > 0 independent of N such that

(V1810 (s, DYV ly,=oll 2wy < Ciol|qllz29)- (20.79)
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Let w(y) be a function that satisfies

~ . aw
Pﬂ,s(yssvD)qu mn ga P
dy3

_ . 1
1/N2= Wly—i/n2 =0, suppw C B; NR* x [0’ ﬁ) :
V3=

Ppst+Pg
2

Let P*’ be the formally adjoint operator to Pg,, where 8 € {u, A +2u}. Set L g = and

L_g = Fos~ P’“ . Obviously L, gw + L_ gw = g. For almost all s € R!, the following equality
holds true:
Ep+ IL—pWliag) + 11 pWlI72g + Re / (ILsp, L plw, w)dy = Iqll7>)  (20.80)
g
where

Ep = / . s, Vo, —e)(Is|ps (v, Vv, Vw) — |5 ps(y, Vo) W | )dyody1dya
0
+Re/ Pp(y, Vw, —é4)L_ gwdyody dy,, (20.81)
G
es = (0,0,0,1) and

Pp(, £,8) = Eoko — BEIEL + 8282 — £y, (B185 + E381) — £, (5283 + £382) + | GI*E363).

We note that ¢y, |sg = ¢y, |ag for k € {0, 1, 2}. Therefore, on 3G, the function V, ¢ is independent
of N and |V (y') — Ve(y')| < C/N? with the constant C independent of N. It is convenient for us
to rewrite (20.81) in the form

— r—~(1)+ :/(32)’

[
=
I

ow ow ow
gy = Re / 2Is1B(y*) — [ﬁ(y*)—%, ) 4+ BGH) 5, (5)
¥3=0 ay3 Iy oy,

oW
+ ﬁ(y*)—sov;(y ) — % — @y, (V" )} dyodyidy,

2 aw 2
+ [ wseoeon{ || -0 *)( )

a1
— s {e, ") = BG™) [0, + 05, ) + 95, 0] } |V~V|2}dyody1dy2~

ow
ay3

aw |

‘ ow
dyo LAY

Then

2

cle ’ < e®)ls| , (20.82)

L2(8G)x H'* (3G)

()

where €(§) — 0 as § — +0. We can prove that there exists a parameter T > 1 such that for any
T > T there exists so(t) such that

3 - 3 . -~ =
Il + JILa g 7o) + Re(Ly g, LI, W) 12q)

+ Cutlsllw 206 10y, | 22a6)
> CialslIlWllysgy:  VIs| = so(2), (20.83)



358 Carleman Estimates for the Three-Dimensional Nonstationary Lamé System

where C1, > 0 is independent of s. The proof of (20.83) is done exactly same as in Appendix II in
Reference 30. Combining (20.80) and (20.83), we arrive at

1 . 1 - . .
ZIL- g + FILe s gy + CralslF . g + g
< Ci3 (191226, + 1117 206y 195, 1 206) )+ Vls| = s0(D). (20.84)

By Rot, Div, Nab denote the operators obtained from rot, div, V,. after the change of variables. In
that case, on G we can rewrite (20.66) and identify divrotu = 0 in the following way:

ipuRot (y, D)W — i (A 4 2)Nab (v, D)wy = fe*'Y + K (y, D, 5)(ue”%), Div(y, D)W = 0,
(20.85)

where K (y, D, s) is the first-order differential operator. Applying the operator x, (s, D’) to (20.85),
we have

iuRot(y, D)yw, — i (A + 2u)Nab(y, D)ws, = F;, Div(y, D)w, + [x,, Divlw' =0 y € 3G,
(20.86)

where
Fi = x el —i[x,, uRot(y, D)IW + i[x,, (A + 2)Nab(y, D)lws + x, K (v, D, s) (ue*) .

We will prove Lemma 20.5 separately in the following three cases:
1. ru(y) = O, Fy4+2u (V) 7é 0 (Section 5)
2. ru(y) #0, 1424 (y) = 0 (Section 6)

3. ru(y) # 0, rgou(y) # 0 or ry(y) = riqau(y) = 0 (Section 7)

20.5 The Case:r,(v) =0andryi,,(v) #0

In this section, we treat the case where 7, (y) = 0 and 4, (y) # 0. Taking the parameters § and
d; sufficiently small, we can assume that there exists a constant C > 0 such that

Fs2, (v, O = CIE12, V(3. £) € Bs x O@), 1¢] > 1.

We note by (20.84) that there exist C; > 0 and C, > 0 such that

) WU
ay2

2 ~(1)
Culs Wi 2y + ED

2

< Co(IIE" ¥ 3 gy + 1Wlsgy) + €@)ls] . kef1,2,3),

L2(0G) xH"* (3G)

(20.87)
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r—~(1)

Here and below by €(§) we denote a function such that lim._, ;¢ €(6) = 0. Note that &, /, can be
written in the form:
=) 2 Wk, v ? 3(,2.3 * 2
Epy = glﬂWwQ ——=| +1IsP (1KPe;,) OO winl* | dE
3
ow v aw
+Re / - {(mpy, e S e P
ag a3 GAY)
+:/;hKu¢BXyﬂ{§§—ﬁdyﬂ(éf+§@
3
— 5’05 ) + 500" [o], %) + 95, 09)] vk [PdE
= s+ 5040, (20.88)
By (20.75) to (20.77), there exists C3 > 0 such that
|6 — 5703, 0") = G (& + &) + n0Ms” [¢5,07) + 5, 6M)]]
+ Is11&0@y, (V) — n(¥Y)E19y, (V) — n(y")E20y, )]
<8Cs (1% + &1 + 1517 +5%), V€ O@G). (20.89)
Next we take the parameter §; sufficiently small such that
6> < Ca (57 + & +57) . VL € O, (20.90)
where the constant C4 > 0 is independent of ¢. Then, by (20.89), we have
3 ow, 2
Zp@%&w%mwn(a %) kell.2.3. (091
=1 Y3 L2(3G)xH! (3G)

Moreover we claim that there exists §g > 0 such that if §; € (0, §y), then there exists C5 > 0
such that

1ol < Cs(|&1] + 15| + [s]), V¢ € O@)). (20.92)
Weset V', =[D,, —I';", (y,s, D')]wa,. Then by Proposition 20.1
r2u = Wy a2y , y P
Pryousway = A+ 2W[GP[Dy, = T5 0, (v, 8. DOV, + Tisuway,

where T; 12, € LIH'*(G), L*>(G)]. This decomposition and Proposition 20.2 immediately imply

H\/m [Dys qu(y S, D)] Wauly,=0

£e*19| g1.s ; 20.93
mg) Ce [Ife" ¥ llmsig) + IWla@)].  ( )

Next we estimate the term Jz(k). First we note that, thanks to the homogeneous Dirichlet boundary
conditions, we have the a priori estimate

ow
VIslwz vl zsag) < €@/ Is] ‘ <—V7 Wv) (20.94)
9y L2(9G) < H1 (36)
Using (20.94), we have from (20.84) with w3, instead of w
CALER) Isle
Vsl 3 , < G [I8e™ gy + Wl
L2(0G)x H' (3G)
ow,,
+e@VIsI ||| =, W (20.95)
9y L2(9G) < H1 (36)
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Now we consider the following two cases.

CASE A Assume that s* # 0. In this case by (20.89)

()|
dy; Y

L2(3G)xH"*(3G)

3
SO0+ [440] < es
k=1

Therefore, for some constant Cg > 0,

2

(Bw’v />
) w])
ay3

L2(3G)xH"* (3G)

Combining (20.96) and (20.87), we have
a /

/i (5)
a3

Using (20.97) we obtain from (20.86)

< Co(lIfe" ¥ |lms i) + Wl (g))-
L2(0G) xH' (3)

v Is]IINab(y, D)w4 , [ 12(ag)

IwW
< C10(||fe|s\</)||H1,5(g) + ||W||H1.s(g)) =+ 6(8) H (Wv, WU)
3

L2(3G)xH" (3G)

On the other hand, thanks to (20.93) we have

)

ay3

L2(3G)x H'* (3G)

ow,
< Cin/Is|[INab(y, D)wa yll12ag) + €(3) H (8y WV)
3

Combining this estimate with (20.97) and (20.98), we obtain
ow,
Vs 3y W
Y3

Inequalities (20.99) and (20.87) imply (20.69).

< Ciz (Ife" g gy + Wl @) -
L2(0G) xH"* (3G)

CASE B Assume that s* = 0. By (20.86) and (20.94) the following equality is true:

R(y,s, D" YW1, wa2,) = Diwi, +Dowyy, —Dowy, +Diwy,)

A4+2u
|:F17 ———0; 10, (, 5, D)Wy, + F2|,

where

VISIICFL ) llizagy < €(@)/1s]

PN WU
dy3

The principal symbol of the operator R is

L2(3G)xH"+ (3G)

RG* 5. 61, 6) = ( i +ilsley (V) & +ilsley (v )> _

—& —ils]|@y, ) & +ilsley, ()

L2(3G)xH"*(3G)

(20.96)

(20.97)

(20.98)

(20.99)

+ Ci3 (£ i) + IWllgs(g) ) -
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Because det R(y*, s*, &, £5) # 0, there exists a parametrix of the operator R such that

_ A420
(Wi, w2y) = R(y, s, D)"" 0, Ta;:zﬂ(y,s, D'wy,

+ R(y, s, D) (Fi, Fy) 4+ T-1(W1.0, w2). (20.100)
By the first and second equations in (20.86), we have

A4+2u
(D3wi,y, D3wy,) =

(Dawa,y, —Diwy,,) + (Fy, Fs), (20.101)

ow
VIS (Fa, F5)ll2eg) < €(8, 8DV |s] ( v,Wv>
9y L2(3G) xH1 (36)

+ Cia (1" a1 ) + Wt (@) ) -

where

Using Eq. (20.100) and (20.101), we can reduce J(l), J2(2) to the form

oWy, — - :
" =Re / 251G+ 2 T Ga0 ) ) Dy + 19 57Dz = i, () Dal
d
(R(y, s, D)~'0, a5, (v, 5. DYwy, ] - JNdE + 1, (20.102)
@ iy IWao ; ~ : T
S, = —Re [ 2Is|(A +21) (") oy [ (ugy ) (y*) D1 4 i (1py,) (y*) D2 — iy, (y*) Do
G 1

(R(y, 8, D)0, &5, (7. 5. DYWa ] - 2)dE + Do, (20.103)

where fl =(1,0), fz = (0, 1), and I, and I, are terms that are estimated by

PR WV
dys

Because Re a;r(y) = 0and Im R(y)~! = 0, by Garding’s inequality we obtain from (20.102) and
(20.103) that

2
1|+ | I] < €(8)|s] + Cis[lIfe" IF. gy + IWlE )] -

L2(3G)xH'5(3G)

2

+ Cis [If* I35 gy + Wl g ] -

ow
0] 4[] = e® H (w)
Y3 L2(3G) xH! (3G)

This inequality and (20.91) imply for k € {1, 2, 3}

By > /w {|S|(M2‘/’y3)()’*)

Y] WU
dys

In terms of (20.101) and (20.104), we have

8kav 2 %
- TP () o >|wk,u|2}d2
Y3

2

—els| (20.104)

L2(3g) XH]-“'(Bg)

(awv )
— W,
dys

2

L2(3G)xH"*(3G)

3
2 ~(1)
sl WallFsmg < Cr7 D Bl +e€ls]
k=1
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This inequality and (20.93) imply
2
<Cis

aW4.v

|S| - 5W4,U —

dys L2(3G)x H1(36)
Iwy ’ Isle 12 2

PR + Cis [Ife" Il gy + Wl g - (20.105)

3 L2(3G) xH"* (3G)

By (20.100), (20.104), and (20.105), we obtain

) Wv
dys

3
=) 2 2
Z C‘Ak’u + ||fem(p”HLV(g) + ”W”Hlv(g)‘|
k=1

+ €|s|

2

< Cyp
L2(3G)xH"*(3G)

3
~(1 S 2 2
SED, + el g + nwnm«g)]
k=1

YR WV
dys

2
+ €ls|

L2(3G)xH"* (3G)

This estimate and (20.84) imply (20.69).

20.6 The Case:rx;2,(v) =0andr,(v) #0

Lety = (y%, &%) = (y*, s*, &, &, £) be a point on 9G x S such that r; 2, (y) = 0,7, (y) # 0
and suppy, C O(8,). Taking the parameters § and §; sufficiently small, we can assume that there
exists a constant C > 0 such that

I Ol = CIEP. Y(3.0) € B x OB, [¢] = 1.
By (20.75) to (20.77), there exist §o > 0 and C; > 0 such that for all §; € (0, §p) we have
£ <Ci(Ef+& +57), YL eO®©). (20.106)
We consider the following three cases.

CASE A Assume that s* = 0 and

S8 07— E 0w ) — 80, ()

§0y3 (y*) >
A
,#%#@W@fm

In that case, there exists a constant C, > 0 such that

—ImT;(y.2) = Cals|, ¥(y.¢) € Bs x O@)),
provided that |§| 4 |8;] is sufficiently small. Because s* = 0, we may assume that
6ol +5* < C3 (67 + &) . V¢ € OG) (20.107)

for some constant C; > 0, taking a sufficiently small §;. We set Vlf = [D,, — Flf(y, s, D')]w,.
Then, by Proposition 20.1, we have

Py s(y. D)W, = |G’ u[Dy, =T, (y.5, D] VF + T}w,
= |G|*[Dy, — TrH(y.s. D)V, +T,w, (20.108)
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where T € L[H"*(G), L?(G)]. This decomposition and Proposition 20.2 imply

H\/|s| [Dy, — TE(y, s, D)W, lysm0 < Cy(Ife"¥ @) + W llog)).  (20.109)

L2(3G) —

We have
(Vi + V)|, o= [ (.5, D) —a; (.5, D)W, on 3G. (20.110)

Because a:[(y*, r*) — a;(y*, %) = 24/r,(y%, ¢*) # 0, by (20.109), and (20.110) and Garding’s
inequality we have

VIsIIW, s eg) < Cs 186 @) + I1W )] - (20.111)
By (20.111) and (20.109), we obtain

ow, |* ;
[ st dx = Callte By, + W1 ] (20.112)
3G ay3
Finally, by (20.111) and (20.112) combined with (20.86), we obtain
Iwa,y ’ sl 12 2
W < Cr (1™l gy + Wl g)) - (20.113)
dy3 L2(3G) x H'» (3G)

Inequalities of Egs. (20.111) to (20.113) and (20.84) imply (20.69).

CASE B Assume that s* = 0 and

(") = 6 () — 800"

VA OMIGET &I

In that case lim;_, .- Imr,(y*, ¢)/Is| # 0. Because s* = 0, we note that Rer,(y*, ¢*) > 0.
Set I = sign lim;_, .« Imr,(y*, £)/|s|. Then we have

Tr(y*, ¢*) = Iy/Rer,(y*, ¢*). (20.115)

@y, (") < (20.114)

Therefore,
—Re T (v", £y (V)& + (py) (VE — ¢y, (¥)E5] > 0
Taking the parameters § > 0 and §; > 0 sufficiently small, we obtain

—Re T, (v, Oy, (0&1 + ey, (0E — ¢y, (&1 > 0, V(y,¢) € Bs x OB1).  (20.116)

Using the definition of V', we have

wo
h=R /

= Re/ 20| (y)ilt (v, s, D)W, [u(y
G

/!

ow,
") + M()’*)

[u(y ) (y*)} dx

w
(p}'z(y*) - 8 -
Yo

/ !

oW, ow/,
%Z %) — % %o(y*)} d¥

/ !

ow/,
w»z(y*) 7% wyo(y) dx

L)+ u(y*)

PR [ aW
+Re/3g2ISIM(y iV, 0) fu(y (y*)+u(y*)

- Re/ 25| (YY) Dy, @y, (v) 4+ (Y ) Dy, (v*) = Dy, I (v, 5, D)W, W,d S
G

A [ W, . .\ OW, . W, . i
+Re [ 2s[u(y)iV, 0| n(y*)——@y () + n(y*)——¢y, (") — Py, (¥*) |d 2.
3G L Iy ay> ]

dyo
(20.117)
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By (20.116) we obtain from Garding’s inequality that the first integral at the right-hand side of
(20.117) is negative. Consider two cases. First let

(@5, VES + 0y, OEIT, (v, ¢%) = 0.

This inequality and (20.116) yield that |£5e, (y*)I > w(M)IE e, (") + e, (yH)I]. If
&0 Py, (y") > 0, then F,J[(y*s ¢*) = Wru)| and &y (%) + &)@y, (y*) = 0. By the first con-
dition in (20.9), we obtain

w(y*) ey (VE + 9y, (7)E] n VROV + p(y)

VA +2p(%) (&7, &)1 VA 2y

Again by the third condition in (20.9), we note that |@,, (y*)| = ¢,,(y*). On the other hand, from
r2u (v, 0,675, &, 85) = 0, we see that [§5] = /(A +21)(y9)I(ET. §)I. By §5¢y, (y*) > 0, we

obtain

19y, )] = 1@y (V)]

* 5o ( ) *
— Py (y*)%-l* — @y, (y )%.2* + Wﬂ(}y);) %-Q

Dy, (y*) > >
JEEGOIE £

This contradicts (20.114).
If £y, (v*) < 0, then I'f (y*, £*) = —l/ru(y)| and &gy, () + &5 ¢y, (v*) < 0. Therefore,

vo (V)&
“/’yl & + 0y, (Y — W,&(‘y*) .

Py (V) >
' JEEOMIE £

0 0")
O OME + 0, (08 — 6

VR OOIER 6D
By (20.60) this again contradicts (20.114).

As the second case, one has to consider [¢,, (V)& + ¢, (y)E 1T, (v*, ¢*) < 0. By Garding’s
inequality, for k € {1, 2}, we have

awk,v
ay2

. Iwg,
Re/ 2lsliT;f (v, D/)Wk,v|:M(y*)¢y1 (y*)# + w(y*) ey, (") }dZ <0.
3G 1
This inequality, (20.3), and the fact that J, is negative implies that

—Re/ 20s|u ()il (v, Dwiy
ag

awk,v 8Wk.v awk,v
x|+ 20 () Sy, () + (h+ 20 (), () o — 0y [dS > 0. (20.118)
LAY 0y2 9yo
Note that
awy, |2
Bl = /3 g{lSI[(kJrZu)zwy;](y*) a—y‘; +ISI3[()~+2M)2<p33](y*)IW4,u|2}dE

% 8W4,1)
+ Re 2ls|(A +21)(y™)
aG ay3
<10+ 200, 169242 410+ 200,16 242 g (e Ly
1% g0)’1 y 3y1 122 (pyz y ay2 (pyo y 8)7()

+ /a . IsIL: 4+ 20y, 1) &5 — A+ 2 G (5 + &) — 5705 (0

+ 7+ 200 [e), %) + 93, (0)] FHwaPdE
= .71 + .72 + f3.
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Using (20.86), we can transform J. 2 as

2 2
- Wy
7, = —ReZ/ 25| 1 Dk
o Jag A +2u By
Wy Wy OWi,»
ay1 AY) dyo

where

2

1] < €(8)]s] + Cs ([Ife*" |13 ) + 1WlIFpsg))-

L2(3G) xH!'5(3G)

PYEE] wv
dy3

2
dy3

|J3] < Cii8ils|

Then by (20.118)

Ja > Ciols|

— Co (I lIg1. ) + Wl q)) - (20.119)
L2(3G) xH!* (3G)

’ WZ,I)
dy3

Note
2

L2(3G)xH'+ (3G)

(5
9wv
ay3

— Co (1" I ) + IWlfs(y) - (20.120)

This inequality and Eq. (20.119) imply
3W4,v

Efxllzu > Cpp {/ag <|S| 3vs
(Fem)
PYE] WU

9y3

Now we will estimate J3. By Egs. (20.75) and (20.77), there exists a constant C;3 > 0 such that

2
+ |s|3|W4,v|2> ds + |s|

2
L2(3G)xH'* (3G)
2

—€(0)ls]

L2(3G)xH'* (3G)

6 = 1sP¢2 (") = G+ 20 M8 + [0+ 20002 ] )5
— G+ 2008 + [+ 2008] (15|
< Ci3di(|E'P 455, ¥ € O@)). (20.121)
Using (20.121), we obtain
£ — nOME — n(yME — 0r ) + 57 (ned ) %) + 57 (ne),) ")
=M+ WO E +E —s70] ) — 5705, )]
& — A+ 2WOGNE — A+ 2w GNE — s7e (77
+ 57 [+ 2we) M) + 57 [+ 2w | )
> (WO [E +E — 0] 0F) — 5703, ()] — Cradi (181 + 7).

Therefore, for all sufficiently small §,, there exists Ci5 > 0 such that for all ¢ € O(4)

£ — nOME — nOME — 7o) ) + 57 (o)) ") +5° (1e;,) (V) = Ciséi (€7 + 57).
(20.122)
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By (20.122), we see that J3 > 0. Hence, by (20.120) and (20.106), there exist constants Cy¢, C7, C13 >

0 Such that
<”“I/ , >
33 Lz(ag)XHl‘ (0@)

— C18(8, 81) (1" 131 ) + Wl g -
This inequality and (20.86) imply

3
~(1) ow,

E Erp = Colsl ||| ——,wy

— ay3

— C13(8, 1) (I IIfp ) + Wl (q)) - (20.123)

2

[I]

Clsquu > Cy7ls|

e

2

LZ(ag) xH!s (ag)

By (20.123), (20.87), and (20.84), we obtain Eq. (20.69).

CASE C Assume that s* # 0. If §; > 0 is small enough, then there exists a constant Cpy > 0
such that

E0@y, () — (k4 20 (Y)E10y, () — (A 4 20) () 6200y, ) < 87Ca0 (] + &5 +57) .

(20.124)
By (20.84), there exists Cp; > 0 such that
50 + CallV/Iswanldieg < Car (Ife™ ¥ 1 gy + WG g))
ow 2
+ €(®)|s| ‘ < = wu) ) (20.125)
9y 12(0G) xH!(3G)
By (20.121) and (20.124), we have
~ ~ 8W4 2
|2+ J3| < Cxdilsl ’(—'v,wm) . (20.126)
ay3 L2(3G)x H'* (3G)

By (20.126) we see from (20.124) that there exists a constant C»3 > 0 such that

8W4
g1, = —els| H( Y Wi
9y L2(3G)x H' (3G)

+ Cx / . {|s|[<x + 200y
d

2

Wy y

2
+IsP [ +21)%0) | (y*>|vv4,v|2} ds
(20.127)
Because s* # 0, without loss of generality, taking §; sufficiently small, we can assume that
|§'] < Clsl, V& € O@). (20.128)

By (20.127) and (20.128) for some constants Cp5 > 0 and Cy6 > 0, we have
8W4,\J
W4y

dy3 *

uRot(y, D)yw,, = F* on ag, (20.130)

2

— Callfe” 1. g) - (20.129)
L2 (Bg) XH]*" (3g)

“/\+2u > Cosls|

By (20.86) we have
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where we set F* = 1F|+(A+21)Nab(y, D)wy , and |Fi [[L2) < Cor(Ife!*¥ |12 g)+[ue™ [l g)).
Next in the operator Rot, we put instead of D3wy , the function a*(y, s, D )wy,, + Vi for k €
{1, 2, 3}. We can represent (20.130) in the form
uG(y, s, DYW, =F*+ R(V,). (20.131)
By (20.109)

VISRV i266) < Cas[ 1™ Iy + W (o) - (20.132)

The principal symbol of the operator G at the point y is given by the matrix

0 o« () —&5 — ils"10y, ()
G(y) = —at () 0 E+ilsle, 0N | (20133
—& —ils* 0y (") EF +ils*loy, () 0

Thanks to the Dirichlet boundary condition, we note that

ow,
Ws,vllmsag) < €(8) H <8—’ Wy, .
Y3 L2(3G) xH!* (3G)

This inequality and (20.109) imply

3W3!U
W
day;

< Coo[IIfe™ [l gy + I1W ll1s(g) ]
Lz(ag)le.A (3g)

ow,
+e(5) H (i wv> (20.134)
9y 12(30) < H1 (30)
By the first two equations of (20.131) and r,, (y) # 0, we obtain
1 ¢ , 1
[s1Zlwiwllais g < C29<||f€“ s gy + W sy + Is]2 ||F*||L2(BG))
ow,
+ e®||[ —,w, k=1,2. (20.135)
y3 L2(5G) xH' (390)

By (20.109), (20.134), and (20.135)

()
’ W\)
dys

1
s[>

1
< Cy [erls“p”mvﬁ(g) + W sy + 1512 1IF* (2 ag)
H'5 (0G)xL2(3G)

ow,
+ e@®)||{ —,w, . (20.136)
a3 L2(3G) xH!* (3G)
By (20.126) and the definition of the function F*, we obtain
awu 2 Isle 2 /112 ~(1)
Kl W’ w, < Cy {er ||Hl,:(g) + llw ”Hl,:(g) + QHZM} . (20.137)
3 H' (3G) xL2(3G)

In view of (20.137) and (20.84), we obtain (20.69).
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20.7 The Case:r,(v) #0andryi,(v) ZOorr,(v) =rxu(y) =0

To treat this case, we use the Calderon method. First we introduce the new variables U =
Uy, ..., Us), where

(U1, Uy, Us) = A(s, D) (uel'¥) ,  (Us, Us, Ug) = (D3 +ilslgy,) (ue"?),

and A is the pseudodifferential operator with the symbol (s* + |€'|> + 1)%. In the new notations, the
problem (20.66) can be written in the form
Dy3U=M(y7S» D/)U+F in R3X[O» 1]7 (U13U21 U3)()’)|y3=O:O, U|y3=ﬁ :O,
(20.138)

where F = (0, fel*!¥). Here M(y, s, D’) is the matrix pseudodifferential operator with principal
symbol M, (y, ¢) given by

0 A E3 .
Ml(yv ;) - <A—1M21A]1 A—1M22> - lls|(p)'3E6

(see Reference 58). Here we set = &1 +ilsley,, & +ilsley,, 0), G(yi, y2) = (—0L(y1, ¥2)/0y1,
—0E(y1, y2)/y2, 1), A1 = [21, Marly, €'+ils Yy @] = (Eo-+ Isly, ()P =l +ils 0y, () P+
(&2 +ilsl@y, WIPHEs — (h+ W) (OO, Myn(y,§') = —(A + () (6" G + G"6) — 2u0G” Es,
A=A+ w(O»GTG + p,(y)IG|2E3. Here 67 denotes the transpose of the row vector 4.

CASE A Suppose that r,(y) = riy2,(y) = 0. Then Im Fff(y) < 0 and Im Fizu(y) < 0.
Therefore, all the eigenvalues of the matrix M (y, ¢) have negative imaginary parts. There exists
C; > 0 such that

I3 (y, ¢) < =Cilgl, ImTy,, (0, 0) < =Cilg], Y(y,¢) € By x O@y).

L

Using the arguments in §4 of Chapter 7 in Reference 43, we obtain
15U s @) < Ca (1 lgis gy + e [l )- (20.139)

This estimate implies (20.69).

CASE B Suppose thatr, (y) # 142, (¥), 7. (y) # 0, 142, (y) # 0. In this case, the matrix M, has
four smooth eigenvalues given by (20.75) to (20.77) and the corresponding six smooth eigenvectors
sli, szi, sgt given by the following formulae (e.g., see References 30 and 58):

+_ (7, .+ -1 .+ (7, + ) + (o4 a1+
sp = {(9"‘0‘“2”0)1\1 ’ak+2u(9+ak+2uG)Al :|7S2 = (WZ’O[MAI wy),
+ (ot a1+

53 —(w3,otHA1 w3),

where we set

wy = A7 (=& —ilsley, + ity & +ilsley, — oty 0),

2
. . . 2|
0‘: (El +l|5|‘»")‘1_0‘:zy1)’“: (52 ~|—l|s|<p_\,2—oci:€y2), _Z (Ek +ils|py, _O{/:i:g}’k) A12-
k=1

+
W3=

(20.140)
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Now we describe the construction of the pseudodifferential operator S. We take the symbol S in the
form S = (si, 55, 57,57, 55, 57). Denote

Sy, ¢) Sy, o)
S(y, = , =1. 20.141
>0 (Szl(y, ) Szz(%é“)) <! ( )

Let S~!(y, ¢) be the inverse matrix to S. We extend the matrices S and S~! within the C3-class
in ¢ such that for |¢| > 1, the elements of these matrices are the homogeneous functions of order
zero. Following Reference 55 and using the change of variables W = S~!(y, s, D')U, which is
constructed above, we can reduce system (20.138) to the form

DWW = M(y,s, D)W +T(y,s, D)W +F, (20.142)

where the matrix M is diagonal and T € L>(0, =5 L[H"S (R?), H'* (R®)]). Now using a standard
argument (see Reference 43, p. 241), we can estimate the last three components of W as follows:

VIl (Wa, Ws, W) s agy < C3[IIfe™ [l gy + lue™" [lg2sg) ] (20.143)

where the constant C; is independent of N. Because the Lopatinskii determinant det S;;(y) is not
equal to zero, by Eq. (20.143) we have

VISIIWy, Wa, Wa) llasog) < Ca[llfe”" sy + lue™? ||y g)]. (20.144)

By (20.143), (20.144), and (20.84), we have (20.69).

CASE C Suppose that r, (y) = ri42,(y) # 0. Obviously we may assume

1'*+
Im |—“|(y) > 0. (20.145)
N

Otherwise (20.69) has been already obtained in Case A. The matrix M (y) has only two eigenvalues
given by (20.75) to (20.77). Moreover, it is known that the Jordan form of the matrix M, (y) has two
Jordan blocks of the form

Fy) 1 0
M* = 0 TFpy) 0
0 0 Fi(y)

Similar to Case B, following Reference 55 and using the change of variables W = S-1 (y,s, DU
where S~ is constructed through S, we can reduce the system to Eq. (20.142) where the matrix
M (y, ¢) is represented by

v _ MJr(yv{) 0
M &)= < 0 M-(y,s“))
with . .
B Fqu(y,{) 0 m13()’a§)
My(y,¢) = 0 TE(. £ my(, 0|,
0 0 Ty, £)

and the operator 7 is in L*(0, ~; L[H"* (R%), H'*(R)]), mi5(y, s, D'), my;(y, s, D') are first-
order operators, and

”F”LZ(RL;HI“(R”) S CS{”fels‘w”Hlvf(g) + ”U”Lz[Ri;H‘vf(Rﬂ]}-
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Now we describe the construction of the pseudodifferential operator S. We take the symbol S in the
form S = (s7, 55,55, 57,55, 7). Here

Sli = [(§+ af\t+2MG)Af1, O‘ic-rzu(é + aki+2uG)Af2]’ S;: = (Witv O‘MAIIW;)

are the eigenvectors of the matrix M, (y, ¢) on the sphere ¢ € S, which corresponds to the eigenvalue
I, . (with w5 given by (20.140)) and the vector s§ is given by the formula

S;t = Eisi, E:t =

=7 [z — Mi(y, O] 'dz,
Tl Jc+

where C* are small circles, oriented counterclockwise, centered at Fj (y), and s* solves the equation
Mi(y)s* — I’ljf(y)sjE = sli(y). For the explicit formula for the vector s*, see Reference 29.
By (20.145) the circles C* may be taken such that the disks bounded by these circles do not
intersect, provided that §;, § are taken sufficiently small. Note that the vectors sji € C*(Bs x Oj,)
are homogeneous functions of the order zero in ¢. Now using a standard argument (see Reference 43,
p.241), we can estimate the last three components of W as follows:

I(Wa, Ws, Woll 13 gy = Co [ 1) + e e g)] (20.146)

where the constant Cg is independent of N. Now we need to estimate the first three components of
the vector function W on 9G. Thanks to the homogeneous boundary conditions for Uy, Us, and U,
we have

S1u(y',0,s, DYWy, Wa, W3) = —Si2(y", 0,5, D) (Wa, Ws, We) + T_1(y', 0,5, D)U,  (20.147)
where T_; € L[H"*(R?), H>*(R?)] and we set

Sy, 6) S2(y, ¢)
S(v.¢) = .
0:¢) [Sm, &) Su. g)]

The principal symbol of the pseudodifferential operator S;; is a 3 x 3 matrix such that the j-th
column equals the last three coordinates of the vector s;“. Therefore, det S1;(y) # 0. From (20.146)
and (20.147) and Gérding’s inequality, we obtain

Y] wl)
ay2

where the constant C is independent of N. By (20.148) and (20.84), we obtain (20.69).

=G [||fe‘x‘(p||H‘“"(9) + |l uelsl‘ﬂ”HZ(g)] , (20.148)
L2(3G) xH! (3G)
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Abstract  This chapter studies an infinite-dimensional dynamic system described by a damped
Benjamin-Bona-Mahony equation posed in a quarter plane. It shows that if the boundary forcing
of the system is time periodic with small amplitude, then the system admits a unique time-periodic
solution that, as a limit cycle, is globally exponentially stable. In other words, it comprises an
exponentially stable global attractor for the system.

21.1 Introduction

In this chapter we consider an initial-boundary value problem (IBVP) for a damped Benjamin-
Bona-Mahony (BBM) equation posed in a quarter plane, namely,

U+ Uy + Uty — Uyyy — ity +ou =0 forx, t >0, (21.1)
u(x,0) = o), u,1)=h() (21.2)

where o and o, are nonnegative constants that are proportional to the strength of the damping effect.

The BBM equation, known also as the alternative Korteweg-de Vries (KdV) equation, is commonly
used as a mathematical model for unidirectional propagation of nonlinear dispersive waves. In a well-
cited paper of Bona et al. [4] aimed at evaluating the effectiveness of the BBM equation as a model
equation for water waves, a numerical scheme was developed to solve Egs. (21.1) and (21.2) with
the initial condition u(x, 0) = 0. The specified function / corresponds to a given displacement of the
free surface at one end of the channel. A comparison was made between the numerical simulations
and the results of laboratory experiments. The model was found to give quite a good description of
spatial and temporal development of periodic generated waves. It is noteworthy that, as was pointed
out in Reference 4, “one feature to emerge from the study was that, in all cases, it was important to
make allowance for dissipative effects to obtain reasonable agreement between the empirical results
and the theoretical model. But, with this proviso, the model appeared to give a good description of

375
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the experimental results at small-wave amplitudes. At larger amplitudes the agreement was not so
good. . .” Moreover, it was observed from both numerical simulations and laboratory experiments
that, at each fixed station down the channel (for example, at a spatial point represented by xg), the
wave motion u(xo, t) rapidly became periodic of the same period as the boundary forcing. This leads
to the following conjecture for the IBVP of Egs. (21.1) and (21.2):

CONJECTURE

If the boundary forcing h is a periodic function of period 0 with small amplitude, then for any given
initial data ¢ in an appropriate space, the resulting solution u(x, t) of Egs. (21.1) and (21.2) is, for
each fixed x, asymptotically periodic of period 6.

It is well known in the literature that the IBVP of Eqgs. (21.1) and (21.2) is well-posed in the
space H'(R™). More precisely, for any ¢ € H'(R*) and h € C|0, o0) satisfying the compatibility
condition

h(0) = ¢(0),

the IBVP of Egs. (21.1) and (21.2) admits a unique solutionu € C{(0, 00); H'(R™))}. The associated
solution map is continuous from the space H' (RT) x C[0, T to the space C([0, T1; H'(R™)) for any
given T > 0. Thus, Egs. (21.1) and (21.2) can be viewed as an infinite-dimensional dynamic system
in the space H'(R™). The following questions are standard from the point of view of dynamics:

1. What is longtime behavior of solutions for Egs. (21.1) and (21.2)?

2. If the boundary forcing 4 is a time-periodic function of period 8 > 0, does Eq. (21.1) possess
a time-periodic solution u(x, t) satisfying the boundary condition u(0, t) = h(¢)? If such a
time-periodic solution exists, what is its stability?

In this paper, assuming that both «; and «; in Eq. (21.1) are positive, we will demonstrate that
if the boundary forcing is small and periodic of period 6, then there is what we will call a unique
forced oscillation solution u*(x, t) of Eq. (21.1) that is temporally periodic of period 6 and such
that u*(0, ) = h(t) for ¢t > 0. Furthermore, it will be shown that this unique time-periodic solution
u*(x, t), as alimit cycle for the system of Egs. (21.1) and (21.2), is also globally exponentially stable:
forany ¢ € H'(0, co) satisfying ¢(0) = h(0), the corresponding solution u(x, ¢) of Egs. (21.1) and
(21.2) satisfies

lu(-, 1) —u*C, Dl gey < Ce™™ (21.3)

for any + > 0 where © > 0 is independent of ¢. In other words, this unique time-periodic solution,
as a limit cycle, comprises an inertial manifold for the infinite-dimensional system described by
Egs. (21.1) and (21.2).

Damped dispersive wave equations have been studied in the past from the point of view of a
dynamic system. Ghidaglia [12, 13] and Sell and You [16] considered the damped forced KdV
equation

ut+uux+uxxx_olluxx+a2u:f7 XE(O’I)thO
(21.4)

M(O, H=ull, 1), u(,1)= ux(09 1), ux(l, )= thx(o, 1),

posed on the finite interval (0, 1) with periodic boundary conditions, where the forcing f = f(x, 1)
is a function of x and 7. Assuming that 1 = 0, o, > 0 and that the external excitation f is either time
independent or time periodic, Ghidaglia [12, 13] proved the existence of a global attractor of finite
fractal dimension for the infinite-dimensional system described by Eq. (21.4). Assuming «; > 0,
Sell and You [16] showed that Eq. (21.4) possesses an inertial manifold in the case that the external
excitation f is time independent.
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Zhang [20] studied a damped forced KdV equation posed on a finite interval with homogeneous
Dirichlet boundary conditions, viz.,

Up +Ully +Uppy — Ny +uy = f, x€(0,1), >0,
(21.5)

u(,t) =0, u(l,t) =0, u.(l,t)=0.
It was shown that if the external excitation f is time periodic with small amplitude, then the system
admits a unique time-periodic solution that, as a limit cycle, forms an inertial manifold for the

infinite-dimensional system described by Eq. (21.5). Similar results have also been established by
Zhang [21] for the following damped BBM equation posed on a finite interval:

Up +uy + Uty — Uy — Ny = f, x€(0,1), >0,
(21.6)

u(©0,0) =0, u(l,t)=0, uc(l,t)=0.

In a recent paper, Bona et al. [5] studied a damped KdV equation posed in a quarter plane:

U+ Uy +uy + Uy —tiiyy +au =0 forx, t >0, (21.7)
u(x,0) =¢(x), u,1)=nh(). (21.8)
Assuming o) = 0 and o, > 0, Bona et al. [5] showed that if the boundary forcing 4 is small and

periodic of period 6, Eq. (21.7) admits a unique time-periodic solution u*(x, t) of period 6 and
such that u*(0, t) = h(t) for r > 0. They also showed that this unique time-periodic solution, as a
limit cycle, is globally exponentially stable and thus comprises an inertial manifold for the infinite-
dimensional dynamic system described by Egs. (21.7) and (21.8).

There have been many studies concerned with time-periodic solutions of partial differential equa-
tions in the literature. Early works on this subject include, for example, Brézis [8], Vejvoda [17],
Keller and Ting [10], and Rabinowitz [14, 15]. For recent theory, see Bourgain [7], Craig and
Wayne [9], and Wayne [19]. Most of the theory in the literature thus far has been in the context of
parabolic or hyperbolic equations. Consideration of this issue for nonlinear dispersive equations is
sparse, and the important question of stability of periodic solutions has received little attention.

This chapter is organized as follows. In Section 21.2 we discuss longtime behavior of the system
of Egs. (21.1) and (21.2) without assuming time periodicity of the boundary forcing. In particular,
asymptotic bounds on solutions are established, which are important for the main analysis that is
developed in Section 21.3. The existence of the forced oscillations and their stability analysis will
be discussed in Section 21.3.

21.2 Asymptotic Behavior

Our main concern in this section for the IBVP of Egs. (21.1) and (21.2) is longtime behavior of its
solutions. We have the following stability results, which will also play important roles in establishing
the existence of time-periodic solutions of Egs. (21.1) and (21.2) in the next section.

THEOREM 21.1
Assume o = min{a;, oy} > 0. There exist positive constants B, y, and T such that if ¢ € H'(RT)
and h € Cp[0, +00) satisfy the compatibility condition h(0) = ¢(0) and

Tim [A(1)| < B,
t—00
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then the corresponding solution u of Egs. (21.1) and (21.2) satisfies

sup |lu(-, Dl giryy < Ci (||¢||H1(R+) + ”h”Cb(O,oo)) (21.9)

t>0

and
lu(, Ol gy < Cae™"" + Csllhllcyir.n) (21.10)

foranyt > T where C;j, j = 1,2, 3 are positive constants depending continuously on ||@ || g1 g+
and |1l c,0,00)- In particular, if

lim |A(z)] =0,
—>00
then
lim ”u(, t)||Hl(R+) =0.
—>00
In addition, if there exists a §* > 0 such that
()] < Ce™
for some constant C > 0 and any t > 0, then there exists y > 0 depending on o and B such that
lu, Ol grrey < Ce™”!
forany t > 0 where C* > 0 depending on ||| g1 (r+) and ||kl c,(r+)-
To prove Theorem 21.1, we consider first the linear problem

Up + Uy — Ugyy — Aty +ou =0, xe€(0,00), t=>0,
(21.1D)

u(x,0) =¢(x) u,7)=0.
For any ¢ € Hj (RT), Eq. (21.11) admits a unique solution u = W(t)¢ € C,[R™"; Hj (RT)] where

{W(@)}72, is an analytic semigroup generated by the bounded linear operator A in the space I-IO1 (RY)
defined by

Af = (1 =33 (0 — 1> +a2) f

forany f € HO1 (R"). Here (I — 82)~! is the inverse of the elliptic operator I — 32 with the domain
{g € H*(R"), g(0) = 0}. A direct computation shows that

max{ReA, Xeo(Ad)} < —a.

As a result, we have the following.

PROPOSITION 21.1
There exists a constant C > O such that

WO rey < NPl mtree™™ (21.12)

foranyt > 0and ¢ € H} (R™).
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Next we consider the nonhomogeneous problem
Up + Uy — Uyxr — O Uxx + 02U = 07
(21.13)

u(x,0) =¢(x), u0,1)=h()
forx € (0,00)andt > 0. Let g(x,t) = e *h(¢t) and w(x, t) = u(x,t) — q(x, t). Then w solves

{Wl T Wy — Wiy — € Wiy + 02w = (1 +a; — Olz)q,
w(x,0) = ¢(x) —qx,0) = ¢*(x), w(0,1)=0

forx € (0,00)andt > 0.If¢ € H'(R*) and h € C[0, +00) satisfying the compatibility conditions
¢(0) = h(0), then Eq. (21.13) admits a unique solution # € C[R*; H'(R")] with

ux,)=qx, )+ Wt)ep* + (1 + o — ozz)/ Wt — t)(I — aj‘)“q(., 7)dr.
0

Applying the estimate of Eq. (21.12) yields the following result.

PROPOSITION 21.2

Let¢ € H'(R") and h € C[0, 4+00) satisfying the compatibility condition ¢(0) = h(0). Then there
exists a constant |1, depending only on a such that the corresponding solution u of Eq. (21.13)
satisfies

luC, Ollairey < e Nllmr + tollltlic,0.0 (21.14)
for any t > 0. If, in addition, there exists a 8* > 0 such that
h(@)] < Cre P
foranyt > 0, then
lu, Ol rey < Ce ™ Pllpirey + Cae™" (21.15)

forany t > 0 withy = min{a, B*}.

Now we present the proof of Theorem 21.1.

PROOF OF THEOREM 21.1  The solution « of Egs. (21.1) and (21.2) may be written as
ux,t)y =v(x,t) +wix,t)
where v solves the linear problem of Eq. (21.13), and w solves the nonlinear problem

Wi+ We +Wwy + (VW) — Wiy — Q@ Wyay + oW = —VV,,
(21.16)

w(x,0)=0, w(0,1) =0.

Multiplying both sides of the equation in Eq. (21.16) by 2w and integrating with respect to x over
(0, 00), then integration by parts leads to

d [e¢]

o0 o0 o0
— (w2 + wi)dx +/ (2a1w§ + 2a2w2)dx + / vxwzdx = —2/ vy, wdx.
dt Jo 0 0 0

Because

oo
2 2 2
/0 ew?ldx < W, Ol g VC Ollmiwre = W Oz IV E Ol g
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and
o0
2/ vewldx < 1w . ) e 1y G0,
0
one arrives at
d 2
EIIW(n Dl gy + e = IV Ol s w G Olla g < 1V E O ge- (21.17)
According to Proposition 21.2,
VG O llarrs < e Ve Dlla gy + taollltllcy e
for any + > t > 0. For given § < «, first choose v > 0 large enough that

Mellhlic,@.n < 8/2.
Then choose T > t such that
e T IVC Dl re) < 8/2-
As a result,

sup  |[v(, Dl airey < 9.

T<t< 400

It follows then from Eq. (21.17) that

t
IwC, Ollgrgey < IWC Tl piree™ " +/ e_y'(t_x)HV(',S)||%11(R+)ds (21.18)
T

with y|; = a — § for any ¢+ > T. Then the proof can be completed easily using the assumptions and
the above estimates.

21.3 Forced Oscillations and Their Stability
In this section, we first consider the pure boundary-value problem

(21.19)
u(0,1) = h(r).

{Mt+uux+ux_uxxt_alu.xx +a2u:O, X, tZO»
It is assumed that the boundary input £(¢) is periodic with period 6 so that
h(t +0) = h(t)

for all + > 0. We are concerned with whether or not this periodic forcing generates a time-periodic
solution of Eq. (21.19). Because of the dissipative terms, it is not expected that the initial data will
play any role in this question of longtime asymptotics.

THEOREM 21.2
Assume o = min{o, a} > 0. There exists a constant B > 0 such that if h € C,(R™) satisfying

Inllc,00) < B, (21.20)
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then Eq. (21.19) admits a solution u* € Cp[R*; H'(R")], which is a time-periodic function of
period 6. Moreover, there exists a ; > 0 such that ifu € C,[R™; H'(R")] is also a time-periodic
solution of Eq. (21.19) with

lui G Ollai gy < B
then

ui(x, 1) =u*(x,1)

forallx, t € RT.

PROOF Choose ¢ € H'(R*), which is compatible with &, and consider the IBVP

Uy + Uty Uy — Uxxy — QU +O‘ZM:0; X, [ZO,
(21.21)
u(0,1) = h(t), u(x,0)=¢(x).
For the solution u of Eq. (21.21), let
wx,t) =ulx,t+60) —u(x,t).
Then, the new function w solves the IBVP
Wt+(VW)x T+ Wy — Waxr — @iWeyx + W :O’ X, t 20’
(21.22)
w(0,1) =0, w(x,0)=¢"x).

where
O (x) =u(x,0) —d(x), v(x,t)= %[u(x, t+0)+u(x, 1)l

For this linearized system, the solution w decays exponentially in time.

CLAIM  There exist r > 0 and B > 0 such that if

@1l gy + IRl 0,00 < Bs
then the solution w of Eq. (21.22) satisfies
WG Ol g < Ce " 1¢* a1 vt
forallt > 0, where C is independent of ¢* and t.

Indeed, multiplying the both sides of Eq. (21.22) by 2w and integrating over R™ with respect to
X, integration by parts leads to

d o0 o0 o0
— (w2 + w%)dx + 2a/ (w2 + wi)dx + / vxwzdx <0,
dt Jy 0 0

or
d o0

o0
dr (W +wl)dx + 2a — |v(., t)||H1(R+))/ (w*+wi)dx <0
0 0
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for any ¢ > 0, which yields that

I D ey < 1% syl Lo o
for any t > 0. By Theorem 21.1, for a given o* < 2, there exists a § > 0 such that if
@1l a1k + lIAlc,0.0) < B,
then

sup [V(, Dl a1 rey < @™
>0

The claim is therefore true.
With this fact in hand, we show that Eq. (21.22) possesses a time-periodic solution of the same
period 6 as the boundary forcing. Denote by

u, = u(x,nb)

for n > 1. Write the difference u,,;,, — u, in telescoping fashion to deduce

m
E Uptk — Untk—1
k=1

m

Z lwnsr — tnsi—1 1l re)
k=1

lnsm — Mn||H1(R+) =

H'(RT)

IA

m
< lwl 4k = DOz
k=1

IA

> Ce g ggsy (b the claim)
k=1
—nb

1 —e?

IA

Cll¢™ v+

forany m > 1. Thus ||u,4m — U, || 1 (r+) tends to zero uniformly inm as n — oo, which is equivalent
to saying that the sequence {u,} is a Cauchy sequence in H'(R™). Let € H'(R™) be the limit of
the sequence {u,}, viz.,

lim u, =y in HY(RT).

n—o00

By Theorem 21.1,

IVl ey < Clihlle,0.6)- (21.23)

Taking v as an initial datum together with the boundary input / for Eq. (21.21), it is asserted that
the corresponding solution u#* is a time-periodic solution of period 6. To see this, note that whereas
u,(-) = u(-, nf) converges to ¥ strongly in H'(R™"), itis also the case that u (-, nf +6) converges to
u* (-, 0) strongly in the space H' (R*) as n — oo because of the continuity of the associated solution
map. Observing that

lu*(-,0) —u*(, Ol rey < N (-, 0) — u(-, n +0)|l g g+
Hlu(-, n0 +0) — u-, n0) | g (r+y + llu(-, n0) — u*(-, 0l g1 g+
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for any n > 1, it is concluded that
u (-, 0) =u*(-,0)

and therefore that u*(x, t) is a time-periodic function of period 6.

To demonstrate uniqueness, let u; be another time-periodic solution with the same boundary
forcing h. Let z(x,t) = uj(x,t) — u*(x, t). Then z solves the linear problem of Eq. (21.22) with
v = uy + u* and ¢*(x,t) = u;(x,0) — ¥ (x). As in the proof of the above claim, there exists a
B* > 0 such that

sup [V(, Dl g1 rey < @,
>0

if
i G Ollai vy + Ihllc,0.0) < B
Then z decays to zero exponentially in the space H'(R™), which in turn implies
ui(x, ) =u*(x,1)
for all x € RT and r > 0 because both of them are time-periodic functions. The proof is

complete. I

For a given periodic boundary forcing & of period 6, the IBVP of Egs. (21.1) and (21.2) may
be considered as a dynamical system in the infinite-dimensional space H'(R*). It has just been
shown that if the amplitude of 4 is small, Eq. (21.1) admits a unique time-periodic solution u*(x, )
of period 6 satisfying the boundary condition u*(0, t) = h(¢). Maintaining the dynamical system’s
perspective, one may view u* as a limit cycle of the dynamical system. A natural further inquiry is
then to study the stability of this limit cycle.

THEOREM 21.3

Under the assumptions of Theorem 21.2, the time-periodic solution u* is locally exponentially stable
in the space H'(R™), which is to say there exist 8 > 0, r > 0, and C > 0 such that for any given
¢ € H'(R"), which satisfies

() —u*C, O)llmi(r) <8
and is compatible with h, the corresponding solution u of Eqs. (21.1) and (21.2) satisfies
lu(, 1) —u ¢, Ol pirey < Ce™"’

foranyt > 0.

PROOF Letw(x,t) =u(x,t) —u*(x,t). Then w solves
Wi+ (VW) + Wy = Wiy —@iWer +oow =0, x, 1>0,
{W(O, =0, wx,0 =¢,x)
wherev(x,t) = %[u(x, t)+u*(x,t)]and ¢, (x) = ¢(x) —u*(x, 0). As in the proof of Theorem 21.4,

sup [v(, Ollgrgsy < sup luC, Ollgigey + sup u* ¢, Ol gir+
t>0 t>0 >0

= C(||¢||H1(R+) + W lla ey + ||h||cb(0,9))
=< C(||¢ = Vllmwy + 20¥ a1 + ||h||ch(o,9))
< C(5+B).
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If 6 and B are small enough, it follows that
WG Ol rs < Ce "1 la v
for any ¢t > 0. The proof is complete. 0

The results presented in Theorem 21.2 and Theorem 21.3 are local: (i) uniqueness of time-periodic
solutions holds under the assumption that the initial value is small; (ii) the time-periodic solution,
considered as a limit cycle, is locally exponential stable. The next result shows that uniqueness holds
without the smallness assumption and that the unique limit cycle is, in fact, globally exponentially
stable.

THEOREM 21.4
Then there exists a B > 0 such that if h € C,(R™) is a periodic function of period 0 satisfying

I2llc,0.0) < B,

then Eq. (21.19) admits a unique time-periodic solution u* of period 6. Moreover, there existr > 0
and C > 0 such that for any given ¢ € H'(R™), which is compatible with h, the corresponding
solution u of Egs. (21.1) and (21.2) satisfies

lu(, 1) —u*C,Dllgi ey < Ce™™

foranyt > 0.

PROOF By Theorem 21.1, there exists 8, such that if
I2llc,0.60 < Ba,
then
;IHEOHM(" Hllaryy < Clikllc,0.0)-

One may choose 8, small enough such that C 8, is smaller than 8 and 8, determined in Theorem 21.2.
Thus, there is a To > 0 such that for any o > Ty, [[u(:, ©o)ll w1 (r+) < B,. Moreover, let u* be the
time-periodic solution given in Theorem 21.2. We may choose 8, and 8 in Theorem 21.2 even
smaller so that

lu(, t0) —u*C, Ol rey <8
where § is given in Theorem 21.3. Then by Theorem 21.3
luC,t +t0) —u* ¢, Ol gy < Ce™
for all + > 0, which yields
luC, 1) = w* G, D)l girey < Ce™"

for all t+ > 0 because u* is a time-periodic function. This estimate implies both that the time-
periodic solution of Eq. (21.19) is unique and that it is globally exponentially stable. The proof is
complete.
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Abstract  The exact controllability for the heat equation with hyperbolic memory kernel is consid-
ered. Because of the appearance of such kind of memory, the speed of propagation for heat pulses is
finite, and the corresponding controllability property has a certain nature similar to the wave equation
and is significantly different from that of the usual heat equation.

22.1 Introduction

Let T > 0 and Q be a bounded domain of R" with a C? boundary 92, O = (0,T) x Q2 and
3 = (0, T') x 92. Let w be an open nonempty subset of 2 and denote by y,, the characteristic function
of w.

To begin with, let us recall the controllability theory on the classical heat equation:

Y= V- (A(t,x)Vy) =uy, inQ,
y=0 onX, (22.1)
y(0) =y inQ,

where A(-, -) is a uniformly positive definite matrix-valued function, which represents the thermal
conductivity of the material occupying 2, y = y(¢, x) is the state, and u = u(t, x) is the control. In
the system in Eq. (22.1), the state space is chosen as L*(2), and the control space L*(w).

I'This work is supported in part by the NSFC, under grant 10131030, the Chinese Education Ministry Science Foundation
under grant 2000024605, and Cheung Kong Scholars Programme.

2This work is supported by the FANEDD of China (Project No: 200119); the grant BFM2002-03345 of the Spanish MCYT;
the NSF of China under grant 10371084; and The Project-sponsored by SRF for ROCS, SEM of China. Part of this work was
accomplished when this author visited Laboratory of Mathematics for Nonlinear Sciences at Fudan University. This author
thanks Professor P. Cannarsa for helpful comments.
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388 Exact Controllability of the Heat Equation with Hyperbolic Memory Kernel

It is well known (see for example Reference 4) that for any given T > 0 and any given non-empty
open subset w of 2, Eq. (22.1) is null exactly controllable (resp. approximately controllable) in
L?(Q), that is, for any given yo € L%(Q) (resp. for any given & > 0, yo, y; € L*(2)), one can find a
control u € L*[(0, T) x w] such that the weak solution y(-) € C{[0, T]; L*(2)}NC{(0, T1; H} ()}
of Eq. (22.1) satisfies y(T) = 0 (vesp. |y(T) — yilr2() < €). However, because of the smoothing
effect of solutions for heat equations, exact controllability for Eq. (22.1) is impossible (i.e., the above
& may not be taken to be zero).

It is notable that in the above discussion, the controllability time 7" and the controller @ can be
chosen as small as one likes. This is because the classical heat equation admits an infinite speed of
propagation for a finite heat pulse.

However, it has been known (see References 2 and 3) for quite a long time that the property of
instantaneous propagation for the heat equation is not really physical! To eliminate this paradox, a
modified Fourier law was introduced [5], which results in a heat equation with memory. We refer
to our recent work [10] for an updated analysis on the well posedness and the propagation speed of
the heat equation with memory from a more general modified Fourier law. In particular, we show
in Reference 10 that the heat equation with hyperbolic memory kernel admits a finite speed of
propagation for heat pulses. Hence, this is a more realistic model for heat conduction. Especially,
under suitable conditions ona(-, -) (see Eq. (22.5)), this is the case for the following controlled system:

t
y,—V-/a(t—s,x)Vy(s,x)ds:uXw in Q,
Jo
y=0 onZX,
y(0)=yo ing.

(22.2)

The same as in the system in Eq. (22.1), the state and control spaces for Eq. (22.2) will be chosen
as L*(Q) and L*(w), respectively. We refer to Reference 10 for the well posedness of Eq. (22.2).

This chapter is devoted to the study of the (instantaneous) exact controllability of Eq. (22.2), which
means that, for any given yg, y; € L*(Q), there is a control u € L?[(0, T) x w] such that the solution
y € C{[0, T]; L*(R2)} of Eq. (22.2) satisfies

y(T)=y in€. (22.3)

Because of its hyperbolic nature, we will show the exact controllability of Eq. (22.2) under suitable
conditions on the waiting time 7" and the controller w. On the other hand, because of its finite
propagation speed, it is clear that the exact controllability of Eq. (22.2) is impossible unless T is
large enough. Also, a Gaussian beam construction of highly localized solutions (in w) for the dual
system of Eq. (22.2) shows that the exact controllability of Eq. (22.2) is impossible without geometric
conditions on the controller w (the detailed analysis will be given elsewhere). Consequently, our
results show that the controllability property of Eq. (22.2) is very similar to that of the usual wave
equation and significantly different from that of Eq. (22.1).

22.2 Main Results

Forany ¢ > Oand S C R", we set O.(S) 2 {x e R"| |x — y| < ¢ for some y € S}. Fix a function

d =d(-) € C*(Q). Denote
I'y={xe€dQ|[Vd : 0},
{ 0= {x €92 [Vd(x)] - v(x) > O} 024

o= 04T N,

where v(x) is the unit out normal vector of Q at x € 9%, and &g > 0 is a given (small) real
number.
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Our exact controllability result for Eq. (22.2) is stated as follows.

THEOREM 22.1
Let w be given by Eq. (22.4). Assume that the kernel a(-, -) satisfies

{a(z‘, x) € C3([0, +00) x Q), (22.5)

mo <a(0,x) <m;, VxeQ

for some positive constants m, > mqy > 0. Assume d = d(-) € C*(Q) satisfies for some constant
8o > O that

D di (0OEE =80 &, Y (x. &, ... &) QX R,
i=1

i,j=1

A
Ry = grggrzl d(x) > 0, (22.6)

7o = min |Vd(x)| > 0,
xXeN

[Va(0,x)]-[Vd(x)] <0, VxeQ.

Then there exists a Ty > 0, depending on , a(0, -) and d(-), such that for all T > Ty, Eq. (22.2) is
exactly controllable in L2(Q) on [0, T] by means of control u € L*[0,T) x w].

REMARK 22.1 For the particular case that a(0, x) is a positive constant « in €2, one can simply
choose d(x) = 1]x — xo|? for any given xo € R"\ Q. Then Eq. (22.6) holds. In this case, from
the proof of Theorems 22.1 and 22.2 below, we see that 7 in Theorem 22.1 can be chosen as
a’l/zmaxxeg |x — xol-

To prove Theorem 22.1, we need to derive an observability estimate for the following (dual) system
of Eq. (22.2):

T
p,(t,x)~|—V-/ a(s —t,x)Vp(s,x)ds =0 in Q,
t

p=0 onX,
p(T) = po inQ.

(22.7)

We have the following result, which has an independent interest.

THEOREM 22.2
Let the assumptions in Theorem 22.1 hold. Then there exist two constants Ty > 0 and C > 0,
depending on 2, a(0, -) and d(-), such that for all T > Ty, it holds that

T
/ p(T,x)%dx < C / / p(t, x)*dtdx (22.8)
Q 0 Jo

for any solution p to Eq. (22.7).

REMARK 22.2 The same controllability (resp. observability) problem for Eq. (22.2) (resp.
Eq. (22.7)) was analyzed in Reference 1 for the case of one space dimension (i.e., n = 1) under some
technical conditions on the memory kernel a(¢, x) = a(t) by means of Laplace transform. In this
Chapter, we need to develop a different method based on Carleman-type estimate, for the argument
in Reference 1 does not apply here because of the spatial dependence of the leading coefficient
a(t, x).
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22.3 Some Preliminaries

In this section, we present some preliminary results. Let us begin with the following lemma.

LEMMA 22.1
Lety = y(x) € C'(R"), w = w(t,x) € C?(R"™) and £ = £(t,x) € C2(R™*™). Let W = W(x) €
C%(R"), 6 = e*, and v = Ow. Then the following point-wise inequality holds:

02|VW” - AW|2

> | =2y¢, )/v,2 + Z vf/, + 4y Zﬂxjvxjv, + 2y Wy — 2y 4, (A + W)y?
j=1 j=1

n n n
— 22 {Zzgx;"x,-\’x/ — Ex/. Zvi — ZVEZVX/.V, + Wy, v+ )/Z,C/.vt2

j=1 i=1 i=1

t

1
_ {(A + W), + 2%] vz}

J

a3 b+ 0
j=1

n n n
+4§:mem+0<w—zywﬁw%)2)@+Bﬂ, (22.9)
i=1 j=1

+2|—y¥+ Z (Vgx,-)xi + yzgtt

i=1

ij=1
where
ASy (e —t,) - Z (&, = ley,) — W (22.10)
j=1
and
BE22[yl,(A+ W), — 226 (L (A+ )], + 240 — AW + U2, (22.11)
j=1

PROOF We borrow some ideas from Reference 7 (p. 124). Recall that

v(t,x) =60, x)w(t, x), (t,x) R (22.12)
Hence,
we =071, —£v), wy=0""vy, =20y, + (€ —t,)v],
{wxjxj =6"! Vija; — 265, vy, + (Ei/, Ll v, J=1,...,n, (22.13)
leads to

02|VW” - AW|2
n

= |y [ = 26+ (8 = a)v] = 3 [vaye, = 26w+ (£, =y, ) v]

j=1
I+ L+ I, (22.14)
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where (recall A is defined in Eq. (22.10))

n n
L= yve = vy +Ave b2 =2p6v, +2Y vy, =W, (22.15)
Jj=1 j=1

Then

lyuy — Aul? = I+ G+ +2(L L+ LI+ L 1)

> 242D + his + I T3). (2210
Recalling that y is independent of ¢, we have
n n
L = 2 VYVt _ZVij] + Av _Vetvt"i_zexj-vxj'
j=1 j=1
= - Vzgt (Vtz)t +2 Z(ygtv)(jvt))fj -y Z (Vi) -2 Z(Vzr)xjvxjvt
j=1 j=1 ! j=1
—VUAWD 2 (Plgvave), =¥ DLy (7)), =27 D vy v
j=1 j=1 =

_9 Z {(Exivxivxj) xll/vx,vxj} Z . ( i/) + A Z@X, (v2)x,,-

Q=1 Y Q=1 O =1

= |-y yvtz + Z vii + AV | + 2y Z Ex/.vxjv,
Jj=1 j=1

n n n t

— Z [2 szivx,-Vx, — Ly, Z vi —2y&vy v + )/le.vl2 — Aﬂxl.v2
j=1 i=1 i=1 X

- ZZ [ngx,» + (ng)xj] Vi Ve + (Z (Vﬁx,)xi + yzgtt> v

j=1 i=1
+ 2 Z Ex;xjvvax/ - (Z Ex;x; - Vgtt> Z V,%/.

i,j=1 i=1 j=1
— D (ALy), — (vLA), (22.17)

i=1

On the other hand, because ¥ and y are independent of ¢, one has

Lil; = | yvy — vam + Av | Wy
j=1

- 1
(yW¥vw), — )/\Ilvt2 — Z <\I!vx/v — Elyx’v2>

Jj=1

- AW
+Wy v+ <A\If — 2) V2, (22.18)
j=1

j
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Furthermore,

n

DIy =2 =yl + Y Lyve | Wv = —pLWD) + V) £ (07,
j=1 j=1

n

(—y&wv?) +Z (Wl v?) 4 |[veaW = (W), | V2. (22.19)

J=1

Combining Egs. (22.16)—(22.19), we obtain Eq. (22.9). This completes the proof of Lemma 22.1. ]

COROLLARY 22.1
LetA > 0,8 >0ande > 0.Lety = y(x) € C'(R") andd = d(x) € C*(R") satisfy (Vy)-(Vd) >
0. Put
€=t x) =2 [d(x) —
— (Ad — y8 — e)h.

(22.20)

Letw € C2(R'"*™), and v = Ow with § = e’. Then
92|thz - AW|2

> | =2y¢, yvt2 + Z vfj + 4y Zexjvxjv, + 2y W,y — 2y 4, (A + lI/)v2

Jj=1 Jj=1 .

n n n
-2 Z 2 sz, Ve vy, — Ly, Z VI = 290wy v+ Wy + yl v — (A + W)E, v

j=1 L i=1 i=1 x;
+2A J/svt2 + 25t Z Ya;Va; Ve +2 Z dyx; Vi vx, — 28y +¢€) Z vi/_ + Bv?, (22.21)
j=1 ij=1 =1
where
A .2 2.2 2
A2 22(y822 — VD) + A8y + Ad) — U (22.22)

and

B 2232 > dyydydy, — 12877+ (Vy) - (V)82 + (VA — y847)(28y + &) ¢ + O(AD).
i,j=1
(22.23)

PROOF  Using Lemma 22.1 with £ and W given by (22.20), one can obtain Corollary 22.1
immediately.

Next, we need the following lemma.

LEMMA 22.2
Let b(-,-) € C'(Q). Then for any w(-, -) € C{[0, T]; L?>(S2)}, there is a unique solution z(-, -) €
C{[0, T]; L*()}

z(t, x) = w(t, x) +/ bt —s,x)z(s,x)ds, ae.(t,x) € Q. (22.24)
0
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Moreover, there exists a 8(-, -) € C'(Q), such that the solution z(-, -) of Eq. (22.24) admits the
following representation:

z(t, x) = w(t, x) +/ B —s,x)w(s,x)ds, V(t,x)e (0,T) x Q. (22.25)
0

Furthermore, for any € L*°(Q) satisfying
In(t, x)| < In(s,x)], YO<s<r<T,x e, (22.26)
it holds that
mzlr2c0) < Clnwlr2(g), (22.27)

where C = C(b) is a constant, independent of 7.

PROOF First, Eq. (22.24) is a Volterra integral equation with x € 2 being a parameter. Thus, by
a standard theory, we obtain the first two conclusions.
We now show Eq. (22.27). For any r € [0, T'], by Eqgs. (22.24) and (22.26), we have

2 2
217225 0.0 = 111721050, +/
2x(0,r)

t t
/|b(t—s,x)|2ds/ In(s, x)z(s, x)|*dsdtdx
0 0

t 2
n(t, x)z‘ / b(t — s, x)z(s, x)ds| dtdx
0

2
= Wl ex . +/

Qx(0,r)
< W 3aiaxon + T1b1~0) /0 21721 0.0 41 (22.28)
Then Eq. (22.27) follows from Gronwall’s inequality. I

Finally, similar to the proof of Lemma 3.3 in Reference 11, we have the following identity.

LEMA%A 22.3
Leth = (h',... ,h") : R x R" — R" be a vector field of class C!, 8 = B(x) € C'(R"). Then for
any g € C*(R x R"), we have

V. {2(/1 Vq)(Vq) + h

Ba; — Zqi] }
i=1
= —-2(Bq: — A@)h - Vg + 2Bq:h - Vq), — 2Bq:h; - Vq

+ {[V - (BM]g} — (V - ) ;qﬁ} +2 Z (amqqu,) ) (22.29)

ij=1

22.4 Proof of Theorem 22.2

This section is devoted to a proof of Theorem 22.2. Some ideas from References 6, 9, and 11 are
adopted. The proof is split into several steps.
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1. We shall reduce Eq. (22.7) to the following forward equation on the variable z(z, x) =

p(T —t, x):

t
z;(t,x) —V - / a(t —s,x)Vz(s,x)ds =0 1in Q,
0

z=0 onX, (22.30)
20)=2=py inQ.
Thus, the inequality of Eq. (22.8) reduces to
/ng(x) dx < C /OT/ 22(t, x) drdx. (22.31)
Denote
g(t,x) = /Ol a(t — s, x)z(s, x)ds, (t,x) € Q. (22.32)
Then, we get
zt—Ag+ V- /Ot z(s,x)Va({t —s,x)ds =0 in Q. (22.33)
However, by Eq. (22.32), we have
qi(t,x) =y 'z(t,x) + /Ot a;(t —s,x)z(s,x)ds, (t,x) € Q, (22.34)

where y = y(x) = 0(017). By the second conclusion in Lemma 22.2 and noting ¢ (0) = 0, one

can find a 8 € C'(Q) such that

z(t,x) = J/CIr(t,X)Jr/ Bt —5,x)q:(s, x)ds
0

yq:(t,x) + B0, x)q(t, x) +/ Bi(t —s,x)q(s,x)ds, (t,x) € Q. (22.35)
0
From Eq. (22.34), one also gets
z(t,x) =y [qt(t,x) —/ a;(t —s,x)z(s, x) ds}, (t,x) € Q. (22.36)
0

By Egs. (22.30), (22.33), (22.35), and (22.36), and noting again ¢(0) = 0, we obtain
Y4 — Aq = H*(t,x) inQ,
q=0 onX, (22.37)
q(0) =0, ¢:(0) =y 'z(0) inQ,

where

H(t, %) 2 va; (0, x)z + )// ay(t —s,x)z(s,x)ds — V - [yq(t, x)Va(0, x)]
0
- v / q(s, x) {yVat(t —s,x)+ B0, x)Va(t — s, x)
0

+/ Bi(t —s)Va(t — t,x) dr} ds. (22.38)
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2. Denote R; = max,cq d(x). By our assumption in Eq. (22.6), for any ¢ € (0, Ry/4), we can
find two small constants ¢ > 0 and § > 0 and a big constant 7 > 0 such that (recall Eq. [22.6]
for Ro, ro, and 80)

8
Ry <c+ 5TZ, (22.39)

n n n n
&
veE] +201 ) v ki +2 ) du ik — 0y +0) Y & = o [ vE+D & |,
Jj=1 j=1

j=1 i,j=1
V(t,x,&,....&) €0, T) x QxR (22.40)
and
2 dyydydy, — 2877 + (Vy) - (Vd)I8°F
i,j=1
+(IVd]* — y8* )28y + &) > Sord, YV (t,x) € (0,T) x Q. (22.41)
For any b > 0, set
B
t,x)=d(x) — =12, (,x)eR"!
o(t, x) (x) > (, x) (22.42)

Q(b) = {(t,x) € (0,00) x Q| p(t, x) > b}.
Clearly, Q(b) is decreasing in b, and there is a 7} € (0, T'), which is close to T, such that
Q) C (0, T)) x Q. (22.43)

Noting that because {0} x Q2 C Q(c), by ¢ € (0, Ry/4), thus there exists a Ty € (0, T7) such
that

0,Ty) x 2C QBc) C Q2c) C Qo). (22.44)
Now, we choose a smooth ¢(-) € C*(Q; [0, 1]) such that

1, for (t,x) € Q3c),
(t,x) = (22.45)
0, for (t,x) € Q/0Qc).
Put
w(t,x) =¢(t,x)q(t,x), (t,x)e€ Q, (22.46)
where ¢ (-) is defined in Eq. (22.32). Then by Eq. (22.37), we see that u(-) satisfies
ywy, — Aw = F(t, x), in Q,
w =0, on %, (22.47)

w(0) =0, w,;(0) =y~ '2(0), ing,
where (recall Eq. (22.38) for H*(z, x))

F*(t,x) = ¢(t,x)H (t,x) +

Yo (t,X) =Y o, (1, x)] q(t, x)

i=1

+2

Y&, X)q, (6, x) = Y 4 (8, X)qx, &, X)l : (22.43)

i=1
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3. Let us use Corollary 22.1 with y = m, 8 given in Egs. (22.39) to (22.41), w defined

by (22.46), and v = 6w = e‘w (recall Eq. (22.41) for ¢). Integrating Eq. (22.21) on Q,
by Egs. (22.43)—(22.47) and using integration by parts, noting Eqs. (22.40) and (22.41), we
conclude that there is a constant 1| > 0 such that for any A > X, it holds

n
sk/ yvi+ Z vi dtdx + 8orir’ / vidtdx
0(c) r 0(0)

scx/ 2
)}

1
0

< Cre®* /
>

where Eé 2 (0, T1) x Iy, F*is defined by Eq. (22.48). However, by Egs. (22.48) and (22.38),
we have

/ 02| F*|*dtdx
Q(c)

t
<C U 02Z2dtdx+/ 92/ (z(s, ) + |p(s, X)|> + |V p(s, x)|*) dsdtdx
0(c) Q(c) 0

+ / 0* <q2 +q7 + qu{) dtdx] : (22.50)
Q(c)

i=1

v

2
‘ d23+/ 0% F*|*dtdx
v 00

g |* .
a—q ds) + / \F?2dtdx, (22.49)
v 0(c)

1
0

Note that

t
/ 0° / [z(s, X)I* + [p(s, x)* + |V p(s, x)|*] dsdtdx
Q(c) 0

< c/ 0%(z* + p* + |Vp|?) drdx. (22.51)
0(c)

Thus, by Egs. (22.50) and (22.51), we get

/ 02z%dtdx + / 6? <q2 +q7 + Zq,ﬁ) dtdx] . (22.52)
Q(c) Q(c)

i=1

/ 02| F*|*dtdx < C
0(c)

Now, denote

n(t, x) = xo@(t, x)0(t, x), (t,x)€ Q, (22.53)
where x () is the characteristic function of the set Q(c). Then, by Eq. (22.42), it is easy to
check that

n2(t,x) <n’@s,x), YVO<s<t<T,xeQ. (22.54)

Thus, by Eq. (22.27) in Lemma 22.2 and Eq. (22.36), we get

/ 0%dtdx = / n’zdidx < C / n%lq:*dtdx = C / 02|q,Pdtdx.  (22.55)
0(c) [¢] (o] 0(c)

Thus, combining Egs. (22.49), (22.52), and (22.55), we arrive at

A/ yvi+ Z vfl_ dtdx + »* / vidtdx
0() s 0(0)
2 n
reC* / sl + / 6° <q2 + g7 + Zqi) dtdx] . (22.56)
z Q(c) i=1

dq

<C
- ov

1
0
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Consequently, by w = 6~'v and Eq. (22.41), and by Eq. (22.56), we get

k/ 0% | yw? + Zwi dtdx —|—)»3/ 0?widtdx
0(0) P 0()

<C A/ yvf—f-Zvi dtdx+k3/ vidtdx
() i=1 ()
aq 2 -
<cC Ae“/ — d25+/ 0° | q®>+al +> _qi | didx|, ¥i=i.
x| 0V 00 —

Thus, by Egs. (22.45) and (22.46), we conclude that

k/ 0> | via* + ) lgy dtdx+k3/ 02q*dtdx
0Ge) i=1 0(c)

)\'ec)\/
z

Now, note that by Eq. (22.42), we have

/ 6> <q2 + g7 + Z‘&) drdx
()

i=1

=[/ +/ }92 +qr+> qr | didx
0(3c) Q()\Q(3c) i=1
s/ 6* <q2+q,2+zq)i> drdx

0(3c)

i=1

e /Q( NOGe) <q2 vart Z c],f,) e

i=1

< / 6> <q2 +q2 + Zqi) dtdx + Ce®* / <q} +y qi) dtdx,
0G0 Jo

i=1 i=1

dq

<C
- ov

1
0

2 n
dzg+/ 62 (qz—i—q,z—i-Zqi) dtdx], V> A
Q(0) i=1

397

(22.57)

(22.58)

(22.59)

where we have used Poincaré’s inequality in the last inequality of Eq. (22.59). Thus, by
Egs. (22.58) and (22.59), one can find a A, > Ay, such that for any A > A,, it holds that

n
x/ 6? (yq3+ij>dzdx
J Q(3c) i=1
2 n
Ae”/ dEé +66c/\/ (%2 +Zqi> dtdx] s VA=A
3 0

i=1
However, by Egs. (22.42) and (22.44), we have

n n
/ 6? (yq,z + Zqﬁ) dtdx > e** / (yqf + Zqi) drdx
(o) 0Go)

i=1 i=1

dg

<C
- ov

1
0

To n
> em/ / (yq,z + qu) dtdx.
0 Ja i=1

(22.60)

(22.61)
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Thus, by Egs. (22.60) and (22.61), we conclude that

=

E(t) = %/Q (yq,z + Zq;g) dx. (22.63)

i=1

To 8q 2 T
A/ E(t)ydt <C a— d26+/ E@)dt|, VX=>A, (22.62)
0 v 0

1
0

where

We now estimate “le Ig%lsz(l)”. For this purpose, let us use Lemma 22.3. Choose hy =
0

ho(x) € C'(Q;R") such that hy = v on I' (cf. Reference 8), and choose #; = h;(x) €
C*®(; [0, 11) (i =1, 2) such that

0<hx)<1, xeQ,
hi(x) =1, X € w;, (22.64)
h() =0,  xeQ\wi,

where w; C w; C w3 = w(C Q) are all intersection of some neighborhood of I'y and .
Fix T; € (T1, T). Now, we apply identity of Eq. (22.50) (in Lemma 22.3) with g defined by
Eq. (22.32), B = y and

h=h(x)=gi®hox)h(x), (t,x) € Q, (22.65)
where g;(-) € C*°([0, T]; R) satisfies

gl(t)Ely IG[O, T1]9
g1(t) >0, te (T, ), (22.66)
g1(T) = 0.

Integrating Eq. (22.29) on (0, T>) x €2, using Eq. (22.37) and Egs. (22.64) to (22.66), and by
Green’s formula, we obtain

T q 2 T T n
/ / g dTodt < C / / 2dtdx + / / g’ +> ¢l |drdx.  (22.67)
0 Iy 0 w2 0 ) i=1 '

d
av
On the other hand, denote (recall Eq. (22.64) for h;)

0 =nt.x) = g(Ohy(x), (22.68)
where g,(-) € C*([0, T]; R) satisfies

n) =1, 10, T1],
@) >0, te(r,T), (22.69)
£(T) =0.

By Egs. (22.37), (22.64), and (22.68) to (22.69), we get
/ ngH (1, x)dtdx = / nq(yqn — Aq)dtdx
0 0

= —/ Vqt(nfq+nqz)dtdx+/ nIVqlzdtdx+/(Vq)-(Vn)thdx
0 0 0

v

l T
—/ Yq:(n:q + ngq,)dtdx + E/ nVq|*dtdx —c/ /qzdtdx.
(Y] Q 0 Jo
(22.70)
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Thus, by Egs. (22.70) and (22.64), we get

T n
/ > qldidx
; :

@2 j=]

IA

/ nVq|*dtdx
o

T T
c { / / (q2 + ¢7) drdx + / / zzdrdx} 22.71)
0 Jow 0 Jow

Combining Eqs. (22.67) and (22.71), and noting Eqgs. (22.32) and (22.34), we end up with
90 12
11" arodr

T,
g J—
/o /I‘o v
T T r
=€ U /sztd“r/ / (a7 +4°) dde} SC/ /sztdx. (22.72)

Thus, by Eq. (22.67), we conclude that

/25

Combining Egs. (22.62) and (22.73), we arrive at

IA

dq

2 T
3 d¥) < C / / Z*dtdx. (22.73)
v 0 Jo

T T T
x/ E(tydt < C {,\e“ / / Zdrdx + / E() dt] L VA= (2274)
0 0 Jo 0
. Letus complete the proof of Theorem 22.2. First of all, multiplying the first equation of (22.37)
by g¢;, integrating it on (0, 1) x €2, by Egs. (22.63), (22.38), and (22.35), one gets
t
E(t)—EQ) < C/ E(s)ds, Ytel[0,T] (22.75)
0

Thus, by Gronwall’s inequality, we have
E(t) <CE©), Ytel0,T]. (22.76)

Next, applying the usual energy estimate to Eq. (22.37) and noting its time reversibility, one
gets

E(O)fC[E(t)+// |Hz(t,x)|2dxdt], Vielo,Tl. (22.77)
0JQ

Now, by Egs. (22.38) and (22.35), recalling Eq. (22.63), and by Eq. (22.27) in Lemma 22.2,
we get

t t
// |H (s, x)|?dxds < C/ E(s)ds, Yte]0,T]. (22.78)
0JQ 0
Combining Egs. (22.76) and (22.78), we have
t
// |H(s, x)|?dsdx < C1tE(0), VYt €0, T]. (22.79)
0JQ

Thus, by Egs. (22.77) and (22.79), there exists a sufficiently small 7y € (0, Tp) such that

E©0) < CE®), Ytel0,1nl (22.80)
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Finally, by Eqgs. (22.74), (22.76), and (22.80), we see that
T
LE(0) < C, {/\e”/ /zzdtdx + E(O)}, YA > Ao (22.81)
0 Jo
Thus, if we take A3 = max(A,, C2 + 1), we get

T
EW0) <C / / Z2drdx. (22.82)
0 Jo

Recalling Egs. (22.63) and (22.37), we see that Eq. (22.82) implies Eq. (22.31) immediately,
which completes the proof of Theorem 22.2.

22.5 Proof of Theorem 22.1

We use the duality argument. Fix an initial datum yy € L?*(R) and a final datum y, € L*().
First, we solve

t
v,—V-/a(t—s,x)Vv(s,x)ds:O in Q,
0

vy =0 onx, (22.83)
v(0) =y inQ.
For any py € L?(R2), we solve
T
p:+ V- / a(s —t,x)Vp(s,x)ds =0 in Q,
t
p=0 on's, (22.84)
p(T)=po inK
and
t
0=V [ a5 09060 ds = xuC0p(x) in Q.
0
n=0 on, (22.85)
n(0) =0 in Q.
Then, we define a linear and continuous operator A : L>(Q) — L*(2) by
A
A(po) = n(T), (22.86)

where n € C{[0, T]; L>(R2)} is the weak solution of Eq. (22.85). It suffices to show the existence of
some py € L*(R) such that

A(po) = y1 —v(T), (22.87)

where v € C{[0, T]; L?(R)} is the weak solution of Eq. (22.83). To solve Eq. (22.87), we observe
that (by Egs. (22.84) to (22.86))

T
mmmmwmzl/ﬁ@mmm. (22.88)
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However, by Theorem 22.2 and Eq. (22.88), we have

1
[A(Po), Poliag) = Elpoﬁz(m, V po € L*(Q). (22.89)

Therefore, A : L?(Q) — L*(R) is an isomorphism. Thus, Eq. (22.86) admits a unique solution
po € L%2(Q) and

u=rp (22.90)

is the desired control such that the weak solution of Eq. (22.2) satisfies y(7") = y;. This completes
the proof of Theorem 22.1.
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